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The laser action phenomenon involving one-photon emission 
per atomic transition has long been successfully explained 1 1·З I . 
The possibility of achieving laser action involving the emission 
of many photons per atomic transition was first suggested Ьу 
Sorokin and Braslau 141 and Prokhorov i 5~It has received much at­
tention in recent years, not only because this novel type of 
laser may Ье potential as а l1i gh power optical amplifier,but also 
because the selforganization features of а system with non]i­
near interaction between the field and matter is inte r e sting. 
Some theoretical analyses have been done 1 6 - 1 З / and an experimen­
t a l realization has been reported ' 14/ . 

On the other hand, the theory of multimode lasers in multi­
level atomic systems, which reflect the active medium more faith­
fully, has been developed Ьу many authors. Sоше of these treat­
ments have been semiclassical and deterministic, in wl1ich а 

s et of coupled }faxwell-Bloc11 eguations is so lved, see for 
exampl e I 15,16,З / , То discuss the statistical properti e s of the 
light field and include the effect of spontaneous emi s sion 
noise, these theories have been generalized Ьу replac ing the 
Maxwell-Bloch equations with Langevin-type equations which may 
Ь е converted into а Fokker-Planck equation, see e. g . ' 18, 1 9 ~ In re­
cent years, Scully and Lamb's guantum theory '20 ' of the one-photon 
s ingl e-mode laser has been cxtended to that of the multimode 
la s er ' 21.22' . 

In tl1i s paper the quar;tum theory of а mul tiphoton two-mode 
l a ser with three-lev~l atomic gain medium, in whi ch all the le­
ve ls are being pumped, is investigated, and the master equation 
of the laser e>peration is obtained. Our treatment is somewhat 
si~ilar to that of Shi-yao Chu and Da-chun Su 1 22 ~ 

\.Je consider а three-level atomic system as shown in the fi­
gure. We denote Ьу R1, R 2 and R 3 (у 1 , у2 and Уз) the pumping ra­
t e s (the decay constants) for level i l > , 2 > and 13> respective­
ly. An excited ?tom in state : з > can make а transition to state 

l > (or ' 2 > ) Ьу emitting m1 (or m2 ) photons into mode 1 (or 2) 
with frequency ш 1 ~ Юз-П 1 ) /m 1 (or ш 2 ~ Юз -П 2 ) /m 2 ). The 
transition between [1> and !2> is forbidden. 

Let the function p(n 1 , n 2; t) represent the photon discribu­
tion in the system at the time t. As the three levels are all 
be ing pumped, and there exist cavity losses, we can write 

-:, p(n1 ,n 2
; t) • Р' 11 (1) ·== .. = 1\(t), 

&МБIJИОТЕКд_ _ 

/1/ 
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Three- level at omic system with multi photon t ransitions 
in the par ticular case rn 1 = 3~ rn2= 1. 

where р (J) (t) stands for the cha8ge caused Ьу the purnping for 
the level li > (j = 1,2,3) and р() (t) caused Ьу the cavity 
losses. Following the procedure of 120 • 3, 22/ . They shall Ье de-
terrnined in below. · 

If the average change of field due to one atorn in t he state 
1 j > is op<J) (t), and the purnping rate at which atorns are intro-
duced into the cavity in the state l i > is Rj, we have 

• (j) (j) ( . 1 1 
Р (t) = Rjop t), J= .2.з. 12 

assurning that the change of field is very slow cornpared with 
that of atorns 122~ We consider the hornogeneous broadened atornic 
systern with the level widenesses у . • Taking into account the 
atom decay which is described Ьу tЪе probability distributions 
Pj (т) = Yj exp(-yj т) of atomic level lifetimes, the average 
change of field per atom is given Ьу 

op (j)(t) = (dтР . (т)отр ( j)(t) = (dтy. e-yjroтp ( j ) (t), 
о J о J 

/3/ 

where o тp(j)(t) is the change in p(n1 ,n2 ;t) due to one unbroa­
dened three-level atom in the state IJ> interacting for а time 
т with the two-mode resonant radiation field in а l ossle ss ca­
vity throughout the multiphoton transition mechanism (the ideal 
model). This _ model is exac t ly soluЬle and has been investigated 
in / 2,3/ . Ву using the resul ts of this paper we have 

oтp(j)(t) =p~~(n1,n2; t + т ) -p(n1,n2 ; t) • · /4/ 

2 

• 

where 

P(j) (n n · t + т) id 1. 2. 

= p(n1 +rn1o1j -rnl' n2 + rn2o2j;t)Rl (~, n1 +mlolj -ml, n2 + rn2o2j ; т) isl 
+ p(n1 + rn1 o1J,n2 + m2o 2j- rn 2; t) R 2(J, n 1 + rn 1o 1j , о 2 + m2o2j- m2 ; т) + 

+ p(n 1 + rn1 o1J, о 2 + rn2 o 2J; t) R 3 (j, о 1 + m 1 o 1J, о 2 + m2 o2J; т). 

The functions R
1 

(j, n1 , n2; т) being in eq. (5) are / 23 / 

. . . . 2 Л(j • о 1 • о2) т 
R 1(J, n 1 , n 

2
. т) =- 2~-t(J,O 

1
, n

2
) sщ -

- 2л; (j, n 1 , о 2 ) u(j, n 1, n1) sin2 Л(j, n 1, n
2

) т + о 1J , 

. . . . 2 Л(j,n1,n2)т 
R 2 (J,n 1 ,n 2 ,т)=2~-t(J,n 1 ,n 2 )sш- 2 

_ -

- 2Л~ (j, n 1,n2 )u(j, n1 , n2) sin2 Л(j,n 1 , n
2

) т + o
2
j, 

R 3 (j, n 1 , n 2 ; т) = 2 Л 2 (j. n 1 , n 2 ) u (j, n 1 , n 
2 

) sin 2 Л ( j, n 
1 

, n 
2 

) т + о 
3 

j 

liere the notation 

л с · (n -m о ) а J, n 
1

, n 
2

) = g а [ __ а_ а aj +та 1] ~ 

Л(j, n 1' n 2) 

1-L (j, n 1 • n 2) 

(nа - Ша о aj ) 1 

[ 2 - 2 . ] ·h = Л1(J,n1,n2) + Л2(J,n1,n2) 

= 2Л2 О. n 1, n 2) Л~ (j, n 1 , n·2 ) 1 о 1. - о 2 11 Л 4 (j, n 1, n :а), 
1 J J . 

u(j,n 1, n 2 ) = IЛ21 (j,n 1 ,n 2)o 1 j + л:;/J,n 1 ,n2 )o 2J­
- Л2 (j,n l'n 2 )o 3JI / [2Л 4 (j, n 1, n ~] 

/б/ 

/7/ 

has been introduced; g ' s are mode-atom coupling constants. 
Now we can easily f~nd from Eqs. (2)-(7) the expressions for 

р (j) (t) . For р (3) (t) we get 

Р (3) (t) = _ р (n 
1

, n 
2

; t) 

(n 1 +m1)! (n
2

+m
2

) ! 

А 13 n 1 + А 2З n 1 
1 2 

+ 
В1з (n1+m1)1 823 (n2+m2)1 

1 + -- . +-----
Аtз nll А2з n21 
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n 1! 
А--

1з (n 1 - 111 1) 1 
-- + + Р (n 1 - 1111 • n2 ; t) 

В n 1 В 2З (n 2 + 1112) ! 

/8/ 1З 1 + -- - - -- --
1 + А ( 111 ) ' А2з n2 1 1З n 1- 1 · 

А~-
2З(о 2 -111

2
)! 

+ p(n1,n2-1112;t) 
В1з (01 + 1111)! В 2з ~ 

+ -- )1 1 + А 1З о ! А 2З (n2 - 1112 . 

where А аз = 2g~R з /у~ and Ваз /А аз = 4g~ / у ~, а= 1,2. The expression 

o f p(1
)(t) is found to Ье 

о1! 

А 11 (n - 111 ) ! 1 1 _ _ _____ . х 
p(l)(t) = -p(n 1' 0 2; t) -В----, --В21 (о2 + 

111
2) 

1 11 n 1· 
------- +-;:- nl 
Ан (о!-1111)1 21 2 

{ 

~11 о 11 4 _в2_1 (n2 + 1112)1 } 
./\11 (nг 1111)! А21 nel 

х -В-1-1~- n11 В21 (n2 + 1112)! + Вн 0 1! 821--(~2+;;;;)1 - + 
1 +-- + -- 4+-- + -- ----
Ан (n 1 -111 1)! А 21 n 2! А 11 (ncrnJ ! А2 1 n2 ! 

+ P(n 1 + 111 1, o 2 -111 2;t) х 

ЗА 8
21 

н---
А21 n1 ! 

n2! / 9/ 
(о 2- 1112) ! 

х ~--~--~-- -. ~------ + 
Вн (о1 + 1111)! 821 о21 Вн (о1+1111)! В21 о2 ! 

[1 +--- - + -- )[4+----+----] 
Ан n1! А21 (о2-1112)! Ан 0 1! А21 (о2-1112)! 

{о 1 + 111 ~ ~ 
А--

11 n1r 
+ p(n 1 + 111 1 , n2 ; t) 

В11 (n1+ 111 1)! В21 (n2 + 1112)! 
1 + -- - --- - + --

А 11 n1! А21 n2! 

where А 1 = 2g2R ;' у 2 and В / А = 4g 2/ у 2 а = 12 Finally, for 
а а 1 1 а1 а1 а ' 1' ' · 

. (2) 
р (t) we find 

n 2r 
А ---.-

22(n2-111:il 
р (2)(t) = - p(n1, n2 ; t) в;;-<n 1 + 111 1) 1 х 

8 2 2 n21 
+ -----

А12 n 11 А22 (о2 -111 2) 1 

4 

:,1 

1 

А1.2 n.1 ! А 22 (n 2 -111 2 )! 

1

r· 4~ ~~! ~ n2! 

х --в-;;{n 1 + 111 д! --в;;-~;;---- + --В-12- (n 1 + 1111) ,--в-;;--;;~- j~ t-

4+-- ----- +--- 1 +- -· + ------
' А12 n 1! А22 (n2 -1112) 1 А12 n 1! А22 (n2-m2)! 

.,. р (n 1- 111 1 , о 2 + 1112 ; t) х 

812 Dt (02 + m2)! 
ЗА -г- r.;--::-\7 ---22./\ 111 \n 1 -111 1J1 n2! 

х --- - - ---~--~----.-- ~-~~--~--------.---- + 

[l+ 8 12 -~-'- + В22 (n2 + rn2)! ]( 4 +~~~~- + В22 ~02 + 111 ~~] 
А12 (n1- 111 1)! А22 n2! A12(n1- 111 1)! А 22 ° 2 1 

(n 2+1112)! 
1 1 ('1' 

+P(n 1, n2 + 111 2; t) 
А22~~--

-- в 12 -·(n 1-~-;;)1--в;~-(о 
2 

; -;;);- - • 

1 + -- + -- --- --
А12 °11 А22 °2! 

where Аа2 = 2g~R 2 / y 22 and Ва2 /Аа 2 = 4g~ / у ~ , а = 1, 2. Note th <~ t 
all the coefficients Aaj 's and Baj ' S (а= 1,2, j = 1,2,3) can 
Ье writte.n in the following general form 

А . = 2R . (g / yJ ) 2 , В . = 8R . (g / у . ) 4 
• 

aJ J а aJ J а J 1111 

The coe fficients А а . ' s are gain paramete-rs, while Baj 's are the 
so-called nonlinearJparameters. 

In practice, losses a re due to the e scape of photons from 
the cavity. То simulate losses we can introduce fictitious sets 
of atoms that absorb the laser radiation. We assume that losses 
are linear in photon numbers and inde.pendent for the two modes. 
Then the change of p(o1 ,n 2 ;t) c-aused Ьу cavity losses is found 
to Ье 12 11 : 

.щ . . 
р (t) = C 1(n 1 +l ) p(o1 + l , n 2, t) + C 2(o2 + l)p(nl'n 2 + l , t)-

- С 1 о 1 р (n 1 , n 2 ; t) - С 2 n2 р (n 1 , n 2 ; t ) • /12/ 

The loss parameters С 1 and -с 2 are related to the cavi ty Q Ьу 

с i = (Lji / Q i. i = 1, 2. 113/ 

It follows from Бqs. (1), (8)-(10) and (12) that p(n 1, n 2; t) sa­
tisfies the following equation 

А 1ЗО 1 ( n 1 + 111 1) + А 2ЗО 2 (n 2 + 111 :_~--- + ~-р (о 1' n 2; t) = -p(n 1' n 2; t) 1 -1 -;-В~--( ~--~-;;; -1)-~в:.2:Р е( о 2 + 111 2) 
dt 1З 1 1 
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А.аО 1 (n 1) А 22а 2Cn2) 
+ + 

1+ В[1а 1 (n 1) +B'21G2(n 2+m2) 1 + B'1t:J 1(n 1+ m 1) + B'220 2(n 2) 

ЗА 11 В 21а 1 ( n 1 ) а2 (n 2 + m 2) 
·--

ЗА 22 В l2 а 1 (n 1 + m 1) а 2 (n 2) 
+ ----------------------------· ---------- + 

[ 1 + B'12G 1 (n 1 + m 1) + B2202(n2))[ 4 + В12а 1 (n 1+ m 1) + B'22a2(n2)] 

А 1301 (n1) 
--- + + C1n 1 + C2n2 1 + р(ц1- m1 'n2; t) 1 + B1fJ1(n 1) + B23a2(n2+ m2) 

+ p(n1, n2-m 2; t) 
А 23 02(n2) 

+ 

1 + ~;3a1(n1 + m1) + в;за2(n2) 

А lla 1(n 1 + m 1) 
------- -------------+ p(n1+ m1,n 2;t) 1 В ' О (n + m) + B'21G2(n2 + m2) 

+ 11 1 1 . 1 

А 22 а 2(n 2+ m 2) 
+ р (n1' n2 + m 2; t) -1 в7-с.;--:;_-;-)-~-в ,2 2° 2(n 2+ m 2) 

+ 12 1 1 1 

+ p(n1+ m1,n2-m2; t) х 

х 
ЗА 1i~iнa1 (n 1 + m 1)02(n2) 

+ 

+ 

- ----- - - + 
(l + B'11a 1(n 1+ m1) + B21G2(n 2)](4 + B1 1G1(n1 + m 1) + B2 1a 2(n2)1 

+ Р (n 1 - m 1 , n 2 + m 2; t) х 

ЗА 2213 i2ai (n l)a 2(n 2+ m 2> 

+ 

х - + 
(l + B12G1(n 1) + B'2fJ2(n 2+m2)](4+ B!2G1(n 1) + в;2а2 (n2 + m2)1 

+ С 1 (n 1 + l) р (n 1 + l , n 2; t) + С 2 (n 2 + l) р (n 1 , n 
2 

+ l; t) , 

where the notation 

О (n ) 
а а 

nal 
- (na- ma)l 

6 

/14/ 

1 \-,5. э. / 

Baj 
в ' = -- = 4g 2 1 у 2 

aj А . а J 
aJ 

/15.Ь/ 

ha s been introduced. This is t he desired master equation that 
we se t out to derive. Various terms on the right-hand side of 
this equation can Ье interpreted as out- f low and in-flow of pro­
babilities in t wo dimensions 121·221. 

In Eg. (14) there are four terms with the coefficients of the 
t ype АВ. They represent t wo-photon processes between the two 
mode s 1221 and are due to pumping to the lower levels. The atom 
pumped into one lower state can make а transition to the upper 
state Ьу absorbing photons of the corresponding mode, then make 
another transition to the other lower s tate Ьу emitting photons 
of the other mode. Each process plays а role of а loss to one 
mode, while а gain to the other mode. 

Thus, in this paper we have obtained the master equation f or 
the multiphoton two-mode laser operating in three-level atomic 
gain medium. It should Ье noted that in the particular case of 
single photon transitions m 1 = m2=l , and of the equal decay 
cons t ants у 1 =у 2 =У з equation (14) reduces to th:t t obtained Ьу 
Shi-yao Chu and Da-chun . Su for single-photon-transition two-mode 
lasers / 22/ . In the other case, when one mode, for example, mode 
2, is excluded from consideration Ьу putting g2 = О and, there­
fore, A2j = О, and when there is no pumping to the lower level 
\1> , i.e. & 1 = О, f rom (14) we can easily get the master equa­
tion for the multiphoton one-mode laser operating in two-level 
gain medium /6,211. Investiga tions of the general master equation 
(14) will Ье the subject of а puЬlication in future. 
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Квантовая теория двухмодового лазера 

с многофотонНLJМJI nереходами 
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Изучена модель двухмодового лазера, реализуемого на трех­

уровневых излучателях с многофотонными переходами при наличии 

накачки всех трех уровней . Для такой системы построено кинети­

ческое уравнение типа ttмaster Equation" для функции распределе 
ния фотонов . 

Работа выполнена в Ла~оратории теоретической физики ОИЯИ. 
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Тhе quantum theory of а multiphoton two-mode laser opera­
t i ng in three- level atomic gain medium, in which all levels 
are bei~g pumped is investigated. Тhе master equation for the 
photon distribution funct i on which describes the laser act i on 
is obtained. 
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