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The equivalence, about six dimensions, of the critical beha
viour of n-component systems in uncorrelated random fields and 
of the corresponding pure classical ones in two dimensions less 
has been known for some time 11- 3( An analogous result has been 
obtained Ьу perturbative renormalization group (RG) approaches 
for random field (RF) quantum systems at temperature Т=О. In 
particular, the dimensional reductions d-+ d- 3, d -+ d -4 and 
d - (2 + z) (z is the zero temperature dynamical critical expo
nent) have been found for transverse Ising model 141 , bosonized 
systems / 5/ and . nonbosonized systems 161 respectively, in the pre
sence of uncorrelated RFs. However, the above equjvalence or its 
lack in lower dimensions up to the unknown lower critical one 
dcL is at present controversial. Very recently, most of the cont~ 
roversy has focused on the RF Ising model due to its experimen
tal relevance / 7·91. For systems with continuous syппnetry (n 2 2 
where n is the order parameter dimension), both perturbative 
dimensional reduction 11·6 / and domain arguments / 4,10 / yield 
dcL = 4. Temptation to prove this result rigorously has been 
made Ьу Schuster 111 / for RF classical systems. Howevcr, his de
monstration cannot Ье considered rigorously due to the use of 
the replica trick / 12 / . 

'R.ecent investigations of RF classical systems113 ·141 indicate 
that the conventional perturbative methods may lead to mislea
ding conclusions since nonperturbative effects (e.g., Griffiths 
singularities) become important and probahly destroy dimensional 
reduction at least near the lower critical dimensionality. Ana
logous considerations are true when random anisotropies are pre
sent 1141. 

Such а classical scenario opens questions also for RF quan
tum systems. The previous perturbative RG predictions of the 
(T=O)-dimensional reduction cannot Ье naively extrapolated in 
lower dimensions so that they do not give reliaЬle estimates 
for dCL' On the other hand, for d-dimensional random quantum 
systems at Т=О which, when pure, are equivalent to the corres
ponding pure classical systems in d + 1 dimensions, an estimate 
of dcL reay Ье made Ьу using domain-like arguments 14 1. Neverthe
less, for general quantum systems 115•181, the above~entioned 
equivelence in absence of impurities is broken down and а direct 
extension of classical domain arguments seems to Ье no more pos
siЬle. The situation appears more dramatic where correlated RFs 
and long-range interactions are involved. In this case, an exp
licit nonperturbative calculation pf dgf, has been made only for 
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RF bosonized systems in the large-n limit 1171 and at the pre
sent only RG information on the upper critical dimension in bo
sonized / 18 / and nonbosonized / 19/ quantum systems with correla
ted RGs is availaЬle. 

Since rigorous methods for calculating dCL for RF systems 
are lacking, the aim of this paper is to give а trustworthy es
timate of dcL for а class of quantum systems with n~ 2 in the 
presence of long-range interactions and correlated RFs. This 
will Ье realized Ьу using а quantum extension of the Rice me
thod1201 for the destruction of long-range order in pure classi
cal systems with continuous symmetry. This method has been al
ready used for а calculation of dCL for the classical random 
axis model /21 / and .in connection with the destruction of long
range order of the charge-density-wav~ state in а Peierls transi
tion when uncorrelated quenched impurities are present / 22 / . Here 
we consider the case n = 2 only, being а straightforward exten
sion to the general case n > 2. 

For concreteness reasons~ we refer to а quantum model approp
riate to the description of RF quantum ferr9electrics, as КТаО 3 
or SrTiOЗ with Li quenched impurities for which some experimen
tal results are availaЬle /23/ , and of other quantum systems 
which ·show displacive structural phase transitions / 24/ , However, 
the extended Rice method, although nonrigorous, is sufficiently 
general and physically quite reliaЬle to yield, with light mo
difications, an estimate of dCL for other RF quantum sys-
tems / 5,6,18,19/. 

The mentioned ( n = 2)-quantum systems in the presence of RFs 
can Ье conveniently described Ьу means of the generalized quan
tum Ginzburg-Landau-Wilson (GLW) functional: 

d 1 1 Т u / 2 ... 2 -+ 2 
J<lф,hl= (dx J drlc i V ф(х,т) l + r l ф(x,r) l + 

о 

+ lа.;,(;,т)12+~1Ф(;,т)14 _.:_[h(~)t/1*(;, r)+h*(;).;,(X:rШ, (1) 
дr 2 2 

where the coupling parameters с; , r, u depend on the system нn
der study 12з~2rv, О <и < 2 for including also long-range inte-- ...... 

... 112 i(k х - ыf r ) 
ractions, ф(х, r) = ( ~) ~ е ф(q) is а сот-

о< lkl <л 
plex order parameter fie"ld wi th О s r .$ 1/Т, q = (k, ы t ) , 
ы, =2~rtT (t =О, ±1, ±2, ... ),Vis the volume of the system and Л 
i~ а wave-vector cut off. Iri (1), the complex random field 
h(x) - h1(;) + ih 2 (~) is governed Ьу а Gaussian probaЪility 
2 

distribution Plh\ with Fourier component averages: 
-+ ... 

[h*(k) ]a.v = [h(k)]a.v =О, 
-+ ... ... 

[h*(k)h(k')]av =Bn- g(k), (2) 

where 1191: 
-+ ... (} 

g(k)=6 1 +6 2 lk l (З) 

for small lkl and arbitrary О. Notice that, when (} ~ О with 
~~ ~ О (i = 1,2) о~ when 6 2 =О, the short-range correlated 
RF case will Ье reproduced with !':J. = t:J. 1 + 6 2 or !':J. = t:J. 1 respecti
vely. 

We are interested to calculate the random two-point propa
gator: 

0(~, т)= [G(~. r; {h l)]a.v [<ф(Х', т)ф*(О,О) > ]аv (4) 

... 
in the limit as lx l -+oo,keeping in mind that, as ... a general crite-
rion for the existence of long-range order, Q(x, т) must Ье а fi
nite constant in the limit as the separation lx l goes to infini
ty / 26,27 / . 

We start Ьу assuming that, for some values of the parameter 
r driving the phase transitions, the "pure" quantum system has 
а long-range order both at Т#О (for d > и) and Т=О (for d > и/2 ) 

and the order parameter is given Ьу r/1 = .;, 0 е !фо, where .;,
0

> 0 (with 
ф~ = -r/u) and ф 0 is an arbitrary constant. Then, Q(i",rJ can Ье 
evaluated in terms of the approximate GLW functional obtained 
from ( 1) Ьу expanding rjJ (х, r) about Фо and keeping only quadratic 
terms in the involved small quantities. This is quite justified 
under condition of weak . disorder which is assumed here "а prio
r i ". 'нriting ф(х, r ) in terms of its modulus and phase as ф(х, т)= 

= (r/10 + ф(;, r))elф(;,r), to second order in real small qнantiti
es, а simple algebra yields the approximate random quantum 
func t ional: 

J( {ф • h 1 = к + J( 1 ф ' h 1 1 + J{ 1 ф • h 2 1. 
where the constant К is unessential and: 

- d 1 / Т и/2 - ... 2 
J<lф,h 1 1= (dx ( dr{c(V ф(х,r}) + 

о 

+ (д:~;,т))2 -2rф2(;, т) -hl(;) "ф(;, т)\' 

(5) 

(б) 
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d 1 /Т 2 / 2 ~ 2 
J({ф,h2 1 = f d х J dr{cфo ( va ф(х,r)) + 

о 

2 ( аф(-;, r)j 2 - ф h (х) ф(х, r) 1 • + ф о о 2 
дr 

(7) 

I'? (6)-(7) the r~al quantities ф,ф,h 1 (i = 1,2) have the Four~ 
r1er representat1ons: 

X(i, r) = 

.. 
h

1
(x) 

...... 

( т 112 i(k·х -ш~ т> 
-) ~ е 
v q 

о< ltl <Л 

v -1/2 ~... . е iks hi (k) 

o<lti<Л 

X(q) • (Х = ф, ф)' 

(8) 

Now, we are in а position to calculate the two-point propagator 
... .. 

G(x, r; {h }) = <ф(х, т) ф *(0, О) > for а given RF configuration 
{h}. From (5) it immediately follows the factorization: 

G(~. r; {h\)"' Gф (i, r; {h 1\) • Gф(;, r; lh2D, (9) 

where 

G ф (;, r; {h 1 \) = <(фо + ф(;, r)) (фо + ф (0,0)) > J( 1..$, h 1 1 ( 10) 

-+ .r ~ Gф(х, r; {h
2

J),., <е 11.ф(х, r) -ф(О,О)] > 
J< IФ ,ь 2 1 ( 11) 

and < ••• >J({x,ьil indicate the ensemЬle average with respect to 

J({X,h 1L As we see, the propagators (10) and (11) depend only 
on the random configurations {h 1 1 and {h 2 1 of the real and ima
ginary parts of the RF respectively. Therefore, since it results 

- 2 . 
in ~{hl = П ~{h 1 1, from (4) it immediately follows: 

1=1 (12) .. ... ... 
О(х, r) = G~{x, r) ·а Ф{х, r), 

.. ... (h1) 
Gф(х, т) = [G ф(х, r; {h 1 })] &У 

(13) 

а ф(;, т) [ G (;, r: {h D] (h2) 
ф 2 &У • (14) 

(h 1) 
In (13) and (14), [ ••• ]&У indicates а quenched average with 
4 

.. 

respect to the Gaussian distributicn of ь 1 characterized Ьу the 
random correlation functions: 

... ... ' (h t> 1 ... 
[hi(k) h j (k >1av = 2oij ok.-k g(k). (15) 

Thus, for а complete investigation of the role played Ьу ther
mal, quantum and correlated RF fluctuations, it is sufficient 
t~ calculate explicitly GJ}x· r ) and GФ(х, т) i n the limit as 
lx 1 ... оо • 

For G;j;(;, т), from ( 10) and ( 1 3) with the qut:nched averages 
(15), it is easy to show that: 

... .. [ 1 -+ ] i(kx-cuer > т- OCU• g(k) 
-+ 2 т е L,O 

G~ (х, r) = ф + -- ~ l + 
ф о 2V q -2r+ cku + cuf2 4(-2r + cku +си~) 

(16 ) 

where use is made of the Fourier transformation of J( 1 ф, h 11. 
Simple considerations analogous to those made for pure sys
tems / 20,27/ indicat ~ that fo r dimensionalit~es of physical in
terest at arbitrary temperatures а -;ь_<х. т) .. Фо for large distan
ces. As concerns the phase part (1Ц) of the two-point propaga
tor G(x, т), for а given conf iguration of the RF imaginary part 
{h 2 1, we can firstly write: 

ехр 1- J( lф, h 
2
1 - i[ ф(О, О) - ф(;, т)] 1 = 

( 17) 

= ехр{ - ~ [ф2 (cku +ш;>·IФ(q)\ 2 +y(q) ф(q)]l, 
q 0 L 

where o <l it i< Л 
~~ 

y(q) =-Фот-112 _всие,о h2(-k) + i(~)l/2 (1-ei(kx-шer> ). ( 18) 

Then, after simple Gaussian integrations, we have 

GФ(~. т; {h 21) = ехр{- 1 (Tv(l- cos(k~ -cuer)) + 
2ф 2( ck и+ си 2 ) 

о е 

ф [ ... ..... -+ .... 1 )} + i-0-8 о a(k) (1- cos(kx- си от))+ b(k) sin(kx- (LI er) 
у1 / 2 (Lif' L 

(19) 

where a(k) and b(k) are the real and imaginary parts of h2 (k). 
Thus, making use of the quenched averages (15) we find: 

-+ (Р) -+ (R) ~ (Р) -о (R) :\ 
Gф(х, r) = ехр{-.\ (х, r)- ,\ (х) 1 = а ф (х, r) а ф (XJ. (20) 
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where: 
-+-+ 

-+ т Л(Р)(Х, r) = "'V 
1 - cos с~сх - w е , > 

~ 

Л (R\;) 

q... 2ф 2 (ck а + w i ) 
О < \k\ < Л О 

~ ~ 6.1 + 6.2k () 
о <1; 1 < Л 8с2ф2k ~- (1 - cosk~) 

о 

(21) 

(22) 

Now, for our purposes, we must investigate ~he asymptotical be
havioнr of ~Р>(х, r) and л<R>(х) for large \xl i n the thermo
dynamic limit for V-+ оо for several values of d, а, О and t:-. 1 
( i = 1,2). Firstly, Ьу making the sum over frequencies in (21), 
for the pure part of the phase propagator we obtain: 

(Р) ... 1 1 Л (х, r) = _ _ ! 1 (сkи)1 /2 
4ф~ V O< \ k \ <Л (cku)1 /21[2n( - ) + 1]+ 

(23) 

...... r(cku)112 (cka) 112 - r (ct17>112 (cka) 112 
+ сов kx [ е n ( - ) + е r n ( - ) + 1 ]] 1 ' 

where n(x) = (еХ - 1]-1 is the Bose function. Then, in the 
"classical Emit" for (сЛа ) 1 / 2 / Т « 1, at Т#О, we find for \; \ ...... : 

В(d, u)~ \ x \ a-d 
сф~ ' 

d < и , 

( Р) (... ) 
Л х, r -

т ... 
К6 -2 1n(Л \ х \) , 

сф о 
d"" и' ( 24) 

а finite value, d > и ' 

where 

в (d, (7) = 
2 2-d -( d + 1)/ 2 ()() 

rr f dx. xd-a-1 

г <.!.<d -1)) о 
2 

rr/ 2 r dф. sind-2 ф sin2 ( ~ соsф) . 
о 

6 

I n the "guantum regime" Т=О, from ( 23) it follows: 

.+<10 ' d ~ a/2, 

Л(Р) (х, r) -

К Л d-a/2 
d 

(25) 

4с 1 /~ 2(d - а/2) 
о 

d > ~ 
2 

In (24)-(25) К d = "-d/~ 1-d /Г(d/2). The corresponding asympto
tical expressions а<4/сх-: т) iппnediately follow from (24)-(25). 
Of course, in the classical regime, the results for classical 

. h 1 . . d d ( f 1201 systems W1t ong-range 1nteract1ons are reero uce see re • 
for а = 2). As concerns the random part О~{~ of О Ф(х, т) no- . 
tice that the thermal and guantum fluctuations do not play any 
role and therefore the results related to the. RF effects will Ье 
true for arЬitrary temperature. For obtaining its asypmtotical 
behaviour for lxl-+oo, it is c.onvenient to rewrite л<R>(х) as: 

Л(R) (х) = 1 r 6. l(d) (х) + 6 1 (d) (~)], (26) 
8с 2ф 2 t 1 2о' 2 2о' - () 

о 
where 

1 (d) (i) 
Jl. 

r d d k 

о< \ti <Л (2")d 

For Л lxl » 1 we find: 

...... 
1- coskx 

kJl. 
(р. = 2а ' 2а - ()) • 

(~ ... ... 

{ 

A(d, р.) 1 х 1 p.-d • 

1 Jl. (х) :: 2KJ.I. ln(Л \ x \ ), 

d < р.' 

d ""Jl.' (27) 

а finite value, d > р.. 

where 

" 112 г (d / 2) к:d г cl- <1-d+p>> cos с..!!.<р- d)) 
A(d,~t) ~ ~ 2 ·>О. 

г (р / 2) Г(1-d+р.) sin (rr (~t-d )) 

I n order to have а clear physical picture of the competition 
of thermal, auantum and random fluctuations and the correct 
asymptotical .behaviour of the physical propagator O(x.~)for 
large distance~ both in the classical and quantum regimes, we 
now collect together the results (24)-(27) separately in the 
cases: i) t:-.1 t О, t:-. 2 =-О, ii) t:-. 1 = О, t:-. 2 t О, arЬitrary (J; 

iii) 6.1 #О, L\2 ; О, arЬitrary 8. Of course i), ii) for 8 =О 
and iii) for 8>0 correspond to short-range correlated RFs. 
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i ) А 1 =~.60, ~2 = 0. 

From (26)-(27) one has for lxJ .... o : 

{ 

-+2а- 0 
A (d , 2u)lxl • 

(R ) _. !1 -. 
л · < х)"' 2 2- 2 к2а 111 <л 1 х 1 ) • 

8с Ф 
О а finite value , d > 2u • 

d < 2u. 

d = 2u. (28) 

Then , s i nce .\(P)(x, r )и а finite value for d > u 
d > u / 2 at Т=О, we have both in the classi cal and 

at Т#О and 
quantum regi-

mes: 
f1 ... 2u-d 

ехр ! - !! 
2 

А ( d , 2u ) 1 х 1 ! , 
ас фо 

d < 2u. 

G(X,r )- a~R)(x) -
~ ... 

ехр ! - --- к2 ln (л 1 х 1 ) ! • 
4с2 Ф 2 и 

о 

d=2и. (29) 

а constant value , d> 2u. 

as lx ... l -.oo , Thus , f or d<2u , G(x,r)-.0 for large distances . Of 
course, t his is " inconsistcnt" with origina l assumption of t he 
existence of an ordered phase and allows us to conc l ud e that 
а long-range order is impossiЬle f or such dimensional i t ies but 
not for d > 2u.This implies dcL =2u without amb iguity for d=dcL 
as usual it happens when arguments are used for RF classical 
systems 1 101 , In conclusion, when short-range correlated RFs 
are present, thermal and quantum fluctuations are irrelevant 
with respect to the RF ones and these are sufficiently strong 
to destroy long-range order in the region of dimensionalities 
where the pure systems show an ordered phase. 

ii) ~1 = О, 6.2 # О, arЬitrary (). 

For lxl-.ooeq.(26) becomes: ... 2a- O-d 

{ 

A(d,2u-O)Ixl 

л <R\х),. 112 2к In(Лixl). 
8с2.р2 2а-0 

О а finite value , 

d < 2u-O, 

d=2и-О, 

d>2u-O. 

(ЗО) 

In the present case, it is necessary to distinguish the two ca
ses 2u-0 > d6P) and 2u-д~ . ct6;} ,where ctJГ = и in the classi
cal regime an~ ~L ) =и /2 in the quantum regime for pure sys
tems. Since .\ (Р) (х, т )~а finite value for d > d (Р ) both at Т#О 
and Т=О, for 2u-0>d6~ it follows that : CL 

8 

G(x,r)-

~2 ас2ч,2 A(d , 2и- ·O) I x12a-0-od 
о 

ехр 1- ~2 4с 2 ф 2 к2а- () ln (л 1 i 1 ) 1 
а r- · о • 

Шlte Quantity , 

ехр 1- l, d<2u-O, 

d=2u-8 . 

d > 2и-д. 

Thus, the thermal and quantum fluctuations are irrelevant again 
and the RF ones destory any long-range order for d S .2и - ·8. The
refore, in the present case, d с L- 2u -д for arbi trary Т. The si
t uation appears different .for 2и -е <d~:t)since л<R) Сх) ... а finite 
value and Л(P)(i,r)-.oofor large distances when2u-8<dЬ"i·The 
random fluctuations are now irrelevant with respect to the ther
mal and quantum ones and it results 

d = d (Р) = {. q • Т~ 0 • 
С L С L q /2 • Т = 0 • 

as in the pure quantum systems. Of course, for () = О the short
-.-ange case (i) i~;~ reproduced with !1 =112 • 

iii) ~1;, О, 6.2 ;, О, ar.Ъitrary 8. 

For () > О. i t is iппnediate to see that, as expected, the short
range random case (i) is reproduced (dc.L=2u) with 11=~1 if 0>0 
and !1 = ~1 + 11 2 if 8 = О. If 8 <О , we have that it is always 
2u-8 > 2u and in (26) the term in 112 dominates for large distan
ces and the results (30) and (31) are formally true. Then, one 
finds dCL"' 2u + 1 8 1 for arbitrary Т since both thermal and quan
tum fluctuations appear irrelevant with respect to the random 
ones. 

The previous analyses indicate that the relevance of the RF 
fluctuations on the destruction of long-range order in classi
cal and quantum systems may depend sensiЪly on appropriate 
combinations of the parameters и and (J measuring the power of 
the fall-off of the involved interactions and disorder corre~ 
lation functions. Such а point of view and the possibility of 
having long-range order at .physical dimensionalities may have 
great relevance for а correct interpretation of the availaЪle 
experimental results and for identifying the type of defects 
involved in the laboratory samples also when the quantum re
gime is approached. 

Тwо of the authors (G.B. and L.D.) wish to thank the Labo
ratory of Theoretical Physics of the Joint Institute for Nuc
lear Research of Dubna for warm hospitality during the realiza
tion of the essential part of this paper. 
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Бусиелло Г., Де Чеэаре л., Рабуффо И. 

Отсутствие дальнего nорядка в· квантовых 

сегнетоэлектриках с коррелированными 

случайными nолями 

El7-85-926 

Метод, эффективный nри трактовке разрушения дальнего nоряд

ка в чистых классических системах с неnрерывной симметрией, рас 

nространен на класс квантовых систем с коррелированными случай

ными nолями. Дана обоснованная оценка нижней критической размер 

ности таких систем в терминах nараметров, характеризующих ра

диус учитываемых взаимодействий и случайных корреляций. Эта 

оценка ~ледует из рассмотрения конкуренции между термическими, 

квантовыми и случайными nолевыми флуктуациями. 

Работа выnолнена в Лаборатории теоретической физики ОИЯИ. 

Сооб•е101е Объедкиениого института ядер18о1Х иc:c:neдo8aiUIA. Дубна 1985 

Busiello G., De Cesare L., Rabuffo I. El7-85-926 
Absence of Long-Range Order in Quantum 
Ferroelectrics with Correlated Random Fields 

А physically reasonaЬle method for treating the destruction 
of long-range order in pure classical systems with continuous 
symmetry is extended to include а class of quantum systems in 
the presence of correlated random fields. Then, а · reliaЬle es
timate of the lower critical dimensionality for such random 
systems is given in terms of the parameters characteristic of 
the range of the involved interactions and random correlations. 
This has been realized Ьу means of an appropriate treatment of 
the competition among thermal, quantum and random field fluc
tuations. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Coшшunication of the Joint Institute for Nuc:lear Researc:h. DuЬna 1985 


