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1. Introduction 

Green functions (GF) have been applied very successfully in stati
atical physics. However, the application of GF to spin modela is 
confronted with the difficultiea due to the commutation relation 
of spin operators and the vanishing of the (23 + 1 )-th power of 
the ladder operatora. A diagram technique for GF containing spin 
operators is needed not only for the direct calculation of thermo
dynamic or dynamic quantitiea for spin systems but also for the 
representation of the partition function in terms of functional in
tegraIs /1/. In this connection it ia necassary for a microscopic 
foundation of the application of the )-component r4 model for the 
Heisenberg ferromagnet in the framework of renormalization group 
in the theory of criticaI phenomena. 
Recently, -a paper by van Hemmen et aL, /2/ indicated that an energy 
gap between the phyaical ground state and the improper (unphysical) 
sta:tes does not exiat in the Dyson TormaLf.em /3/. 'l'his statement 
again raisea the question about the actual temperature dependence 
of the low temperature magnetizat10n of a Heisenberg ferromagnet. 
On the other hand a book bl Baryakhtar, Krivoruchko, and Yablonski 
(BKY) /4/ appeared reoently proposing a new diagram teohn1que for 
GF contain1ng spin operators baaed an the diagram technique by 
Izyu~ov and KaBaan-Ogly /5/, The results for the GF obtained for a 
Heieenberg ferromagnet by BKY applying their diagram technique do 
not agree with those of earlier papers on that problem using diffe
rent diagram techniques /6,7,8/, decoupling the equations of motion 
for the GF /9,10,11/ or using a formal aolution of the equations of 
motion /12,13/. In this paper) we answer the question about the ori
gin of the just mentioned discrepancy in the resulting GF for a Hei
eenberg ferromagnet. 
Tbere is now no doubt, how the analytic expreBsions for 'the perturba
tion expanaion of the GF for a Heiaenberg ferromagnet do look like 
up to Becond arder, ~n some earlier papers /14,15,16/, we could 
show tbat the perturbation aeriea up to aecond order agree with 
each otber ae they were calculated by Lewis and Stinchcombe /17/, 
by Spencer using the drone-fermion repreae~tation /18/, by Izyumov 
and KaBsan-Ogly /5/ (IKO.J and by the present author et aI. /6,8/. 
However, each of the mentioned authors obtains different results 
for the GF by summing certain classes of diagrams. Therefore, the 
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main problem ia to find a proper diagrammatic representation allo

wing to recognize bow one has to aUID suitable partial series of the
 
perturbation series. We could show /19/ that IKO /5/ were not able
 
to find a summation of their diagrams free from internaI contra


dictions.
 
The diagram technique of BKY /4/ is a further development of the
 
one proposed by IKO avoiding the unusual ovaIs for indicating coin

ciding lattice sites. BKY apply Dyaon's equation for the summation 
of diagrama, and therefore, a direct compariaon with our approach 

is possible. 
The paper La organized as follows. In' ,2 we shortly explain tbe diffi 
culties of a diagrammatic representation for GF containing spin ope
rators and present the diagram technique by Kühnel and ~berlandt. 

Then, we introduce the diagram te~hnique by BKY and compare different 
diagrams. It turns out that some diagrams are not drawn appropriately, 
and, as a consequence, BKY are not able to distinguish which diagrams 
must be included into the self-energy part of Dyaon's equation and 
which must note In Sec.4 we show explici tly tbe origin of tbe disc
repancy between the result of BKY and tbe commonly acoepted result 
~or the GF by calculating one of the crucial terms. The conclusions 
in Sec. 5 are devoted to the problem of tbe low temperature magne
tizàtion and contain some remarks about the representation of spin 
operators in terms of boson operators. 

2.	 Diagram technique proposed by Haberlandt and KÜhnel
 
8pip operators obey the commutation rulea
 

[st r ~-] = ~f 2. ~; uf,fll"ib/(st (1 ) 

The commutator of two spin operators is again an operator. Therefore, 
Wick's theorem is not valid in the usual forro as for boson or fermion 
operators. An analogue to Wick'a theorem for spin operators has been 
formulated by Jãger and Kühnel /6/ in the caae Df apin 1/2 and by 
Izyumov and Kassan-Ogly /5/ and by Haberlandt and Kühnel /8l in the 

case of arbitrary spin: 

c T( !rJ.... .Çot l
) > - .i. f o T(r.... .J..'l] clJ )

'"	 ~... 0- ,,<' ,.~> (; (cc-CC")< ~!. 5 > .c..	 ,:, o A:t 1 J. .. r J. 3'" o 

rf) ---I( lll'l [ tL.f Sei,] )
·H·-l 5.1 Si, 3 .. , >0 (2)
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We use the usual Matsubara tecbnique /20/. Tbe operators have to be 
taken in the interaction representation: 

1/0"' OA -lIoT"Df7:) :: e c:. I (J) 

wbere H is tbe free part of t~e Hamiltonian. The index o at the o 
bracket indicates that the trace bas to be performed with the help 

of ~o = exp( - ~ "o). In equation (2) ~m (~to - ~ ) ia the zerotb 
order GF 

G:~l~-~,4OC)= -'< Tf f/"l<it ) ~(q:--)l)o 

(li _1.- E() Ir rA s zcs~> e- r,/tLt - "/:_) i( ~ ~íAA< 
=	 f.- o 

_(A_lfaIT)-A & l<:~~> (-Ep{'l;-~) cf 'LI!. ~7:~'[	 (~ o 
(4 ) 

E~uation (2) Js written down for the case ~ = + ; the case81 81 
8 = 8, comes out aimply by an immediately evident change in tbe1" 
argument of tbe zeroth order GF. The model we are dealing with is 
the isotropio Heiaenberg ferromagnet. 
This model encounters alI the difficulties appearing in the diagram 
teohnique for a apin modele The Hamiltonian is 

H	 (5 )Ho	 + H1 ' 

wbere 

Ho	 : - [o r5,/ ) f.o = f' « 
(F. ) 

I{, :; - ~ J~( ( {~- s/o t ii ~ {/ ).

',f ~
 

No	 intra-atomic excbange shall be present: c O.J f f 
Tbe GP to be calculated is defined as 

G l<:tt ~ L_ ) :: - <Tf5:(~) Çl"C"p.) 6'(;flr)1 >o~ e (Á/r) >0 ) (7 )l Al4 

where ~ (1/T) ia the usual 8 operator the Taylor expansion of which 
results in the perturbation series, the single terms of that series 
have to be represented properly by diagrams. 
We do not repeat alI the detailB of diagrammatic rules - which are 
the standard ones- but indicate only the peculiarities reaulting 
from the commutation relations (1) of the spin operators. The trans
verse interaction (first term in H1) will be denoted by a dot;and 
tbe longitudinal interaction (aecond term in H1 ), by a wavy line. 
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Beaidea theae ~wo dynamic vertex parta and the zeroth order GF,
 
which we repreaent by a aolid line, there appear further elementa
 
in the diagrama coming from the commutation. relationa (1), from
 
the ao-called kinematic interactio~An open circle atanda for
 

~Sz> o. A broken line corresponda to K~:(o) = <.'sis~> o-<sz> ~ , 

. zzz (o) z z z a broken double llne meane the connected part Kl m of~SlSmSn >0.n 
The s.nd of a wavy line may be connected wi th two eolid linea getting 
an additional factor '1/(2 .lSz>o)' with an open circle OI' with a 
broken line. Tbe connection of a broken line with a eolid line geta 
a factor 1/<Sz) o • Tbe triangle atanda for a factor 1/(2.lSz>0 ) and 
i t ge ta an additional factor 1/<: Sz> o if one edge ia parallel to 
a aolid line; all three angles belong to the same lattice aite. 
Two parta of a diagram (including disconnected diagrama) may be 
connected by means of triangles OI' broken lines if they do not 
belong a priori to the same lattice site and if J f f = ° does not 
rule out the connected term. Three parte of a diagram may be connec
ted by a broken double line. 
The resulting terms up to eecond order of perturbation theory are 
represented by the diagrams in Fig.1. 

. do,
In the couree of dieentangling the traces of eeveral operators Sl' 
there reeult traces Df more and more operatore si . Thoee traces are 
calculated as follows: 

<: S" ~ .Ç ~ _ k ~ ~ (o) ~ ~ 
e .... )0 - eAM + <~ >0 

<ç ~ .(~ i~ > ::: K~ ~ ~(o) ~ (I< ~~(o) .,. /(~~(O) I( ~~(')J 
e ... IM o l_M l <. ~ >0 iAM IM + .A6l4t 

t <~~>~ 
(8) 

The connected longitudinal correlation functions are defined as 

I1~ Ho) _ ( I""t _ r ~ J(r l- _ c r~ )" - < >e ~;:)o.)-. J >0 >
t~ ~ O 

(9 ) 

We are now concerned with tbe eummation of tbe diagrame ehown in 
Fig. 1. Some diagrame may be eummed immediately with the help of 

Dyeon'e equation (1, 2, 3, 5, 6, 7, 10, 11, 12, 13, 18, 19, 20, 21, 
24, 25). Other diagrame contain only one eingle zerotb order GP and 
can~ot be aummed by meane of Dyson's equation. Tboee diagrams 
are 4, 8, 9, 15, 16, 17 in Fig. 1. We bave eetabliebed earlier 
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Fig. 1. Diagrame up to eecond order of perturbation tbeory 

/6,8/ that tboee diagrame carreepond' juat to tbe expaneion af 
(Sz> (Fig.2). One can Bea thie fact very simply if one calculatee 
the trace in the numeratar of (7) by meane of relatian (2) 

<T~S/~":ff(AIT)l>o:::----;- (~'/':c<Tf ~t~~(Â/Tl>ot...) (10 ) 
:l..<:1 >0 • 

~I 
I 

J y

Ó I I 

Fig. 2. Firet diagrams in tbe expaneian af c Sz> 
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The trace explicitly written down is just the expression for ~ Sz> 
(except for the omitted denominator). Tberefore, the summation of 
the diagrama 4, 8, 9, 15, 16, 17 and similar diagrama result in 
a faetor ~ SZ > in the numerator of the GF instead of c Sz> o. 
After performing tbis summation tbe remeining diagrams 14, 22, 23 
in Fig. 1 may be summed with the help of Dyson's equation. 
The resulting GF is after Fourier transformation 

2. c S~ > 
(i(c." .... !) = 

Lc.J", - íÚv,A4,_g)
(11 ) 

where c SZ>and í ltJM,' ! ) are to be taken in the corresponding 
approximations. Taking into aceount the vertex parts ·shown in Fig.3 
in the self-energy part of Dyson's equation tbe atandard spin wave 
energy /10, 11, 12, 13, 8/ results (firat order theory neglecting 
the damping of the spin weves) • 

E"l!) ':: f?l + ~<:~~> [l(o)-]{~)] 

-f-~ L [)lf} - ](f-&)][';l,)+ lKlq'I]. 
(12 )N<S> i - - - - 

K(~) is the Fourier transform of K~~ in the eorrespondig approxi

mationiM(~)::- ~<~l>tP(~) ,where ~(V=[t.xp[-P~.. (!)]-AI-A. 

~ /J
• r oo \.! L,. 

Fig. 3. Diagrame in the. self-energy-part in the first ord&r theory 

In the case of epin 1/2, ~ Sz> can be aaleulated aeeording to 

'<S~'>= ~(A-<~~-(/» =~(A+l'tt{-O»):: 1(A-'4<S~>+)) 

t '1 -1<S' ):."---' (13 ) 
, A t lf> 

where ~ ':: (tiIAI) ~ +(~) . In the case of arbi trary apã.n , one ueee 
the relation given by Callen /9/ to ealeulate ~ Sz> : 

<:S~'): s- ~ .. (2.~-4;f){>~Sf~ tO(~'l.S+?). 
(14 ) 

3. The diegram technique proposed by BKY 

l' 

The diagram technique proposed by BKY ie based on that developed 
by IKO. BKY do not use tbe ovala introduced by IKO for indieating 
tbe same lattiee site. Fig. 4 sbows the diagrama of BKY in the same 
sequence as in Fig.1. The zerotb order CF is repreeented by a solid 
line, a wavy line witb one open eirele stands for the traneverse 
interaetion and a wavy line with two open circles means the longi
tudinal interaction. A dotted line bas different meaning depending 
on the number of different symbole, which it conneets with eaeb . 
other: If it connecta n otherwiee unconneeted symbols it means the~ n-tb derivativ~ b (n ) of tbe Brillotlin function b = ~ SZ> • The o 
open cirele doee not bave a unique meaning. The additional kinematie 
diagrams containing the transverse interaction, in which we introdu
eed the triangle, are repreeented by diagrame the number of ineoming 
eolid linee in which ie not equal to the number ~f outgoing aolid lines 

(diagrame 6 and 8 in Fig. 4). 
\ There ia a one-to-one correspondence between the diagrame introdueed 

by HK (in the caee of apin 1/2 already introduced in /6/) and by BKY 
(after eorrection of some mieprinte: in Fig. 1, 2, 3, in /19/ the 
diagram 13 ie missing, in Fig. 26.1 in /4/ the diagram 14 is abaent, 
in Fig. 4 in /8/ the eecond line with diagrame 15, 16, 17 was omitted). 

4. Summation of diagrame 

I}'

BKY try to eum their ~iagrama with the help of Dyson's equation 
and, therefore, a direct compariaon of BKY approaeh of our summation 
of diagrama /6,8/ is poeaible. BKY divide the diagrama into two 
claeaee: one alase may be summed by introducing them into the aelf
energy part of Dyson's equation, the other elaaa does not fit into 
Dyeon'e equation an~ ie eummed to give a new numerator of the GF. 
However, the division of diagrama into those two classes ia not 
eorreetly done by BKY. The diagrame introduced by BKY have the 
following drawback: the dotted linee are connected alwaye with 
tbe end of a solid line, not with the eolid line as a'whole. Thie 

It
 
erroneoua preecription resulte from the faet that BKY allways give
 
an argument ct' to any SZ, while SZ is independent of 'r in the 
interaetion repreaentation to be ueed in the perturbation eeriee. 
Tbie inadequate diagrammatic representation provides BKY from recog
nizing tbat, e.g., their diagrams 7, 12, 21, 25 (diagrama 15, 16, 
20, 22 in Fig. 26.1 in /4/) muat be introduoed into the self-energy 
part of Dyson's equation and do not contribute to the so-ealled 

force parto 
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< T (s+szszS-S+S-)>. .1fgrsm o'	 (16 ) 

which results in the mixed product of transverse and longitudinal 
-+-o interaction in the second orde~ of perturbation. theory. We applyS -L --....í ~ 
~n~4 ~.....O 

, r /' I 
JL -XL Ll J: 

40 AA "lo ,(3 

J-,..J --+-<>....r·I -r-<> ....LJ ~..J]
A"t AS -f/, .•q. 

~L ..J 
~o ~A *~ 

--rJr····l L .:..] t]. o ) l..~...~ 
~l t3 J.'f ~r 

Fig.4. Diagrams introduced by BKY 

On the other hand, BKY notice tbat some of tbe diagrams wbich 
cannot be summed with the he1p af Dyson'a equation yie1d a fu11 
~sz> in the numerator of the GF. How~ver, BKY get the GF in the 

forro 

2~S~> f A{""",,~) 
r: ('"	 &) ::: 

IRI"'t. it.A7 - í(W/fA. &)
A4 1- (15 ) 

where just tbose four diagrama 7, 12, 21, 25 contribute to A(~.. ,4 
which are not erroneous1y inc1uded by BKY into the self-energy part 
of~Dyson's equation accarding to tbeir unfavourab1e diagrammatic 
representation. We now give a simp1e argument for our point of view. 

Witb this aim we ca1cu1ate exp1icit1y the trace 

s 

the relation. (2) three times and disentangle the traces containing 
J or 4 operators SZ using the a1gorithm (8). As a result, we get

~ 
( I( o	 = 1/ e~ (o) ). 

t.w.. -	 ""t_\~ 
.,. ~ ~ - T [- )'cT( ~e 1ff .(.r.,Çs ,46C. >0 = 

~ (c: r/ Go J( o t Go o o o.\ 
- 2<: s~>~ li t.,. sF t- "( t# '$("""' K..,., 

r ,0 r O o (;0 o o Jo o 
t- '1 Utj.r (;SIIOO Kf<w t t( Gf.~ Gs~ Kip' 

...;f r o o ( o o I1 li o
.2<5~)~ "-til' <;5~ 1(" I(.(~ .,. ""~ k,s)+ ." (17) 

. I	 The terms omitted in equation (17) correspond to the diagrams 18, 
19, 20, 22, 23 whicb are treated likewise according to the summati
on procedures of BKY and of HK, respectively. The terms in the 

l í	 firat 1ine on the right-hand side in (17) are represented by the 
li diagram 24 in Fig. 1 and Fig. 4; they -are included into the self

energy part. Tbe terms in the second line have the same analytical1~
 
shape like the terms in the first line. However, BKY represent


"I those terms by a diagr~m (diagram 25 in Fig. 4) w~ich apparently 
cannot be included into the self-energy part. Of course, the analy

i 
tic expressions in the second 1ine (17) have to be summed in the. 

"	 self-energy part of Dyson's equation, and our diagram 25 exhibits 
this property evidently. As concerns diagram 25, the statement that 
it contributes to the so-cal1ed force part of the GF is even wrongs 
in a diagram contributing to the force part it must be possible to 
1so1ate GF Gfm' wbat is impossible for diagram 25 (and algo for 
diagram 21) since there is l=f~g~m. This discrepancy does not affect 
the spin wave energy (12) because the diagram 25 contributes only to 
a second order theory taking ~nto ~ccount the damp~ng of the spin 
waves. 
Tbe last two termswritten down in equation (17) correspond to the 
diagram 21. It is immediate1y evident that they may be summed with 
the belp of Dyson's equation since they are products of two GF connec
ted by a vertex part. The product of the two correlation functions 
KZz(o) is ~ontained in the first order of the expansion of KZZ /8/. 
Using the symbols of BKY one shou1d represent the 1ast four terms 

I: I 
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in equation (17) by the diagrame 21 and 25 in Fig.5. ahowing clearly 
that they are to be included into the eelf-energy part. Similarly, 'one 
can draw the diagrama 7 and 12, aa it waa done in Fig.5. Having drawn 
diagrams 7, 12, 21, 25, aa it wae done in Fig. 5, one never would 
think of a force part giving an additional term in the numerator of 

the GF. 

~ r>~ tr: ri ~:]......L ~ ---r-l Lr-o ~ 
~~ 2.A 1- 42.. 

Fig.5. Proper ehape of diagrama contributing apperently to the force.
 

part ueing symbols of BKY
 

Further, BKY do not notice that the series axpansion of the correla

tion function KZZ ie contained in the perturbation series, toa /8/.
 
Due to that observation the expreseion b' coming from the molecular
 

ZZ 
field approximation hae to be subatituted by K in subsequent appro
ximations. This ia the raason wby BKY are not able to reproduce the 
commonly accepted result (12) for tbe spin wave energy at low tempe

ratures. 

5. Conclusions 

We have ehown thBt tbe GF haa the shape (11) and that no additional 
terro (force part) doea appear in the numerator of the GF if.one does 
sum the terms in the perturbation seriee according to their analytioal 

8~ructure. It is important to etate /8,6/ that the longitudinal corZZ 
relation function KZz(O) will as well become a full K by summation 
of partial seriea as <:. SZ > o in the numerator of the GF becomes 
a full L Sz> • This fact leads to the substitution of the input 
quantities b b', ••• in molecular field approximation (MFA) by the 

o 
,KZZ
 

This fact was not recognized by BKY and IKO. As a conaequence,
 
quantitiea of MFA survive in the expresaions for the GF. At low
 
t'emperature we have b = S, b' b (n ) :> O. Therefore, BKY are not
 

quantities ~ Sz> , ••• · in the correaponding approximations. 
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able to obtain the commonly accepted expression (12) for the spin ~ 
wave energy in a first order theory. Calculating the damping of the 
spin waves in a second order theory the result will be still poorer. 
We are now going to discuss the low temperature magnetization and 
confine ourselves to the case S a 1/2, aince the essential features 
can be seen most transparently in that caae. According to equation 

(13)	 the low temperature magnetization ia calculated from 

10 

<S~>~ A = -1..(A-2.~+~ep~+"')' 
2.(.4+2.t~) ~	 (18) 

This relation follows írom the commutation relations of the spin 
operators and from the shape (11) of the GF. The term ~ 2 produces 
a term T3 in distinction to the low temperature magnetization obtai
ned by Dyson /3/. The term T3 was the subject of many investigations 
(see	 /21/ and references therein). If one uses the series expansion 
for .( SZ )o according to BKY, one gets a t low temperatures 

<: ~~:> ~ ~ ()- 2 ,) 
(19 ) 

in contradiction to equation (18); but,avoiding the term T3• This 
contradiction does not appear in our approach since the series for 
L.. Sz) contain "SZ:> i tself, and the resulting implici t equation 
corresponds approximately to (18). 
We still add some remarks on a paper by BKY /22/ in which the atate
ment was made that the calculation of the GF gives the same results 
using spin operators or performing first the Dyson-Maleyev trans
formation to boson operators. This statement is valid only in ~WA. 

As soon as one passes beyond MFA, the quantities b, b', ••• become 
< Sz> , KZz, ••• and do not differ only by an exponentially amall 

amount from the corresponding quantitiea obtained after bosonization 
according to Dyson-Maleyev. However, even if the single terms in the 
perturbation series would differ only by exponentially small amounts 

the summation of infinite series may give strongly different results, 

as it i8 obviously the case according to the resulta given above. 

There is now doubt in the fact that the GF for a Heisenberg ferro
magnet has the shape (11) and the resulting mean occupation numbers 
of spin wave states obey a Bose distribution modified by the tem
perature dependent factor L Sz> in the numerator. 
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KWHenb A. E17-86-275 
O gHarpaMMHo~ TeXHHKe gnH ~YHK~HH rpHHa 
reHgeH6eproBcKoro ~eppoMarHeTHKa 

PagBHTHe gHarpaMMHoH TeXHHKH gnH ~YHK~HH rpHHa, rro
crpoeaasrx HS cnHHOBbIX onepa-ropoa , CnO>KHO Hg-·ga rrepeCTaHOBOq
HblX coo-rxomenaã 9THX oneparopoa , Hezraano Bapaaxrap , 'KPHBO
PyqKO H H6nOHCKHH /BKH/ rrp~gnO>KHnH HOBYW gHarpaMMHYW TexHHKy 
gnH ~YHK~HH rpHHa, cogep>Ka~HX crrHHOBwe orrepaTOpw. Mbl cpaB
HHnH 9TY gHarpaMMHYW TeXHHKY c rrpegnO>KeHHOH Xa6epnaHgToM 
H KWHeneM. BblqHCnHH r-naamae xnensr, Mbl noxaaarra , l.ITO· gHarpaM
MW BKH He orrpegenHwT BKnag rrpH CYMMHpOBaHHH pHga BosMy~eHHH. 

06CY>KgeHW pesynbTaTw gnH 9HeprHH crrHHOBbIX BonH H MarHeTHsa, . 
~HH rrpH HHSKHX TeMrrepaTypax. 

Pa60Ta BblITOnHeHa B J]a60paTopHH TeOpeTHl.IeCKOH ~HSHKH OHHV.... 

Ilpenpmrr 06'beAHHeHHOro HHCTHTYTa RAepHhIX accnenosaaaâ, .lly6aa 1986 

Kühnel A. EI7-86-275 
On .the Diagram Tcchnique for Green Functions 
of the Heisenberg Ferramagnet 

The Green function approach to the Heieenberg ferro

magnet ia confrontod with the difficulties connected with
 
the commutntion rolntione of spin operatore. Recently,
 
Baryakhtar, Krivoruchko, and·Yablonski (BKY) propoeed a new
 
d~agram techniquG for Greon functions containing spin ope

rators based on the corroaponding technique by Izyumov
 
and Kassan-Ogly. We compareci tho now approach with that
 
proposed earlier by Haberlandt and KUhnol. Calculating some
 
crucial terms we could show why tha diagrame of BKY do not
 
represent the corresponding analyticnl torms properly if
 
kinematic interaction due to the peculiar commutation rela

tions is involved. The results for the low temperature spin
 
wave energy and mag~etization are discussed.
 

The Investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Prcprint of the Joint Institute for Nuclear Research. Dubna 1986 

http:Phys.Let

