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1. Introduction 

Тhе so-called ( '/' J - tf 5)-nonlinear SchrOdinger equation, 

· i 'ft + д t -r о1. r т- r 1 "'t'-- r' r 14 = о (1 ) 

emerges independently in several branches о! nonlinear physics. It 
serves as а semiclassical limit !or the equations о! nuclear !luid 
dynamics with Sk.ym.e' в !orces [ 1]. Тhе authors о! re!. [ 2] have 
applied it to investigate stationary light beams in вel!-!ocusing 
nonlinear medium. Eq. (1) is also the Нartree-Pock approximation to 
the SchrOdinger equation !or 2-body attractive and J-Ьody repulsive 
contact interactions [ J J • The energy !unctional correaponding to ( 1), 

· н = f «~ { t ;,,~- c~.t'ft 1 - t '"''4- + t '"''' J <2> 

may in addition Ье interpreted аа Landau's expansion !or !ree energy 
Н in powers о! order parameter t and its gradient. Тhia eжpansion 
is asaumed as the base о! the phenomenologioal theory о! phlue tran
si.tions r 4-6]. Тhе expan~~ion (2) in which terms up to the third 
order in 1 f 1 2. are kept, ariaea, !or example, in the deaoription о! 
!erroelectric transition in КDР (~РО4 ) [ 6] and phase separation 
in неJ - не4 111xtures r 71. 

Recently f 8] exact aoliton-like aolutions to Eq. (1) in one
dimensional space have Ъееn !ound under non-vaniahing Ьounclary oondi
tions о! the !orm 

'/'( ~,t) ~ t:t:: cottst cts х-. :t. оо 
In the preaent oo..unioation we examine their stability. · 

It ia oonvenient to uae the !ollowing !orm or the ( f3- '/'5)-non
l i near ЗchrOdinger equationa 

) 
1 ... 

i<ft +«J~ж -"r0 (2A+'to 1+l(A+.z~t0 H'Ir '1 -ЗICJI 'f=O. о> 
Suppoae t hat i'<x,t) is а aolution о! Eq.(1). Тhе oorreaponding 
solution ot Eq.{J) ia then given Ьу the linear subatitution 

1<r,tJ =8t(Гэ8J.~ ~ зl+t) 

lneJБii~IW}It-t 11К'r11ф. 
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where 

-t а. = ; ( А + 2 "to ) , 

A/tto = -2.- ~ ~ ( 1- .J,_1_+_+_r:J.._) ' (4 ) 

'lo and А Ъeing real constants, 't0 >О. It is clear that 'f may 
Ъе transformed into CJ only at tJ. ~ -1/4 and А :> -~1'0 • 

The energy functional Н and the conserved "number of particles" 
N f or Eq.()) are, respectivel y , 

Н= j drJ { l'f~l.t -t ( l<fl"- ~0 )2. ( ltJt 1-A J} (5) 

and 

N =Jriзc{l'!f 1 -~o} (6) 

We consider the solutions to Eq.(J ) 
tot ics: 

with the following spatial asymp-

'J ( XJ t)-+ (j ± ~ COttst Q.S ~-'l>±oo, (7) 

where flf±/ 1 = 'l0 may Ъе physically interpreted as an equilibrium 
density of а medium filling the entire space. Тhе integrals ( 5) and 
(6) will converge provided the field ~ approaches its asymptotic 
values sufficiently fast. The value of ~0 >0 may Ъе chosen comple
tely arЫtrarily since according to ( 4) the solution 5f to Eq.(J) 
is characterized not Ъу а pair (А, ~о ) Ъut through а single quanti

ty А/ 'l0 • In this note we report the results of computations which 

were performed for ~о = 1. 

The solution we are interested in reads ( 8 J 

~ c~,t) =е'~ t:+ tk,{.fi (~-~о)} 1:t~ . 
S [ 1 + th-2.{ t/i (~-~о )j +А а.~ ]1/.t. 
. & 7 z 

• [ · A'lo + \l ii + 'Т,о /Ai+ tr'- 'с( { ~lfi ( f?- \.оН J fh 
1'f.f) -А+ Jд ')....,.""'cJ., {l/Q. Ct,-"Er Jf ' (8) 

where '!;=Х-1Гt , CIJS~=(A't0 +v-L/;)/('t0 /AJ..rv.t'), 
а. =(cl.-11.2.)/+ -;.О , and С ::: jt [ 'lo ('(

0 
-А)] 1/.t • с stands for the 

velocity of acoustic waves in the medium. The formula (8) describes 
а solitary wave of rarefaction (а "hole") propagating with velocity 
11" < С • At the spatial infinities we have 

.t .:& [!t ~ :t: il"h IN" <f = ± е о t f; . " lf.o 
3 ~ +L 

(9) 

2 

... 

t 

For А< О the solution (8) is kink-shaped while at О< А< "l 0 it 

looks like а one-dimensional bubЪle. In the propounded communica
tion we confine ourselves to the latter case as soon as it admits 
the most obvious generalization to higher spatial dimensions. 

At О< А< 't 0 the static ( l)"' =О) ЪuЪЪlе looks like 

д; C!l,(f r) 
(10) 1s Cr) == 

i't~ + sl&(fx)} "д 

where we have used the translational and U(1) invariances о! Eq.()) 
to fix So = ~о = о. It ia fitting to note that the transition 
from the travelling wave (8) to the standing one (10) is nothing but 
the selection о! а particular solution from one-parameter family. 
There exists no any reference frame transformation which could trans
!er the moving ЪuЬЪlе (8) to the rest frame under the fixed boundary 
conditions (7). In other words, 1! we used the Galilean ipvariance 
о! Eq.(J) and Ьу virtue о! the transformation 

,.., -.:~ (~ ... ~t") t t) 
f;f(x,t) ~ ';1(-r

1
t)= е z .1 Cj(X+v ) 

passed to the co-ordinate frame in which the soliton is motionless 
( Of~J2.f'dt • О), the constant asymptotics (7) would acquire the 
factor о! ex.p{-t:VЖ/2 _,'V'ltf+} • This means simply that 
in this frame the medium surrounding the ЬuЬЫе would 1tself move 
with the velocity (- \]" ). 

Prom the above given considerations it follows that, in cont
rast to the case о! vanishing boundary conditions, the staЫlity ana
lysis for the travelling soliton (8) cannot Ье reduced to the one 
for the standing wave (10). For each pair о! quantities (A/'f.o, \J"" ) 
the proЫem should Ье treated independently. In this note we restrict 
ourselves to the solution (10),i.e., to the case о! 1Г • о. 

2. Linear StaЫlity Anal1sis 

Let us linearize Eq.(J) w1th respect to small (at least initial
ly) perturbation df!(x,t) in the vicinity о! the soliton (10) and 
assume that localized б"/s exist which grow exponentially with time. 
More precisely, we shall seak for the separaЫe f'/ о! the !оrш 

SCJc х, t) = { fc~) + iac~J} e~t) <11> 

3 
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where f (х) , t (х) and \) are real, and 

fcr)~o, ~(z)--:,o a.s tx/~ оо 

Putting 'J(~1 t) = !ls {~) + G!l (%, t) in Eq. (3) and keeping 
to first order in О~ gives the eigenvalue proЫem 

UfcrJ = -~a-cxJ 
L g- '~J = v f с ~J · 

where U (upper) and L (lower) operators are defined Ьу 

(12) 

only up 

(13) 

- J.2. ) 1 + U- -,(:r1 + .~t,(2A +~о) -6(2'to+A !fs (Х) + 1S'fls СХ) > с 14 ) 

L = -fx2.1 + 1.о ( 1.А + "to) -1 ('J.'to +д) ~s" еж) + 3 <f i ( Х) • 

I! the proЫem (12)-(13) has а solution z :а ( 'V , j , 9' ) 
then z' : (-у , f , - ~) is а solution again. Тherefore the exis
tence of а real eigenvalue )) :/=О will irrespective о! its sign indi
cate exponential instaЫlity of the ЬuЬЫе (10). 

It is worth noting the following faot. One easily verifies that 

L 15 С Ж)= О 
(this equality coincides with Eq.(3) for real static solutions). It 
ensues from here that for а di screte eigenvalue "' 'Ф О 

оО 

f !fs c~J fcx) d~ =о ( 15) 

-.о 

(multiply the lower equation in (13) Ьу <Js (%) and integrate). 
Eq.(15) coincides with the oondition for the intinitesimal devia
tion ofJ(-:tl t) (11) to keep the integral (6) undisturbed i.. e. ' to 
оЬеу NC'isJ= NCfls +Scg J . In this way any perturbation of the 
form ( 11), where у ( v ':f.: О) is а disorete eigenvalue and {f(~)1 $(%')} 
is the corresponding. eigenveotor riormalized to а su!ficiently small 
number, does not change the number of particles in the system. We 
therefore study the _so-called Q-staЫlity [ 9 J • 

з. Numerical Solution of the Eigenvalue ProЫem 

We solved the рrоЫеш (13) on the !inite interval [ -R, R) 
R >> 1 and the boundary conditions (12) had been replaced Ьу 

f(~R.) =a-(~R.) =О. (16) 
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The normalization condition had been chosen as 

SRif~c:r) + ~2.<x>J d~ -J. =о . 
-R 

( 17) 

In numerical studies of the веt (1)), ( 16), (17) we utilized 
the iterative scheme Ьавеd on the modified continuouв analogue of 
Newton's method [12] • The ditferential operators were approxima
ted Ьу finite-difference ones with accuracy of order O(h 4 ) on а 
uniform mesh, h being the step. Тhе integralв were calculated Ьу 
means of Simpson'в formula of the ваше accuracy. The scheme, there
fore, allows one to find the difference solution to an accuracy of 
O(h 4 ). А three-point ditference operator is inverted in each itera
tion instead of five-point one, and this special feature вimplifies 
greatly the finding of iteration corrections. Аlво one is permitted 
to avoid vast data arrays in the case when the eigenfunctions decay 
вlowly aвfxl~ 00 and R ought to Ье chosen sufficiently large. 

То analyze numerically convergence of the aolution i5 /( •lt, к S 
=:{v, jCX), ~(rJ}tt,h,k ot the set (13), (16), (17) ( k being 
а number of iterations) to the solution z .. { V 1 jC:t) 1 ljCX)} 
of the initial рrоЫеш (1)), (12) and to evaluate accuracy of the 
former we used the following inequality 

11~-:!lt,~,kU ~ 1/l-1-~tll + IJ!It-lA
1
hll + 1/:CR," -~R,h1 k Q. (18) 

Here 
Н •11 iв · the mesh analogue of the norm in С; 
Z ~.~~ standв for the exact solution to the ditference prob

lem approximating the set (13), (16), (17) to accuracy of O(h-.). 
The error 8 А =Н t -l R. N , R ':>1 was estimated numerically Ьу 

comparing the solutionв obtained under fixed h and varying R. Our 
calculations indicate that it is small comparing to other items in 
the right-hand side of inequality (18). Тhе error g.lc ==llJ,h -l'R,J.,kl}-.. 

... cfk[1J] ( d/f. standв for discrepance of the solution) is small 
since the criterium of the i teration proceas termination was dк 'е ' 
€ « 1 • Hence, at R >) 1 and Е.« 1 the error вlt = ~~~ -J:A

1
J. U 

originating from the replacement of the set ( 1)), (16), (17) Ьу the 
di!ference proЬlem prevails for the approximate solution Z R. 1 la, k • 
Тhе order of convergence of the mesh solution :l- R.

1
h t o the вolution 

~я. was veritied Ьу computing the ~tioв 

-Jс~щ -r'LJ );t~щ , ~ щ )1 f,· - R1 1Jp ~ R.1 h,_, k.z. R.1 "А-• k.z. '\ R.1 h3 , k .J 
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on а sequence о! condensing grids with steps h 1•h, h2•h/2, ь3 •h/4 
(i.e., the relations log2 р 1 ~ 4 were checked). Here 

(t) 

ZR..)It.j,kj ='))R.,ki,kj ; 
щ . ) 

Ъу l R ,hi ,ki ( 11 ~ j we denote the eigen!unction values in 
nodes о! . the mesh with step h. 

То evaluate the absolute error о! 
used the !ollowing expansions {14] 

'lol1c, ~::: vR. + ck 4 + o(lt 4) ; 

the solution :Z R., /,. 
1 

k we 

f. (ж):: f (:С) + 'r4 <~)~ ++ o(h. +J ; Q ( :r) = 'iь <:t) + 't_.,(")h ++ och. ~ 
R.,lt. 1(. (! R, h. "' 1 

where с is а constant and ~1х) does not depend on h. 

For А • 0.1 and А • 0.5 the accuracy о! the solution was nume
rically inveвtigated: under !ixed h (h • 0.2) !or varying R (R •40.; 
50.; 80.) and under !ixed R (R • 50.) !or varying h (h • 0.4; 0.2; 
0.1). Тhе convergence to zero о! the integral (15) valueв computed 
Ъу Simpвon•в rule was veri!ied ав well. 

Тhе proЪlem (13), (16), (17) was вolved !or А • 0.1; 0.2; ••• ; 
0.9 on the interval (-50., 50.1 with the вtер h • 0.2. Тhе 
aocuracy g wав taken to Ъе 10-8• On the groundв о! the аЪоvе 
eвtimateв the approximation parameters R • 50. and h • 0.2 were 
вelected 1n вuch а way, that the abвolute error о! the !ound вolu
tion wав less than 10-3. 

4. Reвults and Diвcusвion 

We solved the proЪlem (13) at 9 equidistant points picked out 
!rom the interval (0,1). For each considered А (А • 0.1; 0.2; ••• ; 
0.9) the Ъound state solution with ~~О wав !ound. Тhus the вoli
ton (10) is unstaЪle even against the in!initeвimal perturbations 
not disturbing the total number о! particleв N (i.e., "Q-unвtaыe• 
[9] ) 1n the whole Ъand О< А/"{0 < ·1. Тhе correвponding growth 

rates (eigenvalues )} ) are given in ТаЪlе I. The curve V (A)is 
illustrated in Fig.I. The eigen!unctions !(х) and g(x) are tabulated 
(ТаЪlе II) and plotted (Fig. III) !or three valueв о! А (А • 0.1; 
0.5; 0.9) typi!ying the whole Ъand. For convenience о! а reader t he 
shape о! t he ЪuЪЪlе (10) is reproduced 1n Fig. II !or the ваmе Дs. 

It must Ъе stressed once again that our instaЫlity conclusion 
relatea to the ЪuЬЪlе at rest only. Conoerning travelling ones it 

6 

1 

' 

t 

has Ъееn shown 1n re!. (8 J that !or transonic excitations о! amall 
(Ъut !inite) amplitude the ( '13 - Cf5)-nonlinear Schredinger equa
tion (J) is reduced to Korteveg-de Vries equation. In thiв reduction 
transonic weak rare!aotion ЪuЪЪlе (eq. (8) at 1!~ с) is trans!ormed 
just into the KdV soliton. Тhе latter is well-known to Ъе staЪle at 
any velooity [ 10-11) • Тhus some critical velocity 1Тсr вeems to 
exiвt such that the ЪuЪЪlе (8) is staЪle at 1!' > \Г00 and unstaЪle 
at 1Г <. '\Гсr • 

In oonclusion let us remark that the growth rate ~ oharacte
rizes solely. а linear stage о! decay о! the ЪuЪЫе •. Тhis stage is 
de!ined Ьу requirement that the perturЪation oan still Ъе oonвidered 
small. Тhus the quantity 1/')) should not ъе ' identi!ied with the 
ЪuЪЪlе's li!etime. 

Aok:nowledfemeвts 

One о! the authors (I.V.B.) would like to thank A.S. Kovalev, 
о. К. Pashaev and s. А. Sergeenkov !or help!ul disouвsions on physioal 
aspeots о! the proЪlem. 

. 

ТаЫе I 
Growth rates (eigenvalues 
о! the proЫem (13),(12)) 

А ')) 

о. 1 о. 197 
0. 2 о.348 

0.3 0.443 
0.4 0.489 
о. 5 0.492 
о. б 0. 458 
0.1 0.389 
0. 8 0.289 
0.9 о. 159 

.у ~ 
Growth rate 

та parameter А 

0.25' 

о А 
0.1 о. + о.6 0.8 t,O 
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Об устойчивости уединенных волн Ф 3-Ф 5 нелинейного уравнения 
Шредингера при нетривиальных граничных условиях 

Исследуется устойчивость солитоноподобного реwения дырочного типа 
для уравнения 

i.pt +Фzа +аФ+ Ф\Ф 1 2 - ФIФ1 4 - о. 

где ф(х, t) ~ ф ± а coost при х ~ ±оо . В линейном приближении анализ устойчивости 
статического солитона сводится к численному реwению задачи на собственные 
значения для системы двух связанных операторов типа Шредингера. Показано, 
что эта задача имеет локализованное реwение при всех а, и следовательно 
неподвижный солитон всегда неустойчив. Вычислена зависимость инкремента 
неустойчивости от ~ 
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Оп the Stability of Solitary Waves of the (ф:Lф~-Noпllпear 
Schr6dlпger Equatloп uпder Noп-Vaпishlпg Воuпdагу Coпdltloпs 

We examiпe the staЫIIty of the ЬuЬЫе-1 lke sol ltoп solutloп of 
the equa t 1 оп 

iфt +Фаа +аФ+ ФIФ1 2 - ФIФ1 4 - о. 
+ 

wheгe ф(x,t)~Ф-· constas х~± ... The aпalysis of the above equatloп llпea
rized about the static ЬuЬЫе is reduced to ап eigeпvalue proЫem for two 
coupled Schr6diпger operators. Thls ргоЫеm ls fouпd to possess а bouпd 
state solutioп for all а . . Coпsequeпtly, there exlst expoпeпtlally gгowiпg 
perturbatloпs, апd the motloпless ЬuЬЫе appears to Ье always uпstaЫe. 
The dерепdепсе of the growth rate оп а is пumerlcally calculated. 
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