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1. Intr oduc t i on 

Many theoretical and experimental studies/2- 15/ of t he coop era
tive effects in the inter aotion of atoms and molecules with a laser 
fi eld and the vacuum of radiation have been carried out since the 
early work on auperrad.1ance by Dicke/1/. 

In thi. work the theory of oollective resonant Raman scattering 
in the presenoe of intense incident and acattered light waves (fig.1) 
baa been developed by using the quantum-mechanioal master equation 
approach and secular approximationl3( The analytic expressions for 
the steady state colleotive spectrum of scattered light are given . 
The intensity correlation for t he spectrum components of scattered 
light is invest igated too. In the cooperative limit N~,o the 
intensities and normali zed intensity oorrelation functions for eaob 
oomponent of the spectra have a disoont inuous behaviour reminisoent 
of a typical noneQ.Uil1briUlli first-order p.haae tranait1oI/21 / 

II. Master Equation 

!he N three-level .olecules are assumed to b. ooncent rated in 
a region IIIII&l.l compared to the _vel ength of all the relevant rad1
..tion IDOdea. 

Let WI label tbe ground state '1 > . the real excited state 
1)and the resonant intenlediate state 12> with energies 1; w/ 

nW3 and ti (,.)2, , respeotiTely (fig. 1). '!'he real excited atate 
I» -.y be a 10w-l71ng vibrational or rotational excitation froll the 
ground s t ate. In order to keep the discussion general, we will not 
specity theae atates beyond 8ay-1J:Jg that the intermed1ate IItate I 2> 
can be connected via t he electromagnetio interaction Hamiltonian to 
both the IItate 11> and I J> (in the dipole ~prox1m.at10n) but the 
atatea I J> and I , >are not conneoted by the dipole Hamil tonian beca
~e of parity coneideration. The transitions 13> _11> and 11> ~13> 
are caused by an atolliio reservoir and asll\llled to be nonrad1at1ve/16/ 
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In treat~ng the external fields class~cally and U8~ng the Born 

and Markov approx1mat~on with respect to t he coupL1Dg ot the system 
with the va cuum f~eld and atomic reservoir, one can obt ain a master 
equation f9r the reduced densi t y matrix JP tor the system alone 1n 
the form/ 2/ 

0/ = -.i [HGOh.l .f] - 1(2~ (Ji.,.1.;.. f- f~.. .f'J~ + .f~r{.c.) 
~t 

- CS',U ( ~,~,..f - .eJ3.t f-l~ -t .f~:!~.t-) 
(1)

V~4 (JH~'.f - £~3 f J"., + .f~.,.J.;~ ) 
»13 (~3-'a-1.f- tJ3 .,.f{, -t .f~~J3")' 

where ~ 2'i., and .t- ~3 are radiative spontaneoWi transition proba
bilities per unit t ime for a single atom to change from the level 

)2>to I 1> and 12>to IJ>, respeotively• .t.V.H ancl ,(.))43 are aoora
cl1ative rates .for transi tiona I J> to I 1> and I 1> to I 3>, respecti 
vely. 

HC4h = ..n ( c..os"(' ~t. of si.n 01.. ..T~ ... + H , C, ) , 

... of, I/:t
where Jl.. = (...a1 ~.11-... ) and ~aL = .11.L ,tn(·Hore .fl.4 and 

-r.LJl, are the Rabi frequenoi es tor t he atomic transitiono from the 

le"31 12~ to 11 >and I 2> to ' .3 >,' respectively. And :TiJ ~ 
Z I" ~ ~j I (" . J .1,2.) are the oollectlve angular 
It=4 

momenta of the a t oms. 

[ .r. , 3' ." ",]= .r, ., o-.. ,-J:"J' O';j ' ( 1 ,1 1, 2 ,3) . 
/. J ~ "J ".I J " ~ 

The atomic coherence phenomena can parhAqls be illl.wLrated with 
greater llcldi'ty by introducing the Schwi.nger representation for an
gular momentum/4 •14 ,20/. 

• ( i, j .1,2.»,J'ij = C i Ci 
where obey boson commut ation relation .c" 

[ Cc: , ,,; J OJ,.; , 

In the csae ot sufficiently 1.ntenae Jl. • eo that 


and (2 ).11.;::P N '?i1. 1 ' N <f'X.3 ' N V1~N 'J31 

it is possible to develope an approx1m4tion soheme that euablos us 
to obtain &Daly-tic r esult s. 

2 

After performing the canonical transformation 

S,'n oJ.. G., S',,'n ol Q+ CDsol Q~ +c = 3 fi: n 
./ 0)C - - Q.. + !.. Q 

~ - Ii .. a ~ 

u>s aL Q:Jst'nd.. G~ +c., = - ~Q{J; 'I V£ 

one can find that the Liouville operator L appearing in equation 
(1) splits into two components Lo and L., • The component Lo 
is slowly varying in time whereas L., contains rapidly oscillating 
terms at frequencies gil and 1t.12 • Por intense fields, it is 
reasonable to make the secular approximation, i.e., to retain only 
the slowly varying part/)/. Corrections to the results obtained in 
this fashion will be of an order of ( ~"1 N /1t )2, 

( (f~~ N /.n.. ) 
.t 
~ (V., ~ N j.fl. ) 

~ 
or ( -V~-f N jft) ';.,. 

Making the secular approximation, one can find the stationary 
solution of master equation 

5H 
UfU~= A L. z.s L. J S " M > < M, 5 I . (4)f= 

H=-S,, -S .. .z, .. ,s= " 

where U is a unitary operator representing the canonical t ransfor
mation (J) 

~ , ~ 
'YH G<JS ~ + " ... 3 S ln 6( 

z = 
~/ s t'n.t.x + (f.t~ C<?s.t-o{ .,. s, 'n ~ "~~C05f'ol-VBI 

Jt./ [ N-t .t. N of-l ]( Z _~ ) ( N .. " ) Z _ (1'1+ :t.) Z. + -1 •A -= 

I S" M > is an eigenstate of the operat ors R " R. ~3" R"... 


/'. 3 • R3 ~ - R...., and tbe opeTatc r of t ot a l number of atoms 

... 

N ::: J 1-t .. J.l L ~ ]''':3 = R..,., ~ RZL ~ R~3 


Here R .. Q 
.. 
. Q (i ,.1 " 1,2,) ) . 

~ J ~ J 

The operat ors Q.. sat i af y tl.. uoann c"'lI'.ITlutat i r n relll t. i ' ,D 

:1 



[ G.; , G.t] = SiJ 

so [ R~j ' Ri/J'J = Rij"di'J - R';'i d,,'J' (5 ) 

In the case of N = 1, the solution (4) reduces to the single 
atom solution of Agarwal and Jha/16/. 

By using eq.(4), ths charaoteristic function can be defined si
milar to Louisell 

(N1''') Y,,+~ (Noflt) y"""-1-'/< e i..fR;s = A..tR, ( SO) = 
( Y-1)~ 

~".! z . e .where Y = 

Here <8~ indicates the expectation value of an operator 8 in the 
steady state (4). 

Once the characteristic function is known, it is easy to calcu
late the statistical moments 

.( R "'.../ 5 -- -an X CJ) I . (6 ) . n R . 
O( ' S) L!=O 

In particular, we find 

N1'3 N~ 1(, N~ .(
N(".,A)Z _1l,.N(N+1l,.)Z + (/t/.,-/)(/t/+.t)Z -~l 

(7 )(f{>S = (z. -,, ) (( N+./) Z ,,+~ (N+ R,,) Z AI.,." +,f ) 

~ R~~ = [ H"'( N1'.l)Z"+lt_ N O Nl:,.6N--1)ZN+~ 
NoW( N+~ )(3 N t.,+ 3 N -X,)Z "1"'"- (#., ·0 t.,(N~~ ) Z + ~Z ~ .,. XZ:J/.,. (8) 

/ [(Z_ 1/'((N tA)Z."'1'~ (N.,X,.JZ. 
N
""+4)] 

In the ca se of Z - 1 the r elat i ons (7-8) rsduce t o 

!: N ,~ R ~ = 3 (9 ) 

It. 
: N{H1 ; ) ..(R>S = (10) 

III. Spectrum of Scattered Light 

Due t o Agarwal and Jha/ 16/ t he steady state spec trum of the 
Spontaneous emission corresponding to t r ansition 12>->/3> (Stokes 
lines) is proportional to t he Fourier transform of the atomic cor

relation function 

-t.im.. <~~ (.t of 'r ) ~~0)>.<S:t~ ('t")~~ >s 
i ~ ::)0 

Using the secu~ar approximation and the quantum regression theorem/~8/ 
one can find the equations of motion for the correlation functions 

.( Ri j Cr:) ~ ~ ~ in the form 

cL "Ll ( -c).J. ;> = < r; ( T) ~3 Ct" ) ~~ .>
01 't.... ~ ~.t 5 s 

..i .( R (~).r >- ::: - i .fl <R~.t.(~)~A->S - < I%,(~) RN/r)~~ >s 
ci T '4:' U" 5 

d < R (t:)J: > =i .1l.(R•• (~)~1. >' - < 1i.(t:)R:J£~) J!J-'- > ( 11) 
_ ~.t. ~lt.. .5 "'" 5 ~ 5 

"L t: 
I • R J. ~ < r:. ('r:) R (T) J > • 
~ <R (1." ).J. ~ =_Z-l.- .f2. < 43(1.") :J-t'S - ~ .f~ "-l .5 
ci't: .f~ ~~ S 

where 

?f%'1 -t ¥It.-~ Sin ~ -t ))31 s,,'n ~o( l' ~~ u>s~ of 

r/'() = 
Z ( "1 - Z) RZ~ ('[' ) 

~ 
'V?J 1 u,s'taL -t» sin "ot.

1? (12 ) 

i ?f•• ( "(., s in ~ ) + 1. ~ (-f of CDS ~) 1" 
r~ (T)-:: ~ ~7 ~ ~3 

.... » u>s~ (,,(+ 1 sin !.) ~ "V".J sin ~ (1+ 1. cos Lol ) +
' .f~ .t. .n .t. 

Z. (./- 2. )(Rz<.('t.)- ~ ) 
t 

)13-1 UJ.s"cI. -t ~3 S t 'n ~d-. 

:L . t. (13) 

CoS~) V' (J s t.n '01.) , \ . .t " ~.)75 " (-l -+ --r- + o~ 3 ', of x;-- 1" "31 S(.n ;.J. (1- £ C4Jojr~( t:) ::; 

~ (-1 - z) R.t.z. ("t ) 


L (-4 'Stn ~) .,. ~ 

1>. (,05 ~ - ;t ,\ CcS "col t )..i &( TJ ;,t-+ ~~ v-H H 

( 14) 

,1 
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By analogy with Compagno and Persico/61 we factorize 

<~ (~) R{J ('t:)J3~ ~ -= '< ~? < R""J (or) J,;.t, ~ . ( 15 ) 

Using the factorization (15) and sol u tion (4), one can f i n d t h e s o

l u t ions of e quation (11 ) a nd writ e the atomic correla t i on func ti on 

in the f orm 

.t. .t. - < '1>- 't'
/ s i n;l <Ll ~ ~ e s -t<J:t~ { 't ) ~.t. >s ::: ~ 


e-< Ii ~ ::cos ( ..n. 't:)
+ c-os L.l .( R-4J/, R,z.. ~ 	 (16 ) 

-I " £, 	 e- <~~ ~ Ccs (K.fl.'t:)
of ~ s t.n 01. < R'-fRH ~ 

wh ere 

jl, 	 1. (.e(R~ + <R.t.~ ) (17 )~ L1 ~ ~ £- < R~-f R.,~ >s ~5 

-I 	 J ~< R.. o R".. >. = _(N -t .1) < R» - - < R >-	 (18 ) 
,,,-, ... , 5 L 5 R. ~ 

ExpreSSi on (16 ) y i e l de the g i ve-peaked structure of spectrum of 

Stokes l i ne. 

It i s easy to show, using the rel ations (9- 10), (1 1- 14 ) and 

(1 6-18), that i n t h e CBse of Z - 1 the peak intensity of each spec

t rwn componen t 0 1" Stoke line in (16) var1es as N 
/(.-

while t h e width 

of ea ch c ompon ent i s t he same as in t h e s i ngle-mole cu le spectrum. Ml 

analogou s behaviour for the tripl e t of resonance f luorescence in the 

two-level system i s d i scu ssed by Agarwal et al . /3/ , Campagna and 

Persi co/6/. The picture changes for t h e CaBe of Z <I 1 and the num

ber of a t oms N is large enough. Por the case of Z < 1 the widths 

of a l l spe ctrum components of Stoke line vary as N • The peak in

tensiiies of the three li nes located at t h e frequencies W~3 ' 

0.JL~.! 2.fl. are independent of N while the peak intensities of 

the two lines l o c a ted ai the .frequencies (Jot,: .f). are proport i ona l 

to N • For the case of Z. > , the widths of the three linea locat ed 

at the frequelJcj es W ot ~ , W,t 3 : 2.12 are inrlependent of tV olld 

their peak int el1si ll ea very as N £. while thf' wid the and pen}( j tJten -

sii1es of the hill l ilies located at the frequelll: jes cJ.t~ 1.Jl we 

proportionnl 10 N 

" 

Pig. 1. 	 Schematic representation 

of three-l e ve l system interaoting 

wi t h resonant incident and scattered Ll.\11 6)23 t 23 

0 21coherent 	waves. 
13>!11: 
12> 

, 
11 > 

<!J.~~/N'iJ 

0· ,. 

0· 2, 

z 
0·0 ,(,0 ~ 

2.. .l.
Fig. 2. 	 Relative intens ity «~ ~ >s / N ) of spec trum c omponents 

l ocat ed at f r equencies W~~ W..t ~ ! 2 ..fl. as function 

o£ Z • Curves marked 1 to:3 correspond to N c 5 , 25 , 5 0, 

r e spectively. The dot ted curve indicates the behavi ou r as 

N -» :;)0 . 

~R~~R~>S/H't. 

0.-1 

z. 
4.0 1..0 

Fig. 3. 	 Ilelati ve inteTlsiiy «~ Ra R.r-l ~ / N 1. ) of spectrum compo

ne llt s l ocated at frequencies W-l.:J!.fl. illl fUllct i on of Z. 

Curves mar~:,.<1 2 t o 4 correspond to N a 2 ~, ,50, 1 UO , ( respec

ti ve l y ). The dot ted curve ilJdicates the behaviour as N~-..o. 
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L 1l
The detailed behaviour of the functions <.15 ::; / N and 

< 1l4t- RZ-I >s / Ne which are proportional to intensities per atom 

of the three lines located at the frequencies CJ.t-~ , c.J~:3 i: Jl1l.. 

and of the two lines located at the frequencies c..J.t:5 1:.n. res
pectively, are shown in figs.2 and 3. 

For all fini te values of N , one observes a smooth variation 

of functions <~!:>$ / N-' and <R~~ R.U ~ / H!l with Z • For 
the cooperative limit N -'to cP , one can find from relations (7-10) 
and (1 7,18) that 

4/3 if z> 
<~: ~ /H -'- = 1/6 Z • 1 (19 )f 

Z. <0 
and 

t 

0 if Z :> 


L ( 2 0)
< R".t R.l4~ IN"= I/It. 

z.<0 

Thus (in cooperative limit N~-::P ) the functions <~:~ JN~ 
and < R1 t. R:l4 ~ / N 1l- have a discontinuous (see Figs. 2 and 3) be
haviour analogous to a typi cal nonequilibrium first-order phase tran
sition/21 / at the critical point Z a 1. This result is different 
from the critical behaviour of resonance fluorescence where the sys
tem exhibits a sharp transition reminiscent of a typical second-order 
phase transition/11 ,12,21/. 

One can show that t he chara cteri s t ics for epectra of Rs.yleigh t 
line can be ob tained using an analogous approach. 

IV. Intansl ty Corr elation ot Spactrum Component s of Scat tered Light 

Due to Apana<levic] , and !lilin/ 17/, the normalized int enei t y cor 

relatiun fun c t i ons of the spectrum components of Stokes lille are de
fined as 

It, ) It / ~ .t.< i13 /'5 « A3 ~ )go, o 
2

I.t- ) < R",t. Ra. R~1 R.l, '\ / ( < R,,£ R.u ~ )'111
" 

II 

Lt- ) 
9,1,2- < R~" R~-1 R.t 3 1\3 >S 1« RJ-1 R"3 >s )!l-. 

i 
,.

L ) (-'-) (..t-)

where , 7/1>" and q~~~ are normalized intensity correlation 

~o 

functions for the spectrum line located at frequencies c..J~3 
r " + 11 and c...:> + 2..n.. , respectively. 
'-"',l,3 - ;Z~-

Using eqs.(4,S), one can find 

(lo) _ ~ .3< R+~ + U.< ~ ~-?5 + 8 < R~ - 8< R >S 

<;J 0" 0 - S (0( A.l>- ~ < R >- ) ~ .s of.s (21) 
~ ~ ~ Z7 

(ot) It ~ R~ ~,UN+J,)< R /s -+ (tv .,.5N-t5)(R /.5 - OJ.t1}(N+1)<R,;J 

g~l = ~ Co( R>S (N+O - < R.l/} )~ (22) 

(.I.) 6 < R""~ of It < R 3~ t < R .t.~ - C <' R>S 

'3,;.1. = "5 ( < R.t.->s +..t..( R ~ ) ~ (23) 

n 
Here the values < R ~ ca n be found i n (6). The detailed behaviour 

CZ ) ( ..t. ' 
for normalized inteWlity correlation functions go 0 ~ a.., -f and
~) ~ ~w 


~.l/..t. are shown in f igs.4, S and 6, respectively. where they are 

plotted as functions of the parameter Z For the cooperative li 

mit N~ ~ the relations (21-23) reduce to 


if z ~ 1 
(,z,) _ 

Z .. 1<Jcpo - 1'~5 
fJ/5 Z "/ 1 

&t) _ Z ~ 1 


gt~ " - FI5 
if 

Z 

Z < 

'71
813 
if Z < 

(.f. ) _ 

;J.t,,~ - Z .. 11 '~5'/5 Z '7 

Thus, (in t he cooperative l i .mi t 1J ...... ':J1O ) the no rmalize d inten
sity correlation func t i ons for spectrum components of s cat tered light 
have a discontinuous transition (see figs. 4-6 ), reminiscent of a 
typical nonequili brium fi r at-order phase t r anei t ioll , at the cri t ical 

point Z • 1. Because of the quantum fluctuat ion, the normalized 
(£ ) (Z- ' (L)

correlation f'Unctions a , ;J. and C} di ffer t r om unit 
'0/0 1.,,4 .l-,~ 

'J 



w 
10,90;0 

8 

6 

4 

2 

l , 
0 1.0 2-0 

(.l- ) 
Normalized intensity oorrelation fun ction rJ graphedFig. 4. (J C.... t> 
against the parameter Z • ~rves marked 1 to 3 corres
pond to N ~ 5,25,50 (respectively ) . The dotted curve indi
cates the behaviour as N ..... :>D • 

(.t, ) 

Fig. 5. Normalized intensity correlation function 944 graphed 
against the parameter Z .CUrves marked 1 to 4.~ correspond to 

N = 5, 25.50.100 (respectively). The dotted ourve indica
tes the behaviour as N ~ -::P • .... 

(3\ ........... -,. 
2.5' ~1 

W 2.1 
91,2 

1.7 

:l 	 1.3 

1.()0.0 1.0 

1.2 r . . ~ . 0 0 ' , , .,;"':' 

o o.s to 1.3 20 2.5 r 
(Ll 

P'1g.6 . Normalj ?cd i llt e ns ity cor r e l o t iolJ functjoll g~,1 graphed 
B(ailll' the pn r ome t e r Z • Curve s rI e d 1 io 3 correspond 
1 u N ~ 'Y, 2 '0, '; 0 . r cop c c U ve l y. Til £' riot l e d ~un' e i lJdica te ,' 

t h r bch m "i' I) r I d3 IJ -'> :>0 

,' i 

not only in the cr1.tical region Z '" 1 but for all t he val ues of 

parameter 2 i ncluding the case of cooperative limit N~ gO • Con
s equent ly, the syst em cannot be considered c lassi cally for the case 

ot 	 l arge number ot ~toms. 

In concl usion we h ave shown that in the difference with reso
nance f l uoresoence in two-level atoms . the cri t ical point -z.. • 1 in 
t he three-level case is invariant and does not depend on N • How
eTer, in the 11m1t N~ ~ it is also neoessary to increase ..tl. s o 

that the condition (2) is sati s f i ed. 
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Eoromo6oB H. H. / Mn. /, lU}'MOBCKI-II{ A. C., lJaH KyaHr EI7-85-679 
KOnnel(THBHble 3qxjleKTbl pe30llailcHoro pacceH HFiH PaMaHa 
B CHJlbHblX OrrTH\.IeCKa:x BOJIHaX 

i1ccne,n.oB aHbl KOJIJIe KTHBHble 3!lxPeKTbI pe30HaHcHoro pacceHHHH 
PaMaHa B rrpHcYTcTBHH CHnbHblX BHeIl!HerO H pacceHHHoro rroneiL 
TIonytJeHbl aHartHTH'l:eCKlie .popHynbl ,!J.Jl Sl CTalViOHapHblX crreKTpOB CTOK
cOBoH nHIiHH H HOpMHpOBaHHbIX HHTeHCHBHblX KoppenSl11,HOHHblX <PYHK
~HH cneKTpan bHbIX KOM nOHeHT. 

B KOJUIe KTHBHOM npe,n.ene N ... 00 OTHOCHTenbHble HHTeHCHBHOCTH 
H HOPMHPOB3 HHble HHTeHCHB Hble KoppenH~HoHHble <PYHK11,HH HMelOT npe
pblBHoe nOBe,n.eHHe, aHanorHtJHoe HepaBHoBecHbw tPa30Bbw nepexo,n.aM 
nepBoro po,n.a. 

Pa60Ta BblnonHeHa B TIa6opaTopHH TeopeTHtJecKoH ¢H3HKH OHHi1. 

IlpellpH HT O&be,llHHeHHoro HHCTHT}'T8 lI~ep_ H CCSlI!AOSaHHA • .llyl5Ka 1985 
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BogolubovN.N. ,Jr. ,Shumovsky A.S., Tran Quang p':1 7- 85-679 
Collective Effects in Resonant Ramann Scattering 
of Intense Optical \~aves 

The collective effects in resonant Ramann scatterin8 
in the presence of intense incident and scattered light 
waves are investigated. The analytic expressions for the 
steady-state spectrum and normalized intensity correlation 
functions for components of the spectra are given . In the 
cooperative limit N ... oo the relative intensities and nor
malized intensity correlation functions for each component 
of the spectr3 have a discontinuous behaviour reminiscent 
of a typical nonequilibrium first order phase transition. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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