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Krumhans l and Schrieffer (1 '3 7 5 ) (KS) in lheir p i oneering work 

hav e studied the thermodynami c slid SOUle dynwni c p r oper ties of the 

one - dimensional model sysL em 
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whose various modifications were us e d t o study the phase transitions 

(see, e . g ., Bruce and Cowley (1 980 ~ In the classical approximation, 

by using the t ransfer integral matrix ( TI M) method, they calculu ted 

the ener gy l eve l s of s yst em (1) in the continuum repTesentation 

~ cl.)( 'P (II.) _ 
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wh ere Iv is lattice spacing, 1./,.. (-- N) denotes the number of 

particles. On this basis they sh owed that kink and phonon ex cita

ti on s con tribute to the ene r gy of the lowest e n e rgy levels (in the 

l ow t empera ture reGion). They we r e a lso e ble to s how that t he p r e 

sence of the central p eak is as s ociat ed wit h t h e mo tion of domain 

walls. 

In this note we shall show how omitting all TIM procedure(see 

also Scalapino et al e 1972, Kac and Helfand 196) i t s final e quation 

may be i mmed iately obtained. Th en, we s hall discuss t he pro blem of 

cal culation of energy levels in the WKB-type a pprox ima tion by using 

p ath i n t egral method (Dashen et ale 1974, Rajaraman 197 5 , Radosz 

1985 (I » . 

In t he classi cal approximation, the par t i t i on funct i on L 

0):L - J~tf~t>lQJ i.Xf\- ~ tl \PIa.)~ 
may be writt e n in the following f orm (KS) : 
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Let u s fo r a Jtluffi(:lJt (;on::l l dcc a plU't ic l e wi t h ffi!o!3 :J ~ mo ving u nder 

the influ ence o f Ii doubl e -well p otentia l 

~~4'" - '\4.t ... 'i (6)" I...v., ) :l.. 

(A and B in E lp. (1) an Ll (b) lU'e chosen in SU CH D. way tnat H 

and V are ,(;;l:': llr r> d in ene r gy ll.I1its) . 

Then , the exp r es>Ji on for 6 (see , e . g . ,Rajaramanl ~7' )
U 
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Therefor e, we may expre ss Z as 

, 
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where En are en e rgy l evels of peulicle ill cal cula ted from the 

Schr~dinger equati on 

I_ ~l. r:J..~ _ ~ \4...2. ... (8 )~ ,,-4 ~ 't~l\l. ) - E"" "1'... ('1.1.. ')l 2- d..\l.l. :I

wi th the f inal t r ansformation (6c-e). UJJder thi s transformation, 

Bq . (8 ) h as t he f or m of Krumhansl alld Jehrieffer "the effective os 

cillator equat ion" , where their term ~o i s abs e n t . Thus, in this 

case o f the cl assi cal approximati or; Eq . (Ja), the problem of energy 

levels of one space (1D) - one tim e model has been reduced to the 

problem of singl e-particle energy l evels ( Eqs . ( 4b) and (5b)) . It is 

ob Vious that this p r o oedure mi gh t e~sily be extended in the c as e of 

oihe r lD models where TI M metho d is u sed (CUrrie et a l. 1980) . 

Although the case of a particle in a dOUble - well potential, 

Eq.( &), has been widely discussed (see , e. g., Col eman 1979, Gilde

ner and Pat r a 9c ioiu 1977), the results di d not seem satisfactory ( I ), 

also be cau se onl y the lowes t ene rgy 1 e\·.:ls have been obt ained. We 

snow that hi gher ener~y l evels, £" Z Vo =. "%e. may be cal culat-· 

ed ( i n the WII1l approx ima 1. ion), wilat migll t be i nter cs l ing in t his 

case ( 1) ( see Eq. (7) ). 

As usually ( e. g ., DaBhen et iiI. 19 74 . ltaj aramAn 197 5 J, we are 

in terested in t.he seDliclas.icul tra jectories 1lL.:.cL. (,. i ) tbat. satis

f / the fo l le",dng e quatleD of mo ti on: 

• 2.. ( 9) i.2. rM. 1.A.,.:>ct. (£ -Vo ) - \/(.u..kA,.). 
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where we have choscn the constant of integration in such a way that 

ene rgy E;> O. It hils been shown (I) that the energy levels "wi thin" 

the well E <::. Vo were found under strol",; condition E '« Vo. In n 
the case E /... V ' Eq.(~:) may be written ia the form of the elliptic

o 
equation 

( 10)U -ii~) (k:· ,ji~ - i..' <' )(~~f 
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The solution of Eq.(10) is the two-periodic function (Byrd and 

Friedman 1971) 

rU: If) (h\..lt;k.) 	 ( 11) 

with only 	two turning points ~ ~ 1. Thus, the Green function 

G-(Q) ~ ~cM...,o k'\l..~o'lLo~€:) - .[ TfoU;i,.(l.)(rl~\'J~.. :gl"'"'")12) 

f'~ 

is easily calculated (for a more detailed discussion see I). The 

energy levels, as the poles of G( Iii: ), are the solutions of the fol

lowing equation: 

'rJ<.6 ) 	 ~ ~Z.l~)- i ( .L k" klk) r Z~(~)(Z-kz... ;)k' <. )J (1) 

(2.11\. .. ,,) Tii 
where K(k) and E(k) are complete elliptic integrals ( ;3y rd w i Ll Fried

man 1971). The right-hand side of Eq. (13) takes a r e latively simple 
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form in two limiting cascs 

a) ~~ -> 	1 (1<.''--...0) E CV'Vo 
~ 

b) \<.2.. -? ~ 	.. E' "» Vo 
~ 

( 1..1",. r) 
'l'he detailed a n a lysis of Eqs .(4),(6),(10) and (13) and t he results 

of paper I show that the properties of those semiclassical energy 

levels (temperature depend e nl !) of the sys tem (2) are the f ollowing: 

in the range of low temperatures T <...<.. T* 

T 

±. ( 14)
.2.T :)E: ~ tl~' t) eJ'r~ ~ ~~)~ 

* t{ 'I.;(i ,
!W.. ~ '-0 Id.r)where we used att e r KS . There are no energy le

vels within well E <... I/o in the '<illge of higher temperatures
(V 

Tltvo 
)I. ( :!>~ ) 	 (15 )T > T :. T 

~ '0 { It/~,. 
wnere 1'* is defined by the condition 

( 16)IV \E) Le. _ \ T ,l.k.T 

Higher energy levels En »V0 are found from Eq. ( 1 J) 

r:u;- JIi...) :,T r~ 3 
t:rn. 	 (17 )-1/-0~. ~ C~ .. 	 i g{i k~) 

As it follows from Eq.(17), in the high-temperat ure r~gion 

i.z..,.Jr 	 110\.'"i 	 ~1 
2. 	 Vo~w \<.(t ) 

T "
~the energy of the lowest level Eo is proportl onal to • Deta

iled information concerning thos e energy l eve ls En ~ Vo may be 

f ound tb:rough a numerical solution of Eq. ( I) . If we w"e interested, 

for example, in the correlation function s (KG, Scalapino et al.1972), 

then wave fun c t ions "+',",l~) should also be found from Eq . (8). 

Above considerations allow us to t h r ow some ligh t on some EWl.bi

guities associated with interpretation of Eq . UJ) o b t ai ned within TIM 

5 



method: as it follows from Eqs. (6) the role of ~ is play ed by ( t r linnful"ffifi t i o n f o r time is o f tjP ~ ( r, ). It mig hL be u s ,~ ful for a 

lk5T (-lIi = 1 KS, ~ is proportional to T - CUrrie e t al. bel le r under s tan d i ng o f phenomena as soc i at e d with phas e t)'ill!s ition 

198 0 , although Scalapino et al. 1972 gave the proper, within their wh~cn .in 2 lJ models lake s p l a ce at Tc I 0 . At t he mc)m,·r . t th c ,-· ·~ is 

model, meaning of -1\ = lk 'I' ». The quantity 50 which i s a b- mu "h mo r e i n f o rmat i on abou t t he exact eneq'':f l evel:; i lo s i n e -Gordon c 
sent in our Eq.(8) follows from the difference in definition of Zu 1D- one t i me model than a bout enel'g,v l eve ls in " 'f4 " 1 iJ - on e t ime 

and ZQ ,where there is no any reno rma.lization term in functional ( iJash ",ll et a l . ''' f .5 ). Howe ve r, in ou r (l e X, p a per we shal l dis c uss 

i ntegra tion in Eq . (4a) (cf. Feyrunfu'1 and Hi bbs 19 6 9 ) . In the t h e rmo dy s ome pr op ert i es of lhe 2D - "'f4 " mod e i (;fI the b C1 s i s of t he results 

namic consider ations this term should be added. Comb ining it wi t h of Hanuner et a1. (1 ~8 1 ). 

-1c.c.Tk Z ? ' one obtains (KS - Eq.(38a» "' lr.T"",-(1ICO!kTJ..) 

(KS omitt e d -1\ in al l effect of their definition of Zp' but t h e n 

t.he y established for a Bet of harmonic oscillators fi = 1 (!) and 
Ref ere n c e sin an effective oscillator equation t h e y also prop osed -1\ = 1). 

We want to emphasize two points. Firs t l y, t here is a d i f f erence 
1. Bishop A. k . a.nd K.r wnhansl J. A. 197 5 Phys. Hev . fl£, 2u2 4.between KS (Eq.(J4-1» and our resul t (Eq.14) where i n ex pon ent KS 

Bru (;e A.S. and Cowl ey k . A. 1') 8 0, Adv . Phys. 29 , 2 19 , hav e a factor 4 inst e ad o f our 16/J. Let us me n tion that Jo na
By rd P. F . a nd Frie dman H. D. 19 7 1, Hand book o f J;llip t ic In t egralsLasinio et a1. (1 981) o b t ained the s wn e expon e nt a s in Eq. (14) (in 
f or Scient i s t s a.nd Engineer s (Be rli n : Spring e r ) . their no t a ti on) b,Y us i ng t h e me t hod of stochastic me chanics. S e c ond


ly, as our cal cul a l i on s are within WKB- type approximation rather 2 . Co l{,man S . 19·19,in: The Wh y s of Subnuclear Phys ics e d. by Zichihi 

suprisingly we fi n d an almost exact a gr e e ment between our value of (Pl enum, Ne w York) 805 . 


T* and the num erical r e sult of Bishop and Krumhansl (1 9 75 ) ~~ = 

J . Cu r rie J. F., Krurnhansl J. A., Bi sho p A. R. and Trullinger S. E. 


0.85, where 

' ) UJ , Phy s.Hev. B22, 4·f7. 

Tt 	 4. Dashe n R. F •• Hasslacher B. and Nev eu A. 197 4, Ph ys . Re '!. Dl0, 4114. 
~ :' .2

f-c.- ~ Tlt-Vo 'i 31' 
'" 0 .85 (18 ) 5. Dasilen R.F•• Hasslacher 13. and Neveu A. l ')75 ,l'hy s. Hev • .Q2.l,J424. 

t 

6. ! 'eYlllll illl H. P. and lii Dbs A. H. 1()6 'i ,Quan twn Me chani c s w "j Pa t h InteTt. 
grals ( MCGraw-Hill, New York).

The analysis similar to the above p resen ted Eqs.(9-17) would be 


made on the basi s of Eq. ( 4a ) and (5a ) (imagi n ary time f ormal ism ). 7 . Gi l .iener E. and Patrascioiu A. 1'J77,!'h y s .H.ev . ~ 42 ). 


Al though all the re s ults i n both :for mali sms. ima.gi nary - and real
 6. Ilanune r C.L., Shrauner J .E. and de Facio !J . 1~8 "PhY 3 . He v . B2J, 
time,are the s ame we p r e f e r t h e lus t one as ther e is a s i mple in lJ 8 ')J . 
te r p retat i on of the t'ons lallt o:f i nteg ration i n Eq. ( lJ) a s an energy. 'l . J ona- Las inio G., Mw: t1.nelli r'. W1 d C;(;oppu l a I,: . I'JU ' .I 'tIYs. /(ep. 

E = 1/2 ~~1. + V(u). I n t he imaf,i ,.. ary- t ime f ormal i s m Q .<L.(x) i s II .3 13. 
of t ype of t he ellipti c fu nc tion Sl! ( x I k ). I n t he limi t of small 

10 . t,ac II. w lll He l f and E. l 'Jb J " f . Mu t h. !'h.Y3 . 11 11/ ' I. 
energ i es E - 0, k _ 1 and sn x -~ ihx. whi ch i s t he we l l-known 


solution used in the i nstw. t o ll pi c ture ( e.g . , Gi l d nner s ndP atrsscioin 11. f~nl ll rH1I1Sl J.A. fiI1d Schr ieff e r J .H. l 'Jr'" 1'11 :1" . 11, ·v • .!!J..1.. , J<,)<; . 


l lJ77 , Vai nhs t ein at a1. 1'J82 and n.lso Krwnhansl snd Schrieff e r 197 5 ) . 
 1: Bud " 'll. /I.. 1'W ') , J . Ph'y!I . C: ::;oli d :J l ul e ~. J. IA'I . 
As 	 it h as b e en p oin t ed cut i. 1I I l his so l uti o n descriCies t he mot ion 

1 j. III' ,I'II·!W)W ' H. l 'JI'" .1'11:10 . 1(, ,1" 21(; , 2 ·' . • 
ouly "under" the barri e r . 

' ·1 • . : , 111111-'111" IJ •.J ,. ,;"l1. ' M. '.LIIII ~·.. t r".l 11 . 1. I I I ' ,I'll/D . 1I,' v. tiu , )409. 
Let us a l s o poi n t out o u r belie ving a t last . The "true" l evels " . J '.l l dl.lL ,· II I, .• •• khIL''' v '1. 1 •• N"vlk ' v I . A. '11 II .;h .l.l"UlUH M. A. HU2, 


of lD -one t i me mo del would a llow on e to ob t ain app roxi mate (c l as 
 lJnp . I,' I : .• JII l' 1< U [, ,,~, 1 (I II iruuDlw l ). 
sical approximation of t h e t ype (}a» e n ergy l eve ls of 2 IJ model 

1.!f' I V · ' tJ ' H,l l I tt 11 : 1) '.' jlLl' Lf:l l i t 

' H' .\ 11. : 11 ~_1 L ) 1' I 1 " \' .' 

t. 7 

http:instw.to
http:1'J77,!'hys.H.ev


8 06~eAHHeHHOM HHCTHTyTe ~AePH~X HCCneAOBaHH~ Ha4an 
e~xoAHTb c6opHHK "Hpam~<ue coo6Uj eH uR OHJIH". B HeM 
6YAYT nOMe~aTbC~ CTaTbH, COAep~a~He OpHrHHanbH~e Hay4H~e, 

Hay4HO-TeXHH4eCKHe, MeTOAH4eCKHe H npHKnaA~e pe3ynbTaT~, 
Tpe6yiO~He Cp04HOH ny6JlHKa4HI-1. 6YAY4H 4aCTbiO "Coo~eHI-1H 
OHRH", cTaTbH, eoweAwHe e c6opHI-1K, I-1MeiOT, KaK H APYrHe 
H3AaHHR OHRH, cTaTyc o¢1-14HaJ1bH~X ny6nHKa4H~. 

C6opHHK "KpaTKI-1e coo6~eHH~ OHRH" 6yAeT B~XOAHTb 

perynRpHo. 

The Joint Institute for Nuclear Research begins publi
shing a collection of papers entitled JINR Rapid Communi
cations which is a section of the JI NR Communications 
and is intended for the accelerated publication of impor
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. 
Experimental techniques and methods. 
Accelerator s . 
Cryogenics. 
Computing mathematics and methods. 
Solid state physics . Liquids. 
Theory of condensed matter. 
Applied researches. 

Being a part of the JI NR Communications, the articles 
of new collection like all other publications of 
the Joint Institute for Nuc lea r Research have the status 
of official publications. 

JINR Papid Communications will be issued regularly. 

PaAom A. E17-85-646 
3HepreTHqeCKHe ypOBHH B TipOCTO~ MOAellH CTpyKTypHOrO 
~asoaoro nepexoAa - OAHOMepHbiH cnyqaH 

lloKa3aHO, qTo 3aAaqa HaXO~eHHH KOH~Hrypa~HOHHOH qaCTH CTa
THCTHqeCKOH ~YMMbl OAHOMepHOH MOAenH THna ~4 CBOAHTCH K KBaH
TOBOMexaHHqeCKOH 3aAaqe HaXO*AeHHH 3HepreTHqeCKHX ypOBHeH ~ac
T~bl, AB~~eHCH B ABOHHOH .HMe llOTeH~Hana. 3TH ypOBHH MOIHO 
HaHTH npH llOMO~ HHTerpanoB no TpaeKTOpHRM. HH3KO- H BhlCOKO
ne~a~e ypOBHH 6bmH Ha~eHbl B HBHOH ~OpMe. 

Pa6oTa BhlnonHeHa B rraoopaTOPHH TeopeTHqecKOH ~H3HKH ORHH. 

JlpenpHHT O&beAHHeHHOro HHCTHTYTA R,llepHWX HCCne,llOB&HHA • .llYI5Ha 1985 

Radosz A. El7-85-646 
A Note of the Energy Levels of a Simple Model of Structural 
Phase Transit i ons - One Dimensional Case 

It is shown that in the cla-ssical approximation the confi
gurational part of the partition function Z Q of a one-dimen
sional model Hamiltonian takes a par-ticularly simple form. The 
problem of calculation of Zg is thus reduced to the problem 
of finding the energy levels of one particle moving under 
influence of the double-well potential. Higher and lower 
energy ievels are easily found in the WKB-type approximation. 

The investigation has been performed at the Laboratory J, 
of Theoretical Physics JINR. 
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