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The effects _of quenched random impuritie s is а subjec t which 
has recently attracted much theoretica l and expe riment a l in
terest . In pa rti cular gr ea t a ttention has bee n devo t ed t o the 
investigation of the random axi·s mode l (RАМ) which was origi 
nally proposed Ьу Harris et al .

1 1 1 
to describe th~ magnetic 

properties of amorphou s a lloys containinp, r a re- ea rth ions with 
asymmetric charge distributions. The ori gina1 spi n Hamiltonian 
describing the model is of the form: 

-t ... -+ -+2 
Н ~ - J l S 1 • S J - D l (n J • S J ) • ( 1 ) 

<iJ> j ' 

where J > О is а near'est-nei ghbour ferromagnet i с exch,ange iп-: 
tera c tion between c l ass'ical n -component uni t s pi ns IS j ! and ln j! 
are rand6m n- component unit direc~ion vec tors whi ch н rе as 
s umed to Ье di stributed independentl y frпm s ite to s it e . In 
(1), fluctu a tions in the anisotrпpy s trengtl1 a r e igпnred . 

А renormalizatioп group ana lysi s .2 , showed tl1 :1t the Heis e n
berg fixed point of the pure sp in model was unstaЬle agains t 
raпd omness in d ~ 4-с dime пs i oпs and по new fixed тюint could 
Ье found. This result and а successi ve ' ~ d-4 ex~ansion 13

' 

sщ~ges ted that four-dimension is the lowe r c riti ca 1 dimensiona
lity deL for ferromagnetism in the RN-1. Pel covit s e t al. ' 4 

presented а va ri ety o f ind e pe nd e nt evri s ti c a r guments yie1dinp, 
t o th e cnnc lu sion that the r a ndпm нпiахiа1 a nisotropy wil1 
des troy long-range ord e r be l n\v f our d ime п s ion s for n -vec tor 
mod e ls with n > 2 . Лn a l ogous crrnclusi nns f o l1. ow from а domain 
;Jr gume nt ' 5 si~-i 1a r t o tl1 e one us ed in th e case nf random-fie1d 
proЬlem ' 6 · • bn tt1 e o the r hand, it seems tlыt ca l culation / 3/ 
aoe s no t exc lud e the pns s i11i lit y of а partial1 y ali r,ned state 
be lo~ four dime ns ions, wh e r e а spont ane ous magnet izat ion seems 
t n exis t but witl1 l a r ge tra пsve r s e flu c tua ti oп s . Fur thermor e , 
пume ri c a l s tudi es 5,7 'o r t l1e НМ1 !1ave -come t o var y ing conclu
s i ons , some a r gui ng Г о г а Г e rromagn e ti c , o th e r f or а s pin-g l ass 
p!1 ase a t l ow t empe r a ture fo r d _::; 4. 

А re li a ЬJ e aп s we r t o thi s qu es ti on i s la ck i ng a t the pre
se nt and а ri go r ous proof o f the absence о [ f e rromagnetism 
( and t !1e r efo r e an exact ca l cu l a t ion ~f dcL ) i n t t1e НАМ i s 
nec ded . Лn a tt cmpt i n thi s d ire c tioп wa s made Ьу Pe l covit s ' 31 

\..'hi c l1 c xtended t o tl1c RAM t l1e S c !шst e r proo f 1
8 / o f t he de st r uc

t i on o f l o ng- r aпge o rd e r f or th e rand om fi cld mode l with n > 2 
be l ow four di mens i ons. However t hi s d emon s trat i oп caпno t Ь ~ 
c ons id c r ed ri go r ous du e t o the us e о[ t he r epl ica t r ick in 
comb ina ti on wi t h Bogo 1ubov i nequa l it i es . Iпd eed, it invo lves 

а...._ ••ra.~.Aen._tt_ .,а IПd 1 



the analytical continuation m ... о ( m is the re plica i ndex) in 
an i nequality which may change direction as m passes through 
one / 3,81. 

In this note we present an extension of the Rice щethod 19 1 

f or the destruction of long-range order in pure systems with 
continuous symmetry as а reliaЬle approach ( i n our opinion)to 
calcula te dcL for ferromagnetism in the RАМ. According 't o the 
basic idea of the Rice method, dcL is here determined as the 
dimensionality below which the l~rge:distance behaviour of the 
two-point correlation function ,9(х 1 -х2 ) for .the Gi.nzburg-Landau
'Hlson (GLW) ~order paramete-r ф(х) becomes ~"inconsistent" with 
the general Yang' s cri terion/ 101for off-diagona l-long-range
order(G(x1-~2) ... a finite constant as !x1 -x2 !---) . Thus, one is 
e~sentially interested in examining G(x 1 -х 2) in the limit as 
lxt-x2 j ....... · 

For formal simplicity this will Ье realized for n =2 (i.e., 
Х-У - like models), being straigh.tforward the extension to the 
general case n ?, 2. In this case, the RАМ -ean Ье described Ьу 
the GLW effective Hamiltonian: 

... ... u.o ... 4 
J<ll/т, а 1 = f d dx lco iV 1/т(.х) ! 2 + ro i ф(х) 12 + тl~(х) j 

1 ... ... ... ... 2 
--{а(х)ф*(х) + а*(х)ф(s)] l, . 4 

(2) 

where .ф(х) is а complex field and the cэmplex random variaЬle 
а('Х-) = а 1 (х) + ia, ~), descriЬing the impurity effect, is gover
ned Ьу а Gauss1an probability distribution Plal with Fourier 
component averages: ... ... ... ... 
{ a{k ) ] а v = { а *(k) l а v = О , {a*(k)a(k')]av "'M'k;k'' (3) 

The random-axis anisotropy term i n the' continuous version 
(2) of the RАМ f or n =2 differs slightly from the expresseion 
О) w.here the strength of the anisotropy is constant and only 
the direction is r andom. In genera l, а random strength of the 
anisotropy as in (2) is more realistic1111but the difference 
will not change the r esults in any qualita tive way. 

As mentioned above, we are interested to calculate the 
r a ndom two-point correlat ion f unction: 

G(x) = [ G(x, \& 1)] av = [ < r/t(~) 1/т *(О) >l av ( 4 ) 

in the li'mi t asl x l -o оо . Wi th t hi s inmind, we s tart Ьу assum
ing tha t, at sufficien t ly l ow tc~pera ture , the pure sys t em 
has long-range order ( fo r d >2 ) and t he or de r par amete r is 
given Ьу ф =ф0 е 1Фо , where ф0 > 0 (wi th 1/т~ ,. -r0/u0) and Ф 0 is 
an arЬi trary constant . Then, t he quenched cnnfigur a t ional ave-

2 

J 

~ 

rage (4) can Ье evalued in terms of the Hamiltonian obtained 
from (2) Ьу expanding ф(~) about ф0 and keepinp, o~ly leadinp, terms 
in the small quantities. This is quite justified since the li
mit of weak disorder is assumed "а pr:lori" . 1-lri~ing ф(Х} in terms 
of its modulus and phase as Ф(х)=(l/т0 +.fr(х))е 1Ф<х), the Hamilto
nian (2) reduces to: 

J<\ф,а 1 :: const + ЮФ 1 + J{ \ф, lai 11, .. 
where the constant is inessential for our purposes, and: 

J<lif;! = Jddx[Qo ( i<;>)2 -2roi2 (;}], 

J{\ф,\а 1 1! = (ddx [c0 ф: ( V ф(;)) 2 - 2ф~а 1 (~)а2 (~)ф(~)l. 

(5) 

(б) 

(7) 

Now , we are in а position to calculate the two-point correla
tiun function G(х,\а\)=<1/т(~)ф*(О) > for а given random anisotropy 
field configuration ~1 . From (5), the factorization: 

щ;, l a !):: a .... (;) G Ф(;,I a 1 !) (8) 

Ф ... · h · · r· 1 19 ' follows, whe r e G ф (х) 1s с aracter1st1 c о ~ t1e pure system , 

such that G ф(х) -+Ф~ = const in the limit as , ~ 1 -+ oo for d > 2, and: 

... i(ф(;) - ф(О)\, 9 
G ф(x ,lail) ~<e }{{ф,laill (.) 

is the thermal average with respect to (7) for а given confi
guration of randomness. The calculation of (9) can Ье realized 
simply in terms of Fourier components . ble find : 

~ 1 1 ~ ... 
G .p(x,\ a il) = exp \ I [- -vO-cosk·x ) 

o- <: 'k i <Л 2с 0 ф~k2 

2 1 ... ~ ... .... ..... -+ ..... ..... 

2i Ш 0 - ~ ((а 1 (k + k ') а 2(k ') + {31 (k + k ') {З 2( k ')) ( 1 - cos k · х) + 
V O<lk' : <Л 

+ (a 2 (k ' ) {31 (k + k ') -а 1 (k + k'){З2 (k')) sink ·;)] 1, (1 0) 

... ~~ 

whe r e а 1 (k) and {З 
1 
(k) ( i = r , 2 ) a r e t he r ea 1 and ima~inary part s 

... ... 
• ... .J~ d -lk• x -+ _, · of t he Fouпer t~ransform а 1 (k) = V - J d хе а 1 (х) of а 1(х) , V 1s 

t he vo lume of t he sys tem and а cutof f Л in the wave-vector 
s pace has been a ssumed. For the random two- po int correlation 
f unc t ion (4), we have 

... .. ... 
G(x) = G ~( х) GФ(х) , 

r/J 
( 11) 

з 



where 

G q,Й = ( G ф (Х', !а i !)] av • ( 12) 
. 2 . 

Since Р!аi = П P!a il,rnaking use of confi gнrationa l avera~es (3), 
frorn (10) it 1 = 1 foll ows that: 

_, (Р) -+ ( R) ·~ f P) ·• (R) -+ 
G q,C'4 = ехр ! -,\ (х) - Л (х) ! "' G ф (х) G ф (х) , ( 13) 

where, in the the rrnodynarnit! li.rni. t: 

d -+ -+ 
Л(Р) (~) = _1_ f _q. __ k_ .L:: cosL_x_ ( 1 4) 

2с0 ф~ (277) d k 2 

i.s the contribu t i on al r eady found for the pure systern ' 9 ' a nd 
d d -+-+ 

(R) -+ Kd Л 2 d k 1 - cos k· х 
Л ( х) = --11 f -- -----

4d с~ ( 277 )d k 4 
( 15 ) 

wi. t h К d = 77 -d '22 t - d,T(d/ 2). 
For our purpose we mu8l inveь ti.g a t e the as yrnp t otic behaviotJ r 

of ,\(R)(x) for large 1 х 1 • Не find , for Л ! х ! » l 

К . Л d j~ А( d) ! ~ 1 
4 

- d , d < 4 
,\(R) (i) ~ -~-/1 2 х 

4dc 2 ... , 
о l 2K4 ln(Л i x 1 ) , 

( 16) 
d = 4, 

where А(~ i.s а positive cons t ant whose expl icit expression 1s 
inessenti a l here. Then, frorn (11)-(13) and the restJl t ( 16), 
one has: 

... 4 - d 

[ 

d A(d) !xl • 
кdл 2 

. R ... - -11 х - ... 
G(x) - а~>(х) - охр - 4dofi { 2К,In(Л j x 1J , 

d < 4 ] 

d = 4 

( 1 7) 

for 1 Х' 1 _, "". In par ti cula r , for the phys ical case d =3, it re
sults fo r l a r ge distances : 

... лз 11 2 ... 
G(x) - ехр 1- ---· lx 1 1 . ( 18) 

96 77 3 С 2 

... о 1-+ о ' • • Thus, G(x) ... О f or xl -> оо and , a ccord1ng to Yang s cr1ter1on, 
l ong-range order is impossiЫe for d ~ 4 . Th is irnp lies d cL =4 
for the RАМ wi t hout апу зи~biguity fo r d=dcL 11s, on the contrary 
i t happens in the domai.n argurnents . 

Jn conclusion, we wish to ernphasize that the exte nded Ri ce 
rnethod , althou p,h no t ri gorous, is suffi ciently general and phy
sical l y qui.te rcliaЬle to yield the possibility to c btain, in 
а 11nified way ;шd without arnbi gu ities, а trus t worthy estirnate 
of the l ower critical dirnensionality for quenched randorn sys
terns also when: 

4 

~ 

:~ 

(i) long-range inte ractions and l ong-range correlated ran
dorn р - fo ld anisotropie s / 12 1a r e preseпt; 

(ii) q11anturn fl uctuations are taken into a ccount and the 
i nfl uence on criticality in the quaпturn regirne has to Ье inves
tigated . 

А det ai led investigation of the se rnore general aspects of 
the proЬlern will Ье t he object of а future paper. 

Two of the a uthor s (G . B. and L.D.) thank the Laboratory 
of Theoretical Physics of Joint Institute for Nuclear Research 
of Dubna (USSR) fo r warrn hospitali ty duriпg the work of the 
e ss eпti a l part of thi s paper. 
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BycHenno r :, n.ne qe3ape, M.Pa6y~o E17-85-870 

0 H~HeH KpHTH4eCKOH pa3MepHOCTH KnaCCH4e CKOH MOAenH 
CO cny4aHHOH OAHOOCHOH aHH30TponHeH 

MeTOA PHca npH onHcaHHH pa3pyrneHHR AanhHero no pRAKa B 4HCTb~ 
<i>eppoMarHHTHb~ CHCTeMaX C Henpepb!BHOH CHMMeTpHeH pacnpOCTpaHeH 
Ha MOAenh CO cnyqaHHOH OAHOOCHOH aHH30TpOnHeH /CHCTeMa C npHMe
CHMH/ H npHMe HeH fipH Bbi4HCneHHH H~HeH npOC TpaHCTBeHHOH KpHTH
qeCKOH pa 3Me p HOCTH B 3TOH MOAenH 6e3 npHBneqeHHH 'AOMeHHOH apry
MeHTa~HH H MeTOAa pennHK. 

P a 6oT a BblnOnHeHa B fla6opaTOpHH TeopeTH4eCKOH <i>H3HKH, Ol•mM • 

Coo6•eHHe 06'heAHHeHHoro HHCTHTyTa ~~~epHblx · ;Hccne~oBaHHA. Lly6Ha I ~85 

Busiello G., L.De Cesare, I.Rabuffo 

On the Lower Critical Dimen s i o n a li' t y of the 
Classical Random Axis Hode l 

El7-85-870 

The Rice method for the destruction of lon g-ran 3e order in 
pure systems with continuous symme try i s e xt end e d to the cor
responding quench e d random axis mod e l for a r e li a bl e ca l c ul a ti
on of the lower c ritical dime nsi o na lity · by avoiding domain a r
guments and the repli ca trick . 

~he investi ga ti o n has been performed a t the Laboratory 
of Theoretical Physic~ , JINR . 
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