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The last decade l1as shown the exciting prospe c ts of tackling 
nonlinear field the ories (in two dimens ions ) nonperturbative l y 
Ьу exploiting their complete integrability rroperti es l l,2 / . 

The concept of completely inte graЬle Hamilt on ian systems 
with finitely many degrees of fr eedom goes back to the last 
century13 / . Briefly they are nonlinear ordinary differential 
equations admitting а Hamiltonian description and possess ing 
sufficiently many constants of motion so that th ey can Ье in
tegrated Ьу quadratures. 

Some qualitative features of thes e sys t ems r emain true in 
some special classes of infinite-dimensional Hamiltonian sys 
tems expressed Ьу nonlinear field equati.oп s (Ko rt ewe ~-d e Vries 
(KdV), sine-Gordon (sG), Noпlinear S c hroediп p,e r (NS), ... ) 1•4 ' . 

А relevaлt prog ress in the study of the se sys t ems, with an 
infinite dimensional phase manifold М, wa s th e introdue ti on 
of Lax Repres ent a tioп 5 which pla ye d an imтюrt :mt · r o l e in for-:
mulating the invers e scattering metlю.d li . 

Reeent papers 7-14 are . ~once~n~d . with th e s ea r ch for tenso
rial equati6ns ahl~ to captur~ the geome trical п a ture of Lax 
Represent a tion. It has be en sl1own how i t са п l1e tlюught of as 
tl1e vaлi s.t1ing, aJon r, th e dynami cs , o f tl1e covariant de rivative 
of а s ec tion of а п (М -based) associated huпdl c o f tl1e ( со-) 
adjoint type ' 7- 9 · , o r a.s th e vanishinp, of tl1 e Lie deriva tive 
or а(~) teпsor field. . 

Aec ording to the latte r point o f vi ew, r ece nt papers· 10- 14 
have emphssized thc r o le played Ьу inva riaпt mixcd tensor 
fields оп the phase manifold М in characterizing the integra
hility of а dynami ca l system . 

More precisely it has been proved the fo ll ow in g integrabi
lity th eo r em 11,12whi ch constitut es an cx tension 12,15 rto field· 
tl1eori es of tl1 e c las s ical compl e t e intc r, r ab i li t y T"iouvilJ e ' s 
theurem . 

Л dynamical vector Г ie ld .\ \v ith fiпit e l v (o r i пfinitely) 
тапу de gr ees o f freed om- ыi1 i rl1 admi t s an i nvari ant mix ed t ensor 
fi e ld Т satisf y iпg the fo lJ ow in g gene r a l prope rties: 

1. Tt i s invariant uпd e r the dynami cs , 
2 . It s Nij enl1uis t e1i so r va пish e s , 
3. l l l1 a s (а d ouЬl e degenerate continuous spect rum and finitely 

manv di sc r e te ) e i genval ues with Ьidime n sioпa l i п vari aпt s pa ce s, 
compl et e l y sepa r a l es i n t o one wl1i ch ha s one dcg r ee of freedom. 
г·о r t !юsc de gr ees нh ose co r respoпdiп g e i genva lues a r e no\vl,e r e 
s tatioп a ry Lhe d vпami cs are in t eи r aЬl e and hamil t oni an . 
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The r elev a nce of suc h а t~nsor fiel d l ies , shortl y , in 
t he fac t tha t i t allows t o con st ruct, i n а v e r y simp l e way , 
а sequenc e of cons e r v ed con s tant s of mo ti on a nd t o def ine 
throu gh it s e igenvecto r s , а privileged s ystem of coord ina t es 
(ac tion-angle coo rdina tes) in wh i ch t he dynami c s is trivi a ll y 
integraЬle . 

In spite o f i ts succe s s in accounting f o r t-he integrab i l i t y 
of solitonic evolution e qua tions ( a nd a lso , Ьу r emoving pro
perty 3, o f dissipa tive d ynamics1 16/ ), tensor fi-eld never ap
peared in the phys i c a l literature o f r e lativist i c string, Yang

·мills fields (i n two dimensions), o r, more speci fi cally, on 
t h e Liouville's evo l ut ion e quation (LE) in l ight-cone coord i 
·nates: 

axt = е а, а : (x ,t ) Е R2 ... a(x,t) Е R. ( 1) 

The purpo se o f the present n o te is t o fil l up this gap. 
А tensor field Т satis f ying properties 1., 2 .,3., which al 

lows to relate Liouville and KdV equati~ns shall Ье construc 
ted. As а consequence, the constructi.on of an infinite ~'comp
lete" se.t of c onserved functionals / 17 / i s accomplished in а 
straightforward way . 

LE is among the пio s t celebrated .of the "completely inte f~
raЬle" theoreies that have attracted а great deal of attent i.on 
in the literature/ 18•191 • It was fir.st written and solved Ьу 
Liouvi lle, i n the nineteenth centure duri ng а s tudy of vort i
ces120I , arises in many braпches of physics/ 21 /and mathematic s 
and, recently, was important for partic1ephysicists in r e for
mula·tions of the dual string model1221and as а two dimensiona l 
mode for graviry 123 1. 

Consider, for instance, on SL(2,C) Yang-Mi lls field in two 
dimensions: 

F 12 = д 1 А 2 - dz А 1 + [А 1 • А2] ( 2 ) 

with Ai: R
2 

... ~ SL (2 ,C ) i =1, 2 , ~ ~'L (2 ,C) denoting the Lie al
.gebra ~f SL(2,C). 

The zero field strength .(curvatu-re) condition, i.e. F12 = 0, 
implies 

-1 2 
А1 = g д 1 g , g : R ... SL (2 • С}. (З) 

Both the ze r o- c u r v a ture condition a nd the r e quirement tha t 
g s atisf ies the c ons tra ints /24•171: 

- 1 + '1 + + 
g д 

1 
g = U Н + -== f Е , ( 4а) 

у 2 

g-1д2 g = U-H+ _)
2

r_E_, (4р) 

whe r e Н , Е+ , Е - a r e t he genera t o r s in а Cartan-Wey l bas i s 
[Н,Е 1 ]= 2Е \ fE +,E- ] = H , (5) 

2 

g ive : 

~ 1 ln Г = 2U+. 
~2 ).n с+= -2u+ • 
д 1 д2 1n r+г = r+r- . 

( ба ) 

(бЬ) 

( 7 )-

Identifying х 1 , x:Z. with ligh t-cone coordina t es l x, t ) and и= ln r+r-. 
equa tion (7) becomes LE. 

Then to every g: R2 ... SL (2,C)satisfy ing eqs.(4), ь solut ion 
of LE is assoc ia ted, and v i c e vers a . 

Equation (1) will Ье he r e considere d a s а dynami c a l ~ ~ua
tion o f the func tional s pa ce М o f f ield fu nc t ion s и(х,t), r \:' gar
d e d as furiction s of the s pa ce coordina t e s onl y , de f ined on the 
whole real axis and s a tisfy ing the b ound a r y eonditions 1 18/ 

lim а = ± а • а е R+ 
х 

х .... ± оо 

lim а1 = ± ь. 
X -t :too 

LE сап Ье written in th e fo rm 

bE(R-101 ) . (8) 

8Н 1 ( ) 
и = Р--. 9 

1 Ва 
wh e r e Р a nd Ht [a] a r e def ined as f oll ows : 

l Х оо + оо 

Р Ф = ---т8 ( ( Ф dx- ( Ф dx) , Н 1 (а l = 9 ( еа dx , ( 1 О) 

-- х -~ 
a nd ВН de notes the p, r adi e nt of а f unc tiona l Н[а\ with r es pec t 

В а 
t o- the L 2 scalar product ( , ) . 

The corresponding sympl ec tic fo rm 

0 1 (8 1a,o2 a)=(8 1a,9DB2u), (fJ) 

where D = а 1 дх and 81 а and ~а belong to the tangent space ТМ, 
i s easily ver if ied t o Ье closed. 

It follows tl1a t LE is а Hami ltoni a n s ys t em. In terms of 
Poi sson bracket s 1 , 1 , de fined in the usual way : 

, BL' BL BL .. BL' 
1 L , L 1 = О 1 ( Р -- , Р --) = ( -- , Р --} , 

ои Ва &т Ва 
(12) 

where Uиl , L'[a) are any pair of functionals. (Freci-tet differen
tiaЬle) defined оп М, Liouville's e quation assumes the form: 

;,=lи,Н 1 1. ( 1 'з) 

On the other hand LE сап also Ье written in the form 
. ' вн 
и = Е ~. 

L Ви 
( 14) 

where EL-and Н2 [а} are defined Ьу 

ЕLФ : _!_[D- ·и Ри + a2 D- 1 t, 
9 х х 

and D- 1 ""9Р. 

9 00 

н2 =7- J еа dx • 
(15) 

-оо 
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Tl1e ope rator EL is an antys yшшetric ope r at o r \vith r e spect 
to the inne r produc t used to define the gradi e nt . It is e a sy 
t o v e rify that the 2- forш 

П2 Со 1 а,о2 а) = (о 1 а,ЕL
1 о 2 а). ( 16) 

i s (weakly) not degenerat e a nd clo s e d , i . e . а (weakl y ) s yшplec

ti c forш , апd , theп , LE is an infiпite diшeпsiona l haшiltoпiaп 

systeш a1so with re spec t to n2 • 
This fact a l lows to cons truc t ап inf inite sequeпce of g r a 

d ieп t s of eoпserved and in i nvolut ioп fuпctionals Ьу means of 
t he operator : 

Т =9DEL = n 2 -Da Ра +а 2 • (17) 
L х х 

The ope r a t or ~ gene rates а sequ ence of conserved functionals 
L [ а ) i п tne seпse that oL.n_ = fn- 1~~\fп ~ N -i s the s e quence 

n • 0о- L & 
of their gradients , whe r e : ., . 

L 1 [al=-: j"' (IJ; -a 2 )dx. (18) 
-оо 

I п v о 1 и t i v i t -у а n d I п·v а r i а n с е о f L . 
n 

The involutivity of L is strai gh tf o r ward v e rified, beca u se 
fo r every n < m : n 

l L , L m) = ( oL11 • р oLm ) = ( 0L 11 • Е oLm-!.) = _ (Е oL 11 • oL111 _ 1 ) = 
n оа до- 8а L до- L оа 8а 

- oLn+1 8Lm-l) = -1 Ln+l • L m-1 1. =- ( Р8;,-. оа 

Ву iter.a tioп it result s tha t Зk!;;N,n<k < m 

1 oLk oLk 
L ,L 1 = (-~.В--), 

11 ш OIJ да 

with В equal t o опе of the operator s Р or EL. 
Then 

1 L , L 1·= О. 
n m 

(19) 

The invariance o f L
11

i s likewise eas ily v e r ified ; Ьу observ
i n g_ t ha t 1 Н 1 , L 1 1 =О and 

ан 1 oL ан 1 oL
11

_ 1 ан 1 o L
11

_ 1 1 Н 1 , L 1 = (-·- , Р -lL) = ( --, EL ---) =- (Е 1.--, ----) = 
n да да да да оа оа 

1 ан2 o L 1 1 ан 1 o L 1 1 = - ( Е L --- • --~--) = - , ( р --·- ' __ n .::-..:._) = - - 1 Н 1 • L n 1 1 • 
а2 да да а2 оа да а2 -

Ву ite r ~ ti o 11 

IH
1

. L
11

1= 0. ( 20) 
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Invariance of ~L 

Involu t ivity of two arЬitrary functionals L[ a], L'[ a l 

1 L, L'l = О ( 2 1) 

in t e rшs of their gradieпts G ,G 're ads 

( G , PG ') = О ( 22 ) 

апd Ьу t aki пg the d-e riva tive wi t h r espect t o а , l eads to 

( G Х , PG' ) + ( G , PG' Х) = О , 
а а 

(23) 

w!1ere Х is а tangent v ec t o r and 

G x = _!_G[uнX] 1 • ( 24 ) 
q d( (=о 

Opera tor Gai s syшшe tric with respec t to ( , ) Ьу Sc hwart z 
theo reш. Beca us e o f the symmet r y of Ga eq. ( 24) l eads to 

G а PG ' = G ~ PG , ( 2 5) 

In particular if L'i s the Hamiltonian (L'=H 1 ,G '= 9e~ ) eq.(l8) 
implies 

0 = -A+G, (26) 

\vhere А+ is the adjoint o f the operator ·A=9Peawhich appears i n 
tl1e linearized LE equa-tion and the d o·t derюtes the -tiшe-deri
vative along integral curves, solutions of (!) ; 

Ti~e deriva·tive, along solutions of (1) of the sequeнce 

G 1=TLG gives n+ • n _ 

G 1 = TLG + TLG . ("27) 
11+ 11 • · n 

Ву using f?r G~+l and G-n eq.(l9), it Ьесошеs 
+ v v + 

-А 0 11 +-1 = TL 0 11 - TLA 0 11 , ( 28) 

and then 
~ 

TLG
11 

=[TL ,А+] 0
11 

_ 

. As а шatt er of fact operator TL sa tisfies the relat i oп 

" " 
TL=(TL ,А+], 

whose ge.oшetrical шeaning is obviou s once the шixed tensor 
field 

TL(a,X) :.<a,TLX >= < TL a ,X > 

( 29) 

(30) 

(31) 

i s introduced, whe r e а denotes а dif fe renti a l fo rш, Х а vcctor 
fie ld a nd < , > the usua l c ontrac t io n ope r a t i oп be t \.Je e n f o rшs 

a nd v esto rs. 
So TL is the endoшo rphisш o f th e mod u l e o f cliffe r entia l 

f o rшs na turall y associat e d with the ( 1
) t e nso r fie ld contra c ti o n 

of ( ~) sk e w- symmetric t e ns or field {}- 1 ~ith t he s kew- symmetrl C 
( ~) t e nso r .Ei e ld n

2 
1 

-1 
T L= CC01 ~{} 2 ). 

(3 2) 
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Equation (30) is just the 
of the invariance of TL under 
sed Ьу 

transcription in а specific frame 
the dynamics ~=9Реиоf LE, expres-

.f~ TL = О, 
L 

• 
(ЗЗ) 

where f~ denotes the Lie derivativevwi th respec t to ~ . . In terms 
of TL = D2 - q PиxD+a~the adjoint of TL with respec t to L

2
scalar 

?roduct, it fiecomes: , 

Т L = [А , Т L J • (34) 

Nijenhuis Con diti on 

Operator TJ- , as it has been shown, maps gradients o-f (con
se rved) funct1onals in gradi ents of (conserved) functionals. 
This very peculiarAprope rt y i s ass ured Ьу the foll owing condi-
t~on ful ~ille~ Ьу TL ~10 • 2 5 A : А А 
(TL) (Х.ТУ)-(ТL) (Y,TX) ~ T1 [ ( TL) ( X,Y)-( TL) (У,Х)], (35) 

и а · а и 

whe re 

('f L) ( Х' , У ) = _d_ Т L ( и· + t У] Х t , (36) 
и dt f = 0 

is tl1e derivative of operato r TL and Х, У a r e any p.iir of t an -
~ent vectors. 

Equation (35)whose geometrical readin ~ 11 · 12 is easily veri
fied to Ье 

(f. TL)A =TL<.fxTL)A. (37). 
TLX _ 

jointly with ~ invariance expr ess ed Ьу (37), i t assures that 
БL 1 "n БL 1 the sequence "t = TL -- is а sequence nf p, r adient s nf спn-
Бо оа 

served functionals, o-r, what it is al1 the same, tl1at ve c tor 
fie lds (~L) п of the sequence 

(AL)n+l =Т~ (AL)t • n ~Н ; ((4L)1 = ах • (~L)2_ = азх- ~ и~+ -fи х) ,(38) 

constitute an abelian (Lie) al Rebra of symmetries for LE. 

Relation with KdV 

For the Korteweg- d~ Vries equation . 
ut + uu:a + ·u:x:xx =О,_ (39) 

simi~ar results hold 12 •241. It is an infini'te dimens ionai Ьi
Harniltonian system for which а mixed tensor field ТК: 
А 2 2 u 
Тк "'D + - -u + __!.. o-t (40) 3 3 • 
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satisfying properties 1., 2 .,3. exists. The conserved functio
nals K

0
[u] are determiпed Ьу the sequence 

оК0 + 1 ., оК n оо 
----:~~ = т к - • к 1 r u 1 = 3 J u dx • ou Бu _

00 

(41) 

and the symmetries Ьу the sequence: 
An 

<~к>n+t = Тк <~ к> 1 • (~к>t = -ux • (42) 

The likeness of Tкand TLsuggests the existence of an ope
r ator F: С"" _. С"" such that the map 

U =F [и], (43) 

transforms conserved functionals К [u]of KdV into conserved 
functionals L

0
1a]of LE, i.e. such ~hat: 

L 0 [а]= K0 [Fla)]. 

Following the same procedure of ref / 21 

F [ а 1 = - _!_ ( а2 
2 х 

and then 

+а 
хх 

- а2) • 

(44) 

it results 

{45) 

TL F; = F; т к • ( 46) 

where F =-3 (а D+If Hs the weak-derivative of the operator F[a 1 , 
а х ~ 

F+ =3( u D+a -D2
) its adjoint and 'Г =< Тк) F[ ] • As -а conse-a х хх -к U= а 

quence 
БL0 + БК 0 - (47) --= F --~ (AL) "'F -(~К) , 
Ба а дF n а n 

where 
8К БК -
__ n = -"-·1 [ ] (~ ) = (1\ ) f [ 1 
БF- Бu u = Fa ' кn- Kn u = Fa 

So the map F: С""__. С 00 , transforms the Harniltonian flow of KdV 
onto а one-parameter syrnrnetJ:'y group of LE. 
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Вилази Г. El7-85-871 

Пи-гамильтонова структура и сохраняющиеся функцианалы 

уравнения Лиувилля 

Построено инвариантное составное тензорное nоле с нулевым 

тензором Ниенхьюза, дающее сохраняющиеся функцианалы уравне

ния Лиувилля. 
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Bi-Нamiltonian Structure and Conserved Functionals 
~f Liouville•s Equation 

An invariant mixea tensor field, with vanishing Nijenhuis .•· 
tensor, whicЪ accounts for conserved functionals of Liouville~s 
equation, is constructed. 
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