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1. INTRODUCTION 

Quantum crystal is a really unique object possessing simulta
neously properties typical of solids and liquids. On a parallel with 
the presence of a crystal lattice, a "percola tion" of pOint defects 
(vacancies, impurities, etc . ) is observed ovnng to their deloc uli za
tion and t ransformation into quasiparticles (defe ctons /1- 3/ or mass
fluctuation waves / 4/ ). Such delocalized defects sre characterized 

not by their lattice positi ons (or coordi nates) , but by their quasi
momentum k and di s persion l aw E (I<:) • In deriving the quantum crys
t al dynami cs, the role of the defecton excitations can be important 
and haa to be taken i nt o account . A phenomenological se t of hydro

dynamics equations of de f e ct quantum crysta ls has been considered 
by Andreev anG Lifshit z /1/ and Liu / 5/ when treating the problem of 

superlluidi t y. Followi ng I,andau an equation for superflow has been 
sdded. However, the pure hydro dynamic approach used in these vJorks 
is not able to take into account the specific features in °the quasi
partic l e gas behavi our. A nondi ssipative set of hyd rodynamics equa
tions, in which the role of the defecton gas quasimomentum nnd di
spersion law i s accounted for, has been obtained by the author / 6/ 
and the pos sibility of defe c t on second sound propagation has been 

cosidered. 

The purpose of this lvork i s to derive the eXRct nonl inear s et 
of equati ons consisting of bonded equations of the e l asticity theory 
and the kinetic equation for the qua s iparticle gas. An equation of 
motion for the quasimomentum density in nonatationari l y deformed pe
riodic structure is extrac ted. The results obtained may be applied 
also to a \v1de class of problems when unchar ged quas ipar ticle behav
i our in deformable dielectric crystals i s s t udi ed. 

? NONLI NEAR ELASTICITY THEORY OF All IDEAL CRYSTAL 

In darivinF, the non linear theory of (llaa t ici t y, it i s convenieno~ 

to i ntroduce 0. 10cnl frame wi th baso s vec ~ors iio{. ( aI- = 1. 2 ,3) which 
coincide wi t h t he l attice tranoJation vectora. I n such a description 
each lattice ai te i o determinad by three coordinate numbers No<. 
i ndi catln the number of Dtepa (each equal to the local value of 

.%..c;r, to ) a l ong t he coordi nate axes to the lattice site (compare 
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a lso with 17/). Then , the vector between two lattice sites separated 

at a fixed moment in time by a distance large compared to the lattice 

constant but small compared to the charac teristic variations in space 
may be v~tten in t he form 

cl"i: = a. olNcI.., (1)oe 

The time evolut i on of Gloe con be obtained from plain geomet

rical considerations and may be expressed by the followi ng equation : 


.to(. + (;i V) a.. - (ilell v) tt Co 0 • ( 2 ) 

where a. (i. t) is the di sp l acement V QC tor . 

Equation (2 ) automatically consorvoo a -vec t or lines. In oe 
fact , t he tioe- line conservation cond ttlon cOllnJ. o tu In collinearity 
of afli. to t he l eft -hand si de of (2 ). which is obvious l y satisfied. 

If the crysta l lattice is f rse of dia .l oclltiono, t he functions 
NfIi.(i , t) i ntroduced are one-val ued anr! o 'luntinn (2) describes 
complet e l y the evoluti on of the l attice conflp;urotlon. The presence 
of delocalized defects (e.g.,vacanciono) doco not chnnge the method 
of description because the lattice si tes remoln Lo be well defined. 

Let us introduce also the reciprocal l uLtL ve (! tors a: 0(.. They 
satisfy the conditions 

-0£ _ _ a oL - :5"-. 
(3)a a~ - "'fi a .: ao(~ - til: 

Making use of (3) one can rewrite (1 ) in t he form 

(i t1Ld'i = d A/eIl 

and therefore the reci procal vecto r s (J.-- can be expressed by means 
of coordinate functions A'c/.. 

Zi 0<. = VIVo(., (4) 

Multi pl ying (2 ) by (i oL and taking i nto accoun t (3) and (4) yield 
t he evolution equa tion for (i-- : 

ct-- + v( ii"'a) = 0 (5) 

and the ex pres sion for the deformation velocity 

U-:.. =- - N ".... (6)- a.ol 
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For later convenience introduce also the me trical tensor {foL.J= li"'-C€A 

and its reciprocal tensor 'i/oLjJ = (i"'-Ci.8 • Then the l at tice cel l 

voluroe is equal to ifj.whe r e r;=detlflol..ft/. 

In thi s notation the density of an ide a l (free of defects ) crys 
tal may be written in the form 

5'0 =M/Vj 
( M being the total mass of the cell atoms) . The equation of con

tinui ty can be now obtained by time differentiation of fo • Making 
use of the identity 

d') = -~ ~«..fl oI:(Ji-fl (7) 

and of equations (2-5 ) yields 

(8)fo +oIM.rl= o. 

where the mass current ~=~ t . 
The fluxes of energy G[ and momenturo ni~ can be derived fol

lowing the standard procedure. The continuity equation (8), the 
momentum conservation law 

;; J~- ;) fiiK 0 
-+ ::, (9) 
Jt; aXI( 

and the law of increase of entropy 

S +- t:iMr ( S it + if/T) = RIT (1 0) 

(where R is the dissipative function) have to be conoistent with 
the redundant energy conservation l aw 

( 11)E+dWii=-o . 

The energy E in the labora tory system is a sum of ths kinetic 
energy and the internal energy Eo sup posed to be a function of 

met rical tensor components fltL~ and ent r opy . Hence, 

. _ ..L d . I. • ~ . "'.JI 
E - 2 Ji (f. U ) +- r s - I ~.JI ~ • (12) 

where 

0- - -2 -:J£·J . 
'".ft - GJ:I"'-.ft s 
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Ti me derivat i ves of the ki netic energy and ent r opy can be re pl aced 
by s pace der ivatives accordi ng to (8) and ( 10). The last t erm in 
(1? ) i a tra ns formed by means of (5 ) : 

Q.Lft <r~ (J = a!'(ff 'Ja"! +- 0-'" ~t.i.,,) . ( 13)
2- 0I-.ft if .L.ft ~ I( :JXtt: Ie aXi 

On the other hand 

VuE =-cr afiVa'" + Tv S· ( 14) 
~ 0 04JJ Ie I( 

Using (1J) And (14) yields 

E == T (S + dW- (5 tr)) - o/.i;v(E" It) + (a;,.,ft + Fl]d.,ft)a':-aft ;}u, 
o , CJx"It: 

whe r e ~ = E - TS La t.he Helmholtz free energy per unit volume, 
equal (up to fl sign) In vlrtue of the Duhem-Gibbe relation to t he 
pr essure (P = -P). Fin"\lly, the energy conservation l aw (12) takes 
the fonn 

E + 'ill( {±Po ul.u/( + Lt... ( ~IC - fU~ UK + Eo ~,J + q,.} :. 

:: R+(jVT + {fl . -fU.U. +FS. +0'" acLafi} Ju.. 
y r , It: 0 ~ /(. ,I< --; i /( () XK 

Hence the flux of momentum has t he form 

n- - . . - (cr F ) '" .J
ill - Po U,; U/( oL.fi + 'lti.~ a..: ale + Tril( 

and the energy current i3 given by the expression 

11. = f f.. U,za + at1L(a.JU)~..ft +TS t1 +-f-
The dissipative func tion has the usual form 

- VT Ju..0--7T.R = - Y T ile (Ix" 

I t f ollows from the symmetry of fi ilC that "'Ie is also symmetric , 
and theref'o r e, R depends only on the symme t ric part of dui /3X" 

. 1 (dU. t}UIC )i. e ., on u · :: - -- +- - ' 
'" - 2- ax" ax. 

Due to t he Oneager symmetry principle the dissipative £'unction 
t akes f i nally the f'orm 
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d{ 9r . ,
R=Jl· - - -- +- ~ U U. 

~ K JXi. 9XIC. ~ .I<t..... LK t ... ' 

where H.i, 1( and 'l <Ki WI. are posi tive definite matricies. \'Ie s hall not 

examine here their properties in detail. 

J. KINETIC EQUATI ON 

The k1.ne t1.c equation for the defecton distri but i on func t i on 

f (p,"i, -t) in the laboratory s ystem ha s the form 

~:f + 'd f ';IN _ ~f (~H _ f ) = irf) ( 1 5 ) 

'di: d'i;) P () is a'i 
where j(f) is the col l i s ion i ntegral, P i s the defecton "quasi
momentum" (see bel ow) , F ar e external force s , and H is t he ll mnilton
i an function. 

Here some explanations hav e to be made, concerning the des crip

tion of every qu asiparticle ~as in a deformable peri odi c structure. 
Strictly speaking, quasiwave vector and dispersion l al'l ( as a peri o(

ical fun c tion of the quasimome ntum ) may be introduced only in the 
case of an ideal per1.o di c latti ce . However,the dispersion l aw is 
established whitin a distance of severa l lattice constants while the 
scale of deformations is a lways large c ompared to interatomi c di s 
t ances . That is why in every small volume ( "point") one can det ermine 
a l oca l dispersion law in the comovi ng system a s a f unc t i on of the 
loca l va lue of quas imomentum defined by l oca l l at ti ce translati on 
vectors ~ (7, -i;). In this s ens e t he quantity p being the canonically 
conjugate to the coordinates i is not a r eal qU8simomentum of any 
quasiparticle. It is of int ereet t hp. r e f ore to der i ve a kinetic 
equa t ion containing a s a vari able t he Qxcitation quaaimomentum ~ 

conj up,:a t e canonical ly to the "di screte coordinfl t e" N'" (compare 'Nith 
/8/). Note ol so t ha t t he (merlQ' of t he quasi partic le must be a peri

odic f unc t i on of k bot h i n the lnbor{l t ory system and in the comoving 
local frame, nnd the kineti c t!quation hal:! t o be i nva r i ant under a 

shi f t j( - K t-:J." iii" . Unfortunately, 1)1 1 t hese c ircumstances have not 
been correctly occoWlted for in the mo e t previous works (see, e .g., 
/9-10/ ) . As a r esul t, the kinettc equation t urned out to be i nc onsis
tent with the conservation laws , a d i f iculty hindering the derivat i on 
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of a nonlinear selfconsistent theory. In linear,theories such a dif

ficul to' has been overcome by introducing artificially some terms in 
qunsiparticle ener~ breaking in this way the Galilean transforma

tions for the mean ener~. 

To derive a consistent theory along the l ines mentioned above, 

one has to ke ep i n mind t hGt t he trnnnl ation vectors a~ and the ve

locity of de f ormat i on vary slowly in spoce in time. Therefor e, t he 
Hami l tonia n an d t he e nergy of a quasiparticle in t he laborator y 
s ystem may be obtai ned ( analogous l y to t he hydrodynami c f l uxe s) from 

t heir vfllues i n the comoving sys tem by considering forma lly a:", and 
Ii as cons tants, i .e.,wi th t he help of Ga l i lean transformat i ons. 
1'hi8 leads to t he followi ng expre ssion for the energy: 

'r. 
\'" ( .... 01-" ...=. 'dE I1't U 
c= E /<. Q :F') +m (.L- + --, (16 )

\ ) IT Ji< 2. 

where £. and 'E are the ener gy values in the comovi ng and laboratory 

syst ems respec t tve l y, m is the mass of a de fect (i n the cas e of va
canc i es m = - III 0 , 1Il0 being the at omic mass), and m d E/ 3i< is the 
mean defect on momentum (mass current) in the c omoving system. Obvi

ously, C has the same periodicity in k- s pace as the dispersion law 
in the local frame E(K , ~"'..B) • 

In contrast to the enerp;y and all oth er ptl.Ysi.cal quanti ties 
( f , ma s s and moment fluxes, etc,) the Hamiltonian IICp,r,t) is not 

necessarily periodic in k-space. ~oreover , the invariance of the 
kinetic equation required can be r eached onl y wi th the help of a non

periodic H. The l~ltonian has only to gene~t e right equations 

of motion an d its choice, in general, ia not uni que. Since in the 
comoving loca l frame the Hamiltonian coincide s with the dispersion 
l aw E ( K, 'iJ-oL.J) H (p, r, t) may be obtained by a canonical trans
formation with the substitution function 

cP = (P-Wlv-Xio + ( p - fmv)v -t ( 17 ) 

corresponding to the "Ga l ilean transformati ons" 

~ 'Za + if i: k = P- n1.. v, 
As a result 

H C ( ~ - -" - - f 2.= c p -mu, {} ') +p v- Ttf'lV . (18) 

'?lhere V=. It(r, t) and ro are coordinates in the comoving system. A 
compari son of (18) and (16) gives the re l a tionship 

'<'" - de )~ 1 .2.H= C + (p-m;)p u. - I mu- . (19 ) 
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If the velocity of deformation it is sma ll enough , (18) gives 

in the linear approximation the expression 

if =: E (p, r,}"'-.ft) + (p-m :;) 

obtained first by Landau, and used in many works a s exact one. Howev
er, mit is not necessarily small, and in the ca se of a defec ton P;il S 

can be large due to the bi g atomic mass m. 

Having derived Hand t: ss functions of p, r , t , and p ,r as 

functions of k and ro \'Ie have. in f a c t, completely defined the 

kinetic equation (1 5 ). 

To writ e the kinetic equation in an inva r i ant f orm with r espect 

to a shift by a reciprocal lattice const ant let us introduce an 

"invariant quasimomentum" with components 1<0<. measured in units of 

the reciprocal lattice periods a"'". So 

....... ....... -.. ~


I<.,. = Kao£ = Cl",(p-nt f£) 

K :: KoLa"'-. 

In these variables (c anonically conjugate to coordinate func
tions Not, not to "i the lIamil tonian take s the form 

H= E (I< .. , fJoLfi) + koL a:>l-t; + ~ m u.l., ( 20) 

To transform equation (1 5 ) the following rela tions are useful: 

;)}- 'J.j. __ 
-;:.-~ 

'JP tt Ko<. cL 

(;;)p =(::1 + :: {kfl ao.: v(afta) - m ii tio<.] .. 0( 

( 9~) =('dH) + 'dH {K..a.ftva _ rna. vu}
d'l p ,}il ttl' J> /( ol. K .oe. K 

Ko( ~ 

JI-I ;)E - ~-
ao£ dK",. + cto.: ( u a • .) .(J'P 

After f urther trans f ormations the ki net i c e qu a tion (1 5 ) takes 

the fo rm : 

0!. + a d E (Ji) _N fWl "iI +i?:' - m ~E [iift wftrJ-f}::: jo), ( 2 1)
cit 0<. J"ol J i[ K,. d/(o( r oti: ~.? 't )~ die.. 

d. dwhere ()-l + (it V) ,E 
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a'.uThe t e rm t ake s into a ccount the noniner t i a l movine of the 
d-t 

l ocal frame in a quit e nntura l way. 

I n this f orm the kinetic e qua tion does not contain any non
peri odic te rms. Not e, t hat acco r di ng to (18 ) t he quas i partic l e veloc 
ity V= dH/Jp is al so periodic i n 
forces ; i n (21) may be dependent 

t i ve s . 

Fur ther it will be ne cessa ry to 
quant ities over t he Bri lloui n zone, 

p and ,thel'ef ore , the ex t erna l 
on the veloc i ty and it s deriva

inter;rate diverse physi cal 
to t ransi'orm ouch i n t egral s by 

por ts as Vlell as to perf orm differentiati on wi th r e s pect to time and 
s pace. llo'.'/ever t he Dri llouin zone boundarie s in our case ar e also 
s pace Bnd time dependent a nd , therefo re, the different i a tion doe s 
not c orrunut a t e with inte l!r a tlng over the Br i lloui n zone. Thi s can be 
of ~reat impor t a nce in none quili brium sys t ems as well as at high 
t pmperat ures compared to t he ener gy band \·lidth. In such cases , t y p 
i cal of defectoD ease s i n quant um crysta l s , t he distribution f uncti on 
va lues on t he boundaries /l.re nonve nishing, and noncornmuta t i vi ty may 
not be neg l ec t ed. This i nconvenience can be eli mi nated by introduci ng 
the r enormalized d"i s t r i. but i on function Ip = :F/Vff. By means of for
mulae (2, 4. 5,7) t he ki netic equation t akes the for D! 

!f+d.iAT{(ii +ii dE )'f] - 2- {'f ii (~E·,m dii ) - m r ;)l [a a ]Ulia -a 'F]= Jr.,X 22 ) 

i s 

The 
t he 

The 

oL;} /(o( d /(f1/. 01:. di: dJ<., 01:. JI 01:. 

In t hi s notati on the di ff erent i ati on vii th respect t o -t and 'i 
carried out at constant ko(. and , hence, commuta te s with Scl3 K... 

r esul t obt ained by s uch a proc edure can easily by rewri tten in 
previously adopted vari ables by t he s ubstitu tion 

- 'd - 'd d 

ao£.OKol.. n dP 


corre s ponding integra ls ov er t he Brill oui n zone are t r ansformed 
a s foll ows! 

d 'p - / 1. ri ll<",. ....<1-..) = - .,l fcp, 'l,t ). .. =- VQ - u } (kol.'~' -1::.)... = ) (21rt.) 'if (2.Trt.) 

In the same way 

Sci!?: ... = 5ol!;VoI:.Vj. __ 
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1J01. /(<<.-- 't ... ~ «'f'». (23) 
(2 rr t;j 

I t follows from all the abov e cons i dera tions t ha t 
result s may be obtained a lso di r ectly from (15) or ( 21) 
fluxes t hrough the Brillouin zone bo undari es appeari ng 
of i.nt e gr a ting by part s fo rma l l y equa l zero in s pite of 
odic form of t he i ntegr and . By wey of illus t rati on l e t 
t he time deriva tive of the defe cton ener gyI, 

d . . 
iH= <E f > = «£.'1'» + «E. 'f'» , 

where 

E= (~) =..!... A oL.ft _ _;j a ol. aft Ju. 
'Jt K... 2 "'fl lJ - oI.ft i. k {) x" 

).. =2 -
{}E = A.~

oL.ft d {1 "YJ ","'

and 'f is gi ven by (2 2) . 


Conse quently 


{) 'I . . r.:. - (}E ] .../- <E. f > =« EIN»> - ouN- /.,L«Elf» + Gool:.« ¥'E ;.-» +- a
H o~ ~ v~ 

". .... 'dE dUi {. ~E 0<. ft , ]- m u a. «-If» - -- m u a .«- 'f»+ a. a «A 'f» = 
'" d/(o<. 'dXI( I( 0<.. ;)/(at. 'k "':ft 

= <E Irf) -dw-{tr ~Ef> -f- 50<.(E :!/>J +- 11... ( r::./ >  ( 24) 

~ dEf dU . { . dE oL "}-m /.L <-:; > - -< m. u <,,~ f> +- ( AaLf? f ) a a 

t he right 
if nIL 

RS a r esult 
the nonperi 

us cal cula t e 

t; (VE) k ol 

.... ;}t«F ";1 'f» 

'C}p ~x/C /( d t',; ;r .. K 

4. CONSERVAT ION LAWS MID DYNAldI CS EQ UATI ONS 

The equation of continuity f or t he defect on ~as foll ows 
ly from the kine t i c equation (22 ). In t egrating yields: 

mn+-dW-J = 0. 

where YI. ::. « 'f»:: <:f> i s t he defecton number densi. t y and t he 
parti cle gas momen t um densit y (masEl current ) ie equal to ~ 

o 

~. ;; ['j =. 1n I"l it +- J-" J = m(-f>.. 0 " dj! 

The t otal masEI current is 

;='3..+1 = ftl+l · 
wher e p=~+mn. i s the density of the crystal . 
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To derive a selfconsistent closed set of dynamics equetions, 

momentum and enerr-::'! fluxes nil< and Ii have to be defined. Following 
the standard procedure described briefly in Sec .1 , we VITi te dovm 

the conservation laws 

'Jj. -f- VI<. nil(. =0, (27) 

E-f-oWvQ.=O. ( 28 ) 

where the total energy £ is 01' the form 

(29)E = ±Po it 2 + Eo (f"fl.) + ( E f> 

wi th 'E given by (16). In vi ew of further applications to quantum 

crystals at low temperatures when the main contribution to the 

entr opy is due to defectons the st rain energy EoCg"'-3) is supposed to 
depend only on the metrical tens or components. Differentiating (29) 
\nth respect to time and replacing a ll t i me derivatives by spa ce 
derivatives with the help of e quations (8 ), ( 22) , ( 24 ) and (27) yildB 

after some trannformations 

E -f- VI<. {f pu 2 
UI< + u.[ nil( -PU';Uk + Eo~" +(E f>'$',,, ]

.:£ ;)E dE. ~ 
-tmu.<~f> +<E-:;-f>]== (£I(f» +

Poe o PI( 

dU o {n " o£ J 1 d.. J ~ ., . , ]+ ~ 'K. - fU,U" + O;:Qa, a" - (A 'I f)a , a +E 0, -U,j-U 1 ,
eY x (. :r '" 01...,., /( 0 tit.. "01( k 0 '" • 

k 

Comparing this equation with (28) gives unarnbi~ously the fluxes in 


the form 


nil< = - (~..ft +E;.'1ol.J - <).oI.)f>)a~a: + fUiUI< + UiJ~1( + UI<}o '; DO) 

11 = ii(y ~z +-(Ef> + U;:) +a·'-(ti/t;J«).o/.fif>~)+<f:;(t-~U».() l) 
Therefore, the exact complete nonlinear set of equations con


sists of the e quation of continity (8), the kinetic equation and 

equations (27) Vlith nil( given in DO). The equations of the theory 

of elasticity follow from (27) : 


~. d d ioi.at; (puc:) = _ n,.", ()2) 
(}XI< ;)-t 
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The seco nd term in the r if",ht-hand side wri tten in the f orm of 

a time del' i vati ve of the qua siparticle current jo c a illot be expres
sed as a divergence of any tensor. It r epresents the driving force 

acting upon the lattice by de fe ctons . The term </taL.).f> descri bes 
mainly the defectol1 contri but ion to the e l ast ic const ant tensor and 

may be called the deforma t ion forc e . 

In the case when defectons are the only quasiperticles, only 
defecton-defecton collisions take place and ener gy is c ons erved. I n 
this case <E i >= 0 and the equilibrium di s t ri bution function can 
be obtained from the entropy maxi mum condition at conserved energy 

and qua siparticle number (if conserved). If defectons obey t he Bose 

Einstein statistics this le ads to 

1;, (~xp(E;:) - t/ i
, 0») 

In the zero order approximation with re s pect to defecto n mOun 

f r e e path e , the solution of the ki netic e qua tion i s p,i ven by the 

local equilibrium function io(E-P(i,i:). In thi s ap proximation J: = 0, 

defectons are carried by the latti ce, and their effect r educes t o 
changing of the stra in constants. Equation ()2 ) takes then the fonn 

'dd-t: (f u(,,) _ _ _dLd( ' 
dX

" 
wheere 

2.';1< = (o:.fi + EO~"'-J - <Aof..ftf » a~ 0..: . 
If the defecton quasimomentum is also conserved ( due to the non

effective umclapp collisions), the local-equilibrium f uncti on 1s of 
the form /6/ : 

I fo (E - P ~~ -~) . C34 ) 

Then, in first approximation wi th respect to smull V 

J , = - m.V (p dE Jf. mnV,
•• I( /C JP () E· )

i 

Substi tut ing i nto ()2) a llowl'! t.hat i n a statically deformed 
crystal defec tons a r e Bubjectp.d to R forc e 

~~il( 
mn V... 

;; X I< 

11 



5. QUASI I.IOMENTill,\ EQUATION OF r,~TION 

Since quasimomentum is a characteristic of great importance, 
it is of interest to derive an equation of its behaviour . Multiply
ing (22) by k and integrating over the Brillouin zone yield 

p + V (L. ~ +- PUK) - ( EV f> = <p.[(I..)>' (J5)
" K L .... l. , L 

wher e P=(P' f > is the quasimomentum density, and 

dE "L. '=- <p. -;) f) + <cf ) oil< 
"I< " o p" 

may be ca lled t he qUBsimomentum flux tensor. This tensor is diagonal 

independent l y of the dispersion law and l a ttice symmetry bec ause the 
energy is i nvari an t under t rasformation it ..... - j( due only to the t i me 
inverse s ymmetry . If the deviation of t he distribution function f rom 

the equilibrium one i s ama l l 1ik can be expressed by the thermo
dynamics f unction SLCT,,u)/6 /. Makinp; use of the l oca l distribution 

function (34) yie lds af t er inte~rating by part a: 

( p ~ f ) ::: T(tn.(1 +f)'ii. == .- J2~.. 
, ;}p " f( L I<

I< 

On the other hand subRti tu tin~ (34) i nto the expressi on for the 
entropy of a nose -~as 

s = ( '5) j= (1.+f)8n( l +-f)-f tn f (36 ) 

one obtains 

TS = T ( IJn. (i+f» +- «E-jA -j5 V)J ) =-52 -~n. -PV+-(Ef> 

and hence 

L. = (TS + .« n +- PV) b . (37)tK /- - ~ K 

The t erm <Evf> can be transformed annlogously. Diffe rentiating 
of (36) yields 

V'l ::: en 1+1- Vf = E-"« - PV Vf 
1- T 

a nd therefore, 

<£ V 1->=- T vS + /u V n + V 17 P ./( Ie. 

Fina lly, the quasi mome ntum e quati on of mo tion with a local
e quilibrium func tion (J4) takes t he form 

12 

P. +- S '1. T + n. '1. u +- Pv. Ii = - V (P. U",) (J8 ) 
'" L , / - L I( (. 

In the linear approximation vd th respect to V 

P,. == foe ~ , 

'J2...Q )


wher e f.'e = - ( and (8 ) together with the continuity 
, dll.. ()~ r,,,u 

equation f or the quasiparticles (25) and the ener gy conservat ion law 
(28) forms a closed se t of equat i ons us ed i n /6/ in the defection 

second sound consi derations. 

6. DEFECT ON DI STHI BUT I ON IN A HOTATING '1[e 

As an appli ca t i on of the nonlinear theory developed, consider 
t he defect on di s tribution in qu ant um solids rotating with a constant 
veloci ty ~ • Thi s problem cannot be solved in a l inear theory because 
of not sIDall ve loc1tie s ft. 

Acc or ding to the very lov.' t emperatures of interest, Vie assume 
that a cyliHder of solid. 4He is rotatinf7 in superflui d '1le (with VR

nishing norma l de nsi ty!?,.. = 0 ) . 'rhen, the vacancy concentra tion on 
the bounda ry i s determined by thermal equi librium conditions and 
hence p (R)= 0 (R beinl!; t he radius of the cylinder) . 

As a ro tati on wi th a constant ve loci ty w=f'Wtii; is an equilib
rium one, t he distri bution functi on may be taken in the form 

f=t.,(Ui)-"uCi» • Then, t he kinetic equation (21) yields 

..:.. Jf { .:;. - -.:.. ..:. - ';t - [- UVf- - mua +-a. (uV)l.l+a V?-2m-w a~a. J} =0 · (J9) 
J~ ~ 01.. 

J 

- J~ ~ ~ 

The fi r st term vanishes due to the radIal symmeLry, tho last one is 
zero aa 1 t can be seeD :from its revrri t ten form 

8f de [a Ci J= df [~ ;) f J=0 . 
d K...".. d J<.ft o(.:.s aE ~ it Cl ~ 

Substi tuting ii = [(3 'i] in (39) then y Inhle 

Vp =-"1 [w[w'ij] 

and hence, 
tt1 .2P. == 2 W (,..f_ R1) . (40) 
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To obtain the dist ribution function one needs t o know the 

defecton energy as a function of deformation . The equations of elas 

ticit.y for our case have the fo rm 

'dLi K 
-- + 	F. =0, (41)
d X	 <

K 

where F=f[W[7.Wll is the centrifugal force, and 

L == fcr- + £ a - <A f ») a"'-aJ 
i K I.: <Aj! O~oLfi oLj! o 'j • K-

are the elastic mat r ix elements influenced by the presence of defec 
tons, i.e.,the matrix elements as obtained f rom experiments . As the 

e lastic deformations ar e always small , we can restrict ourselves 
within the linear theory of elastici t y. For simplici t y we consider 
the 4He sample as an isotropic med ium. Then 

" £ ' (' or <:::L = -- u . + - - u o· 	 (42) 
il<. 1+1T <K i- .2or L"':)'tf 

where cr and E I are Poisson's and Young's modulus r espectively . The 

solution of (41) can easi l y be obtained in cylindrical coordinates 

U	 = oLfw 2 Y'{ ( 3-2cr)R2.- 1'".2.1 ' (43)
r 

~~IT 	 E'
where do and K is the modulus of dilata

24K(.-rJ) 3 (1. - .20-) 

tion. This is the solution I'Ihich satisfies the boundary condition 

~ ,.,.(R)==O· 

Hence , the nonzero deformation tensor components a re 

u,.Urr == d..fW2.{ 3 (R.2_ r.2) - 2 crR 2J 	 (44 )
U't'V' == r 

and the local volume change is 

2dW-Cl = 2.df w { ( 3 - 2cr)R2.- 2rl. J 
The local defecton dispersion law in an isotropic medium may be 

written in the form 

E(1(, Lt.:,,) =- ( ? K + )..(I<»)diIv il +- E/"i) , 

where ~ 	 describes the change of the volume due to the presence of 

the defect. and ~(K) is the change of the band spect rum. Owing to 
the small ene rgy band vndth it may turn out t o be 

T<A.<~/(' 
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In such a case Bol tzmann statisti cs is preferable and the 

vacancions density varies as 


{ 
2} ;( ( r)VI. (r) =n(R) ex P-r- w , 

where 


n (R) --- ex p{- t{ ~(:rJ) R..2. w t f 


is 	the vacancy concentration at the solid - liquid boundary, and 

I.~cr 2m)H(r) = 	tz f' -- - _ 0 (R. _,.2),( (2 (.- rJ) 2. 

It is seen , that H(r ) can be positive or negative dependin 
both on the sign and on the value of '2 , as we ll as on Poisson's 
mo dulus or. If ~(r» 0 the vacanc y concentra tion should have its 
maximum at the boundar y , not in the cylinder axis . However s uch a 

situat ion can hardly be realized becau se of r elatively small values 

of 	 tz f < Wl o • 
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ITyiUKapoB ,l.l. If. 
,l.lHHaMa4eCKaH TeOpHH KBaHTOBb~ KPHCTannoB 
C p,enOKanH30BaHHbiMH p,etl,JeKTaHH 

EI7-85-53I 

flOCTpOeHa )J,HHaMHqecKaH TeOpHH KBaHTOBb~ KPHCTannoB C p,e
noKanH30BaHHbiMH p,e~eKTaMH /p,e~eKTOHaMH/. TionyqeHa TOqHaH 
HenHHeHHaH CHCTeMa, COCTOHlJ.IaH H3 ypaBHeHHH TeOpHH yrrpyrOCTH 
H KHHeTHqecKOf'O ypaBHeHHH, TionyqeHHbie ypaBHeHHH MOf'YT IIPHMe.
HHTbCH K nro60MY KBa3a4aCTR4HOMY ra3y /HnH CMeCH ra30B/ 
C IIpOH3BOnbHbiM 3aKOHOM )J,HCrrepCHH B p,e~OpMHpyeMOM KPHCTanne, 
KoppeKTHO yqTeHa ponb KBa3HHMrrynbca; p,nH Hero rronyqeHo YPaB
HeHHe p,B~eHHH. Bb~HcneHa ~YHK~HH pacrrpep,eneHHH p,e~eKTOB Bo 
BpalJ.IaiDlJ.IeMCH KBaHTOBOM KpHCTanne. 

Pa6oTa BbiiiOnHeHa B na5opaTOPHH TeopeTa4eCKOH mH3HKH OI-U!H,. 

ITpenpHHT 06~eAHHeHHOro HHCTHTyTa HAePHNX HCCneAOBaHHA, ~y6Ha 1985 

Pu shkarov D. I. 
Dynamics Theory of Quantum Crystals 
with Delocalized Defects 

EI7-85-53I 

Dynamics theory of quantum rrystals with delocalized 
defects (defectons) is developed. An exact, nonlinear set , 
consisting of elasticity theory and kinetic equations is 
derived. The equations deduced may be applied to every un
charged quasiparticle gas (or gases) with an arbitrary di s 
persion law in deformable solids. The quasiwave vector role 
is corr ectly taken into account, and its equation of motion 
is obtained. The defecton distribution function in a rotating 
quantum solid is calculated. 

The investigation has been performed at the Laboratory 
of Theoretical Physics , J INR . 
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