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There exists several madifieations of the methad af quasi-avera

ges serving for separating thermodynamie states earrespanding to pu

re absolutely stable phases. Bogolubov/1/ has formulated the methad 

af sourees eonneeted with the introduetion into a Hamiltanian of in

finitesimal fields. One ean alsa define quasi-averages breaking the 

eammutation relatians/2/ for field aperators. A review af these and 

other methads is given in ref./3/ 

To separate pure metastable states, one ean use the saddle-paint 

method for the statistieal sum, fixing an extremum bearing an a rela

tive (not nbsolute) minimum/4/.; Here and in what fallaws we mean the 

thermodynamies of metastable states leavinc aside the questians eon

neeted with their dynamies/5/. Classifieation, stability and ather 

mathematieal aspeets of deseribing metastable states have been thoro

ughly analyzed by Sewell/6/ •. 

Besides pure states there exist heterophase ones that mi7ht ear

respond to absolutely stable as well as to metastable systems 7-9/. 
10,11/After a renarmalizution proeedure/ quasi-equilibrium heterapha

se systems arp presentaule as a mixture of different thermodynamie 

phases. For example, it ean b"e the mixture af salid- and liquidlike 

phases/ 12- 14/, supereondueti~g and normal/ 15/, ferromagnetie and pa
. /16-18/

ramagnet~e anes • Sueh heterophase systems have a number af 

peeuliarities/ 19/, letting to explain many thermadynamie anamalies ab

served in some matters, e.g. maxima/2~/ and jumps/21/ in the specific 

heat below the Curie point. 

When dealing with the deseription of heterophase systems it is 

extremly important to separate in a eorreet way the phases needed. 

This ean be done by imposing additional eonditions an the Green fune

tians/ 22/ or eombinin7the proeedures of spontaneous break and resta
11/ration of symmetry/23 • In the paper/ one more methad of quasi

overaging has been formulated, based on a eonstruetian af a Hamiltani

an that leads to the free energy expli~itly eontaining arder parame

ters. Then the separation of different phases is realized by postulat

et9'hCinti{·~<.;l.~il !~HCTMTYl I 
uertm:ax r.:C' :~~1l0nau[Jg 
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ing the corresponding properties of these order parameters. The most 

known type of Hamiltonians, leading to an explicit dependence of the 
free energy on order parameters, is the class of Hamiltonians with a 

long-range interaction. 

In the present paper the method of separating phases by means 
of order parameters/ 11/ is applied to a one-dimensional modified Is
ing model, containing the short - as well as long-range interactions. 

The low dimensionality allows one to solve the model exactly and the 
presence of the long-range interaction secures the existence of the 
ferromagnet - paramagnet phase transition. In such a way the model 
considered differs from the usual Ising model by two principlal pecu

liarities: 1) the presence of two kinds of interactions, the ferro

magnetic long-range interaction and a short-range interaction whose 
sign can vary; 2) taking account of heterophase states including ab

solutely stable as well as metastable states. These peculiarities 

lead to a quite nontrivial thermodynamics of the modelo 

1et on a chain, whose lattice sites are enumerated by L = 1,2 

N , the variables -Si = + 1 be given, the interaction 

({-- -J) J.L ( -Vf=.J) (1)]=Vjf.. + 
i.i s I-+l-'d N 

containing besides the nearest-neighbour interaction (first term) the 
long-rang part (second term) too. To take into consideration hetero
phase states, we construct, following the general theory/7-10/, the 

H~m~ltonian 

H (~) := Hf (v) @ ri 1 (-J) , (2 ) 

in which 

Ho( (~) ~ W: ( ~ U - f I 1. ~i ~j) (J) 
o -, ij ld 

~ = 1 corresponds to ferromagnetic and ~ = 2 to paramagnetic phase, 
that is the additional conditions of averaging are imposed: 

(4)< ~i. '>1-1,(",,) == S 'I: O < ~~ >H'}.(Y) == O ; 

the phase probabilitias Wo<, are defined by the relations 

'012 - O d'J I O w..,. '0'
"'1 

t (5 )-- - ,-- > 1 
'= 

~ 
3wo( ô w,/ ~ 

2 

f =- EIll ~ t: ~ flIXp[- H(v) /@] 
N~oo 

The constant U in e q, (J) plays the role of the cristalline-field 
constant. Under the change of ~ from O to 1 the crossover from the 
lang - to short-range interaction occurs. 

Calculating the specific free energYo.f one can use for the 
short-range part of the Hamiltonian the traDsfer-J.1latrix method, 
while the long-range part, as is known/ 24/, is aaymp t o t í.c al.Ly equí.« 

valent to the mean-field theory. As a result, we have 

f= (w:J._w+~)T.J-w:Je (K-LG"~)-
(6)

I I 1.2 -ft?r) f/;J. ] 
- ®e, L~h r+ f), co.-Jt lf~ + (~Utll lf + e 

.J 

where 
l.v L == J; (1- 'IJ)
 

W :; w1 > K == ..3.-
 Lt@4@
 
l1J='~JSw~L (JJ =: w;2J< lfa. == (1- \AI):J. K
I , T1 

Introducing also the notation 

o@V 
u= 3 == ~ T - JJl 1e t 

for the probability of the ferromagnetic phase from the first of 
eq.(5) we find the equation 

ft!/ w 11 e -lt'f{ 

_. 1 .2 -4/f)'/J. 1 oj:J -1Y: + 
(7)( fU\Jl Y+ e f 09tfl 'f '1- &tM r +e { 

+ 11 (2 '11 - 1) - ~! w v - 'J. W (1 ~ ,y) õ:J. + ':13.,J (1-111) bn), f = o . 
J 

For the order parameter defined in (4) we get 

~1<;-:: (8) 
(ohM:J.'f + e-HJ1) 1/~ 

The .heterophase state is absolutely stable, if the inequalities 

O .L. W~ i rt , O IJ./::: 1(1) -/(w) >0 
:> ~w.:l , (9) 
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are true. When only the two first inequalities are valid but the 

third one does not hold, the heteraphase state is metastable. 

Investigaie the' stability oi the system at lr ::; o. Then the fer
romagnetic-phase probability takes the form 

~u.-8JYI 
W =- W(o) = o 4u.- I -I- y -8 (v+ Ivl)	 (10) 

shown in Fig.1. In addition 

~- {1 ( 4u - VJ -1 + ~.- Iv) 8 ) .) 
Ç) W:l 

(;lt<- V9- t + V ) 2 (4u +~.y8-1+V) 
• -j L.. O~ 

(4/Á-f+v)~
411f 


(9.u- Va-1+ V) :2
!li ob-J~1 

4u.-:J Y8- f +v 

Wo 

'la 

0.5 ---~ 
,	 li )' " I U 

-0.5 o 0.5 

F i g. 1.	 The probability of the ferromagnetic phase at zero teIl).

perature for 8' ::; 1: a) ..y ::; O; b ) ,y ::; 0.25; c) ,J=O.5i 

d) V ::; 0.9. 

Condition (9) yields that the heterophase state is absolutely stable 

if either 

u '> m~ {f	 (1-V-2-Yfj» f (1- Y +,)8) J) -Y 1:..0 J ( 11) 

4 

ar 

li. >f (1 -v -+ V;}) > v'> O •	 (12 ) 

The heterophase state ia me~astable if either 

t (1- V+ V9) L.: LA L f (1 - V - J. '))3) V<. O> 
(1J)

J 

or 

u <: ~ v3 y">o.	 (14 ) 

lu the case when 

f Iv I9 c U L f (1- J +- ~8) -'	 (15) 

tn.e system at zero temperature ts purely ferromagnetic, but beginning 
from the fini te temperature Tn ,called the nucleation temperatu

re/ 21/, the heterophase state becomes profitable being a mixture of 
ferromagnetic and paramagnetl.c phases. The corresponding regions of 

stabili ty and metastabili ty on the U - V -plane are p í ctur ed in 

Fig. 2.	 U 

F i g. 2.	 Regions of stability and metastability of heterophase 

states at T ::; 0, :J ::; 1. The vertical hatching designa
tes the stable region, the oblique hatching shows the me

.tastable one, the absence of any hatching between o/l , and 

1 corresponds to the completely ordered state. 

Calculate the low-temperature asymptotes for the ferromagnetio 
probability 

5 



4 {1 - Y + VQ ) [ w2. ]
W ~ 'W 1. - J e'Xe - -.2.- (1- Y + L('I) q ) + 

o { 4LL -YfI- f 1- -Iv/ti T <J 

+ :2/v/g OU -J8 -1 +V ) [ (1-Wo) ;1. ] }ex? - -- ~JvJ9 
(~u. -IJI~)(4t{-~j-f+';-/YJ~) T ' ,r, 

the order parameter J: 

(- c? ef)tp [- 'v/c 
~ 

(1-'l1+4Yj)] ,o~ T 

the entropy 

SC! ~:l. (1-Y+Y8) e-xp[- ~~ (1-,)+10'8)J + 

~. 2 

+ (1~~) 1~13 e"-p[- 11-;') '1 11 /3 
1
J 

and the heat capacity 

.. :J. [:l ]C '::::. ~ (1 - .,) + .~q ) e'Xp - ~/c (.1- y t 4';&) + 
v T?' O T 

~ ~ 

t- (~;'; <7'e'>p[- (f~) :J11 13J 
The positivity of the specific heat indicates that the heterophase
 

state is stable with respect to thermal fluctuations.
 

Analyze now the critical behaviour of the modelo For the cri ti 

cal temperature, when Gí = O, eq.(8) gives
 

T =~ (~) ( 16)c 8 encp :rlc .
 
As follows from (16), there exists a negative value of the crossover
 
parameter ,.J::: Vt
 

( eg '> t) , (17 ) I,-ri ::: - efj 
1
- 1 t~'I. 

I 

(. suc!J. that for V L V1 the ferromagnetic state i8 impossible at all 
ternperatures. And vice versa, for 9 ~ e-t = 0.3679 a positive solu~ 

tion for Te. is available at any .J • The existence of the li 
miting value (17) is quite explainable. Heally, negative values of.y 

correspond to the antiferrornagnetic character of the short-range in

teraction. The presence of an interaction having an opposite sign in 
cornparison with the ferromagnetic long-range interaction surves as a 

disordering factor. The onset of a ferromagnetic order is possible 
only if the disordering short-range interaction is not too large. One 

might adduce several other examples when an orderirrg in a systern oc
curs only if some lirniting relation between competing interactions 
takes place. Remind here only one example/25/ having to do with the 
criterion of ferrornagnetism in models with intermediate valency/26-~8/ 

The crossover behaviour of --r::. for various J is gi ven in Fig.3. 

Te 

05o-1 

F i g. 3. The dependence of the critical temperature on the crossov

er parameter: a) 7 = 0.1; b ) i = 1; c) !I = 5. 

It i8 interesting that this crossover for !I '> 1 is nonrnonotonic: 
between the value T:: = 0.5 corresponding to the rnean-field theory 
and Te.- ::: O bearing on the short-runge interaction there occurs a 
maxirnurn at the point 

ft,fj&' 
Trna.-x, ,)maf.(8(1+l!ng) 1+&tff 
Expanding thermodynarnic functions in powers at l::=:. (T-'I,:) /Tc 

to the left of the critical temperature, we obtain the asymptote for 
the ferromagnetic probability 
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C A
2 
rs 

ü ~AW(- L) . =pu o 

w--,:I 1/J.
{ (-L) > ti -=-!Ao ,
 

where 
a 

:2(t--)) (1+JKc.) 
IA = 

w ( U_ -i: ) ( 1- 4L: /.3) - 4 U- Y) (H J. }<J ;/. I
11 I 

~ (. I4 (1- Y) (1 + :2 K<. ) :J. -1+ tá Kc. te. -4L,; 
-~ I", 10.5

(,{o = t: + t = 
(1+4L~).;l. I 

I 
I 

f-- 4L/ / 3 

For the order parameter one has the asymptote 
I 

1/'J.. I 
,_ ,46"" (-T) , li "1 u. o , 

1 

I 
dG - fl't 

[ C-i:) ') Li ~ {j~ , 

F i g. 4. The crossover behaviour of the criticaI runpIitude squared 
in which the criticaI amplitude lJ is given by the expression IJ/ for g = 1: a) U = -5; b ) u: = ~ o-o ; c) u = 5;

õ 
d ) u. = 1.
 

Aa = O(u - -t) (1 + J. kc.. ) _
 

õ (U.--t) (1- L,L; /3) -" (f- Y) (1+ ? Kc.)).
 

The quantity A~ 
;;l 

as a function of the crossover parameter is depic- I h. ,.. U\..v d~ 

I 
I 

») :l. ,- ~ (18 ) I 'I li 11 I I 

ted in Pí.g , 4, where ti)" ia de f í.ne d by the equation 

( f - ')Ia. == (a. I c, I 
I 

The specific heat jump I 
I 

li C == f,:m Cv - Em cv A~(1+~K<.)L.c 
v 

T....,.Tc-o T~'"(+O 

and the vaIue of the heat capacity to the right of the criticaI po

int 

16 Kc:l L.:;, ,---JCVC- == lm Cv o 0.5
(1+ Lc./'J. ) 'J.T -'I Te. +0 

are shown in Fig. 5 and Fig. 6, respectiveIy. I r' i s- 5. The specific-heat jump at the criticaI point for 8 = 1: 
~ a) U. = -5; b) lA. = ! 00 ; c) IA = 5i d) u. = 1.Antiferromagnetic character of the short-range interaction and tj

the presence of heterophase fIuctuations can break. the second-order 
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CC 
v 

0.5 C 

C 

0.25 

-1 -0.5	 0.5 

F i g. 6.	 The specific heat'at the criticaI point from the right de

pending on the cro~sover parameter: a) !J = 0.1; b ) cf = 1; 
c) g = 5. 

phase transition to the first-order one. The region of fir~t-order 

phase transition is defined by the inequalities 

. 4(1-~) (1 + :lK,J:tt <'U c t-t ' ,J>"J'). (19) 
1- 4L: /3 

ar 

4 (f- v) (1 t-a Kc):I.
tL.lA.<:.i- ' V,.L -/L V~ 

(20 ) 
}1-4L: /3 I 

The change of a trsnsition arder in the U- ~ -plane is illustrated 
in Fig. 7. 

The most interesting properties of the model considered, from 
our point of view, are, firstly. the existence of a strongly nonmono

tonic dependence of the criticaI temperature and criticaI amplitudes 

on the crossover parameter J ,and, secondly, the possibility for 
the phase transition to be of both theorders. Quite nontrivial pro

perties of the model and their large variety depending on a relation 
between the Hamiltonian parameters make 1t probable to apply the mo I, 
deI to the interpretation of experimental data for various quasi-one
dimensional magnets/29/ . 

,\1 

l 

lO	 1 

~ 

F i g. 7.	 Regions of phase transitions in the heterophase sys~em. 

The vertical hatching corresponds to the second-order 
transition in the stable system, the oblique hatching 

shows the second-order transition in the metastable sys

tem, the region wi thout hatching in the interval -Y1 ~-v b. f. 

means the first-order transition. 

We have considered here a classical.model, but as is evident, 
it can be without difficulties gensralized to the quantum case. There 

are, however, reasons/301 to suspect that the behaviour of analogous 
quantum models will be qualitatively the sarne. 
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KHcnHHcKHH a.6., ~KanOB ti.H. E17-86-535 
MCTOA KBa3HCPOAHHX AnR MeTaCTa6HnbH~X H cMewaHH~X CHCTeM 

PaccMOTpOH MeToA onpeAeneHHR KBa3HcpeAHHX, n03BonR~HH onHC~BaTb HapRAY 
co cTa6HnbH~MH $a3aMH TaK~e MeTaCTa6HnbH~e $a3~ H CMeCH HeCKonbKHX $a3. Me
TOA Hnn~cTpHPyeTcR Ha npHMepe oAHoMepHoH reTepO$a3HOH MOAenH H3HHra co B3aH
MOAO~CTDHCM, aAAHTHBHO BKn~4a~eM KaK B3aHMOAeHCTBHe 6nH~aHwHX coceAeH, raK 
H AanbHoAeHCTBHe. 6~RCHeHO, 4TO KpHTH4eCKaR TeMnepaTypa H KpHTH4eCKHe aMnnH
rYA~ HenHHeHHo H, Bo06~e rOBopR, HeMOHOTOHHO 3aBHCRT OT KpOCCOBepHoro napa
Merpa, xapaKTepH3y~ero nepeXOA or 6nH3KoAeHcTBy~~eH K AanbHoAeHcTBy~~eH MO
AenH. POA ~a30Boro nepexoAa ~eppoMarHerHK-napaMarHeTHK Mo~eT H3MeHRTbCR co 
Broporo Ha nepB~H B 3aBHCHMOCTH OT COOTHoweHHR Me~AY 06MeHHblM HHTerpanoM, 
KpoccoBepH~M napaMeTpOM H KOHCTaHTOH KpHCTannH4eCKoro nonR. 

Pabora B~nonHeHa B na60paTOPHH TeopeTH4eCKOH ~H3HKH OHRH. 

npenpKIlT O&bel1JtllClIOIOro IOIc:mryra Jmepublx Kc:c:ne.a088HHH. .Ily15KI 1986 

Kislinsky v.n., Yukalov V.I.	 E17-86-535 
Method o, Quasl-Averages for Metastable and Mixed Systems 

A method of dcflning quasi-averages is considered giving the possibil ity 
for describing besldes stable phase the metastable ones as welJ as mixtures 
of several phascs. The method is il1ustrated by the one-dimensional hetero· 
phase l s l nq mode l with additive short - and l onq-ranqe interactions. It is 
found t ha t the criticaI temperature and critica! amplitudes are nonlinear 
and, generally speaking, are nonmonotonic with respect to a crossover para
meter characterizing the crossing from the short-ranqe to Jong-range mede!. 
The ferromagnet-paramagnet phase transition can change its order from second 
to first depending on the relation between the exchange integral, crossover 
parameter and crystall ine-field constant. 

lhe investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 
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