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1. I NTRODUCTION 

The pr opert ies of one-dimensiona l in ter ac t i ng s tr i ngs whi ch 
a re embedded i n th r ee dimensi ons are of gr ea t i mpor t ance bot h 
i n po lymer phys ics and biol op,y . A mode l t ha t r epr oduce s t he 
conf i gur a t i ona l proper t ies of hyd rocarbon chai ns i ns i de a li pi d 

/ 1/membr a ne has been pr oposed by Izuyama and Akutsu (t o be r e­
f e r r ed t o as IA). Th i s model is a gene ra l iza t ion of t he t wo­
dimensional d imer model/~/ us ed by Nagl e / :JI t o de s cri be a pha s e 
t r ans i t i on in the system o f noncontact flex i b le po lyme r chai ns . 
Po lyme r s or "d i s l oc nt i on li nes " i n t he l A mode l appea r ab ove 
t he cri t ical temperat ure Tc a nd may be r ega r ded a s d i r ec t ed 
s tri ngs which r lln vert i ca l ly t hrough t he l a t t i ce and do not 
i nt e r s ec t one ano t he r . 

I A a t t empt ed t o pro ve t hat t he mode l exhi b i t s a phas e t r an­
s i tion wit h a j ump i n the speci fi c heat C(T) a t t he c r i t i ca l 
po i nt, i. e., t he sp ec if i c he a t i s f i ni te as T -+Tc i 0 a nd ze r o 
f o r T < Tr ~ ~9wevcr, Bhattacharjee , Nagl e, Hus e , a nd Fi she r 
(see , n l s o ' ) ha ve r econs idered t he I A model with a random 
wa l k a nal ogy an d f ound t ha t C(T) dive r ge s as In( T- Tc) when 
T - Tc • 0 fo r d = 3 and a s f i n i t e fo r hi gher dim e ns i ons . 

The ra ndom wa l k an al ogy ca n be eluc idated by i dent if i ca ti on 
o f th e vert i cal z -coord i nat e wi t h d i s c r e te t i me . An ac tual 
que s tion t o be s o l ve d i s a r a ndom wa l k pr ob lem of n wa l ke r s 
on a n x - y p lane l at t i ce wit h t he r es t ri c t i on that a f t e r 1111 
wa l kers hav e t aken t he s ame number o f s te ps , a ny t wo o f t hem 
are not a t t he s ame s i te . \Jbcn 11 =2 t he prob l em can be so lved 
e xac tl y / V The Logar i t hmi c l aw f or C(T) fo ll ows t hen f r om 
a f i n i t v-r s t. ze 1 . / 4 / , name I t ie } .. t Ina ti n i s c a l ug a nsat z y , s up pos i t i on 
the asy mp to t ic be havi ou r of t wo wa lke r s r ema i ns t r ue [ or 
l a r ge /I . 

Anothe r Rpproach t o th is pr obl em ha s r ece n t l y been oropo­
s ed / 6 / wh i c h dea l s di r ec t l y wi t h a n arb i t rary numbe r of wa l ­
ke r s . Unfort una t e l y, t he s ign of con tr i but i on to t he pa rt i ti on 
fun c ti on i n t h is met hod de pe nds on period i c i t y o f po l ymers i n 
the ve rti ca l di r vc t ion (a ssuminR per i od i c hounda r y co nd i t i ons ) . 
Negl ect of the s i r;n d iffl' re nce ca l Led "gclIC' r ll l i zcd Be the appr o­
x ima ti on" l eads to t he f i n i te j ump i n CIT) . Il wns noted i n 
Re f. / 6 / th a t t he me thod hecome s exnc t , if t.he x - y p l ane l attice 
ha s th e Bethe s t r uc t ure . The purpos e o f t he pr e s e n t paper is 
t o obt ai n exp licit ly the ge ne r a t i ng f unc t i on o f the above fo r ­
mu l a t ed r andom walk .Qr~ bl.em O R th~Ca'y l ey t r ee . 

, , .... '. ~...... ;1 ~:.lc n•.'TY 
1I ~' nr' .'~~n:>B3Int' 

t ' ::..~ T[" ' 
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In Section 2 we use t he gene r a l me thod 16/ t o reduce the or i ­
gi na l problem t o stati s tics of a s ingle Pol ya wa l k . A Po l ya 
walk on a Be the l a t t i ce was i nves t i ga t ed by Hughes an d Sahi­
mi 17/ who ex t ended the Hontroll genera t i ng func t i on f orma lism / Sf 
to this ca s e and showed t hat r andom wa lk on a Be t he l a t t ice 
do have so me qualitative simi lari ties t o r a ndom walks on a hy­
percubi c l at t i ce of dimension d » 4. It i s natu ral t o expec t 
t ha t the f i n i t e ne s s of the s pe ci fi e he a t a t T c f ollows f r om 
this result according to the analysis of Re L / 4/ . However . t he 
true answer is quite different . I n Sec tion 3 we show that t he 
mode l exhibits 13/ 2- o rde r" t ru ns iti on i ll whi ch the sp ec i f ic 
heat diver ges a s (T - Tc)- 1/ 2 . Thus the IA mode l on the Be t he 
lattice demonstra t es the two-d imensiona l beha v i our / 2 , 3 / i n 
spite of appa ren t mu l t i -d i mens i ona l proper ties of r e l a t ed r an ­
don walks . 

I f we cons i de r t he r andom wa l k prob l em 0 11 th e compl e t e Cayl ey 
tree. t hen the gener a t i ng f unc tion contai ns con t r i bu t i ons f r om 
both s i t e s deep wi t h i n t he l att ice and s i t e s c l os e t o t he boun­
dary. The r e s ul t s obt a i ned be l ow show t ha t the con tr i but i on 
f rom t he l at ter give s i n t he rmodynami c l i mi t t he same s i ngula ­
rity as the bu lk t erm. 

2. GENERAL CONSI DE RATIONS 

Cons ide r t he compl e t e Cayley tree wi t h a coor d i na t i on num­
ber z and a cent r a l si te a .Any ot he r s ite of the lattice i s 
co nnec ted wi t h a by a un i que s equence of bond s . If t his se ­
quence cons i s t s o f I' oondr. we as s ign t o the si t e the coord i ­
na t e f. The re are z(z - 1) - - 1 s i te s wi t h t he coord i na t e f and 
t he to t a l numbe r of s i t e s in the graph i s 

L 
N = z [ (z - 1) - 11I( z - 2) . ( I ) 

wher e L i s t he coor d i na t e of bound ar y s i tes . 
We def i ne an M-s t epped wa l k a s a connec t ed path a l ong M 

bonds (pe r haps wi t h r epe t i t i ons ) s t a r t i ng a nd endi ng a t the 
s ame poi n t . Two walks do not int e rs ec t i f t he y a r e not a t t he 
s ame poi nt a ft e r eq ua l numbers of s t ep s . The s t a t i s t ica l we i gh t 
of a s i ngle M- s t epped walk P is de fin ed as 

W( P ) = x M. ( 2) 

Le t g n be an a r b i trary co nf igura tion of n non in tersect ing
 
M- s t epp ed wa l ks on the Cayl ey tree . The we i ght of configu r a­

t i on g n i s give n by the produ ct
 

n nM
 
)( (gn ) = . 11 W(P i ) = x . (3 )
 

1= 1
 
2' 

The probl em consis ts i n de t e rmini ng the ge ne r a ti ng f unct i on 

A (x) = ~ )( (g) . 
g ( 4 ) 

where sunma t i on r uns over a ll pos s i ble con f igura t i ons of M­
s tepped walks and the we i ght of t he void l a t t ice i s uni t y . 

The polymer model a r i s e s f r om t hese definitions i f one a s ­
·s oc i a t e s t i me (o r t he number of s teps a f t e r the s t a r t ) wi th t he 
space z-coordina t e . I ndeed . t he traj ec tories of wa l kers mov i ng 
i n a Cayley t r ee may be re ga r dec a s noncontact polymer cha i ns 
or "dis l ocation lines" of t he I A model. The condi tion f or an 
M-stepped walk to start a nd to e nd at the same poin t mea ns 
t he pe r i odi c boundary condi tions in 7. d i r ec t i on f o r t he ob­
t a i ned t hree-d imensional lattice . 

The partit ion functio n o f the po lymer mode l r e s u l t s fr om 
ge ne r a t ing function (4) if we a t tach to t he var i abl e x a s t a ­
t i s t i ca l meaning by se tting x = exp(-{J /l).where /~ i s t he i nve r se 
t emperatur e and 11 is a chemi ca l po t ent ia l o f a po lyme r l ink . 

I nst ea d of the orig i na l pr ob l em we cons i de r fi r s t a modi ­
f i ca t i on of i t. Let P be a K-stepped a pe r i od i c wa l k re turni ng 
t o the start ing po in t a f t e r K= kM s t eps . whe re k 2. 1 i s an i n­
t ege r . The abs e nce of pe r i od i c i ty means t ha t ne ithe r t he wa l k 
i ts eIf nor a ny par t of it can be r eor e s en t ed in t he fo rm (P ' ) 111, 

where P' i s a c l ose d pa t h and III ~ 2 i s an integer. 
We introduce t he auxil i a r y fun c t i ons 

KW(P) ~ (- 1}x 
( 5 ) 

and 

nM 
X(~I1) " 1_ 1)" x • (6 

There ho ld s t he f ollowi ng pr oposi t i on . 

TI leo r cm. The pr oduc t 

II ( 1 t WCP )] ( 7) 
p 

over a l l possible K- s t ep ped a pe r i odi c wa l ks on t he Cayl ey tr ee 
equa l s to the sum ~ .X(~ ) ove r a l l co nf i gur a t i ons of M- s t epped 
no n i n t e r s ec t i ng wa l ~s inc lud i ng t he vo id la ttice : 

II [ 1 + W(P)I = I X(~ ). ( 8 ) 
p g 

Ske tc h of Proof. It s hou l d be r ema r ke d t ha t Eq. (8 ) i s very 
similar to t he i dent i t y wh i ch i s known as Feynman's conjecture 
an d is pr oved by She rman/9 / t o ge t t he combi na to r ica l solu t i on 
of the planar I s i ng mode l . 
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\ve wi ll s ay tha t an K- s t epped wa l k (K = kM, k » 1) i s se lf ­
i n tersec ting i f the wa l ker be i ng at s ome poi nt a t the moment 
Y (0 .$ r .$ (k -1 ) M) v is it s the s ame poi n t a f t e r rM s teps , r < k 
i s an i n t eger . An e s sent i a l pr oper t y of t he Cayl ey tree is t hat 
an y K- s t epped wa l k with K = kM J k > 1 'i s s elf-intersecting . 

Let us cons i der the fo rmal i nf inite pr oduct on t he l e f t-hand 
side of Eq . ( 8 ) , decompos ing it 'into a sum of products of the 
form \Y(p ) )W(P2) ' " W(Pn ) · If among the s e t g n of wa l k s P1 , · · · · Pn 
the r e ar e not inters ec t i ng an d s e l f - i nt e rsec t i ng ones , t he pro­
duc t eq ua ls X(~ n ) and con tr ibu t e s t o t he r i gh t - hand side . 

Consider now a confi gu r at i on g n con t a ining two wa l ks Pi 
an d P i n t er s ec t i ng a t s ome poi n t . Then there exists a con f i ­

j
gur a t l on g ~ which conta ins i n pl ace of two walks PI and P . 
a s i ngle walk P ' wi th s e l f - i n t er s ec t i on a t the same point. The 
fi rst case is des cribed by the term (_ l )x Ki (- l )x Kj in t he 

K · t K· 
expans i on of (7 ) , while the second by the term (-l)x I J . The­
re for e , t he co nt r ibu t ions f r om i nte r s ec ti ng and s e l f - i n t e r s ec ­
ting wa l k s cance l . Si mi l a r a r gumen t s can be us ed in the cas e 
of s everal i n t e r sec t i on po i n t s. Thus , onl y t e rms of t he sum 
~ g X (g ) s ur v i ve , where a ll conf igur a ti ons g consist of solely 
M-stepped wa l ks . 

. Equat i on ( 8 ) make s i t pos s i h l e t o r e f ormulate the r andom 
wa l k pr ob l em o f many wal ke r s i nt o a more s impl e one of a singl e 
par t i c l e . For t h i s goa l i t is nece s sa r y to establi s h a relation 
be t we en the conf i gur a tion we i ght X ( g ) an d t he auxi l i a r y f unc tion 
X(g ). Le t us pu t x = xe i1T 1M and no t e t hat t he change of variab­
les x .... x al t e r s the s i gn of each M- stepped wal k i n (6). Then 
~sx(g) ., ~ g )(g ) and s i nce we a s sume M-+ "" , hex) and A (x) co incide 
in the t her modyna mi c l imi t. As a r esul t , we may wr i t e the gene­
rat ing func tion in the form 

A(x) =	 ~ x (g) = II [l + W(P)] . ( 9) 
g P 

On t he basi s of t h i s equat ion we have 

<- W(P)) j 
(10)In h (x) = ~ In (l + W(P )] = - ~ ~
 

P P j = )
 

Le t R be an arbi trary K:"' s t epped wa l k no t res tri c ted by t he
 
ape riodic ity cond i t i on , r eturning t o t he i n i t i a l point a f t e r
 
K= kM step s , k ? 1 , lole denot e by R m(i l a s e t of wa l ks which oc ­

cur i n the s ite i after m s t e ps , 0 .$ In .$ M. The total number of
 
such wa l ks IRm(i) \ obe ys fo r each i t he f ollowi ng t r an slat ion
 
r elations :
 

IRo (i) \ = IR 1 (i ) \ \R _ (i ) ! .	 ( 1 1) 
M 1

4 

A wa lk co n ta ini ng kM s t ep s wi t h k > 1 being a t si t e i at the 
mome n ~ m an d pa s s ing so me s equence of s ite s co inc i des wi t h 
wa l ks be i ng a t t h e si t e i a t the momen t s m + M , M + 2M, ., . 
a nd pass i ng t he s ame sequence of si tes . Hence, each K- s t epped 
walk e nt e r s i nt o t he sum 
M- I 
! ~ IR (i ) I	 ( 12 ) m

m = O i 

K ti me s if it i s a pe r i odic , and K / j t imes i f it has a pe­
r i od i c i t y j . The n we can con t i nu e Eq s . (10) :
 

rn K
- j	 O . K 
,- W(P» 1.1 -1 SK(i) x S K(l) x 

- ~ ! = - ~ ~ ! = - M! ~ , ( 13 ) jP J= ) m = 0 i K K i K K 

where S:(i) i s t he number of K- stepped wa l ks i n t he se t R nt i ) . 
The sum over l att i ce si t e s can be r ea r r an ged due t o the s ym­
me t r y of the Cay l ey t r ee . As a r e su l t , we ob t a i n for t he lat ­
t i ce wi t h a coordinati on numbe r 

S (O)x 
K 

L P- l S ~f) x K 
ln A(x)= - M! K - M ~ z (z -1) ! ( 14) 

K K P= ) K K 

where 
o 

S KU )= SK(i)	 ( 15) 

if t he site has the coor d i na te 1' . 

3. SI NGLE \7ALK GENERATING FUNCTION 

The cons i de ra t ions i n t he preceding section l ead t o the ex­
pr es sion (1 4) whi ch we s h a ll now make exp li ci t by ca l cu l a t i ng 
t he sums 

~ • p = . 1 , .. . . L (J 6) 
K 

including Sk( P) - th e number of a r b i trary closed K-stepped
 
wa l ks .
 

Le t WnU \ m) be a numbe r of walks s t a r t i ng with coord inate III 

and terminati ng after n s t e ps with coor d i na t e P. Following 
the treatment of Hughe s an d Sah i mi 111 we begin with the evolu­
t ion equa t i on 

Wn+ l(fI Ill ) = p~ y ( C, Y' ) Wu (Y' \ m) .	 ( 17) 
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where 

(z - 1) 00
" 

0 ' 
[ + 1 

+ 0P p' _ 1 
, 

o < 1" < I.. 

y ( I', 1" ) = z 01'. 1" + 1 1" = 0 (I 8 ) 

Oi' p' - 1, P' = I.. 

The ori gin I' = 0 and t he l as t shell I' = I.. a c t as r efle c t ing 
ba r ri ers . Thu s the random wa l ks on t he Cayl ey t r ee can be r epr e ­
s ent ed a s e f f ec t i ve bias ed wa lks on the one-dimens i ona l lat ti ce 
wi t h two "de f ec t s ". The i n i t ia l cond i t i on i s 

W (PI m ) = 01' • (J 9 ) o , m 

To separa t e t r ansla ti on i nva r i an t an d "de f e c t" pa r t s of y ( I' , I" ) 
we wr ite 

y(f' , n = p CP- f" ) -I q (1' , n ,	 ( 20) 

whe r e 

PCI' ) = (z - 1) oi' I 0 , 
. 1 1 , - 1	 ( 2 1) 

and 

o 1" 1. 0 ,1" L 

q (I , f ') ~ { 0 1' . 1 - 01' . _1 I" = 0	 ( 22 ) 

- (z - 1)8 1" = 
P. L+ 1 

Inserting	 t his not ati on int o Eq.(17 ) we obt ain 

W (I' \ m) - ,1. p(l' - f" ) W <P' l m)= 1. q (I' ,I" )W (p 'l m) . (23 )
n+ 1 1" n 1" n 

It i s co nvenien t t o i nt r oduce a Renera t i ng f unction by 

WU l m; .;J = 1 W (P Im )(, T1 .	 (24 )n
 
n= 0
 

Fr om Eq . (2 3) us i ng Eq.(14 ) we have 

WU lm; 0 - ( 1. p CP -1" ) WWlm; 0=0 1 '; 1. q U ,I" )W(P' j m: ( ). ( 2S) 
1" I 

0 
In 1" 

A di screte Four i er t r ans fo rm 

- DO ip¢ 
W( ¢ [m: I;) = 1. e W(I' [ rn : (, ( 26 )

I' ~oc 

6 

yie l ds 

e imc,6 

wher e A(ep)	 i s t he " s t r uc t ur e fu nc ti on" 
iPep i epA( ep ) = 1 e p er ) = (z _ 1) e i ep + e - . 

( 28 ) £=-00 

I nver t i ng	 the Fouri er t r ans fo r m we fi nd t ha t 

W(f lm: n= O(p [rn: ~ ) +~ (Ol m; O H(p ; n -~W( L l m : n F (P :';) ( 29) 

wi th OU lm; O. H(P : O . F (Y ; (,)def ine d by 

IT 1 c/> ( III - I')
 
m 1 e d I/> .
c (I' 1 ; (, ) = -2 J 1 _ (, A( ¢ ) ( 30)
 

" -"
 

11 - il' lt> i ep - i ep 
H( P: .; ) = _. 1_ r H Ie - e ) d ¢ (3 1) 

~17 - 11 1 - ';A(¢ ) 

a nd 

i(
F( P :.;) =	 ( z- 1) r e L -I' + l)c,6 

2 11 . d¢	 (32) 
- 17 1 - >..A ( ¢) . 

Pu t f o and f L i n Eq . ( 29 ) . 10le get the s ys t em of li nea r equa ­
t i ons 

W(Olm: ( ) = G(U! III: f l I r;W ( 0 \ m : /; I H(O: 0 - (,W(L I In : (,) F (O; f.) 

33 ) 
W(L 1m : (, ) =0 (I.. [ rn : .; ) + ( WCO IIII : ,;) H (I.. : .; ) - '; W(I.. [ m : ,;) F( L : 0 

wh i ch ha s	 t he so l u t i ons 

( 0(01 m : e) ( 1' <0, ( ) )- 1 
W(O I m : 0 = D det ( 34 ) 

O(L l m ; .;> 1 + ( F(L :.o • 

- 1 ( 1 - (H(O; ( ) 0 (01m; ( ) ) 
W(L 1m; ,;> = D det ( 35 ) 

- ( H(L : (, ) 0 (1.. 1m ; ,;> 
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wher e 

( 1 - fH (O: 0 fF (O: 0 
D ;: det (36 ) <l ) . \ - fH(L : 0 1 + eFtL ; 

The in t egra l s (30), ( 31 ), ( 32 ) are s i mpl y eva lua t ed . Denot i ng 
2 1/2 

d (0 = r1 - 4 f (z - 1) I (37) 

and I i d( O
 
t ± (f ) = 2 f (z _ 1) (38)
 

one can s how that 

r - t :- fO .(l_ ll t l) + t ~l - P l/d ( e ) m ~ r 

Ocr [ m: 0 = (39 ){ lIl- P ,
I + 0 ~ I t ,. I - 1)1 d ( .f) III < P; 

- I 
! - t t (I (l - I I I I ) ' 1_ - I , 0 qI I I - 1)] Id( ~ ) f = 0 ; 

H(P f ) = 
{ - p - I (40 
, t + ( I t - I , ) (1( 11 t ! - l )/ rl( <7 ) f ~ 1 ; 

and 
I - fll L-I' + l. 

F(f ;.f)= (z- l) I - I ,· (J (1 -l l t l )l t _ I / d ( .f), (4 1) 

where 8 (x) =l, x >0 1lnd O(x) = 0, x ~ O . 

Up t o now we were dea ling wi t h the number of arbi t r a r y wa l ks 
on t he Cayley t r ee . To cal cu l a t e the sums ( 16) , i t is necessar y 
t o ada p t t he gen e r al gene r a t i ng func tion (2 4 ) fo r M-step ped 
wal ks s t a r t i ng and end ing at t he s ame poi nt . For t his goa l we 
put i n ( 24) : ( = xt exp (211 i .l... ) . 

The summa tion over j gi~ s 

K ee 1 M . 
~ S KU ) x t

K= ~ - ~ w cr I f ) x n t n eX p ( 2 11 i~) - 1 (42) 
K n= 0 M j = 1 n M 

because onl y t e rms wi t h n = 0 (mod M) will survi ve i n t he 
ri ght - hand side o f Eq . (4 2). Performing t he in t eg rat i on ove r t 

and chang i ng the s ummat i on by integr ati on , i .e . , s e t t i ng 
(3=2 11 j lM,d,g= 211 1M we obta in f or l a r ge M 

S (nxK 
2 11 1 i {3 

~ K =-21 fd {3r~[ w(f l e ;xte ) - 1] . (43 ) 
K K _ 11 0 0 t 

8 

Now, t he solu t i on (2 9) together wi t h Eqs .(34 ), (35) and ( 39) ­
(41) ca n be used [ or the deriva tion of thermodynami c proper ­
t i e s o f t he system from the pa r ti tion function ( 14). 

4 . THERMODYNAMIC PROPERTI ES 

In this se c t ion we concentrate on t he ana l ys i s o f the par ­
ti t i on fu nction ne a r X c = 1/z t hat i s t he c ri t i cal poi nt accor d­
i ng to s impl e a r gumen t s from Re f /41 I nde ed, ene r gy- ent r opy 
est ima t es s how tha t lowes t -ly ing exci t ed sta t es cons ist of one 
M- s t epped walk and have the free ene rgy RT(- lnx - ln z).Suc h sta ­
t e s wi ll be t he rmodynami cally pre fe rred t o t he ground s t a t e 
on l y whe n x > z- 1 which l oca t es t he cri t ica l point of the mo­
del. The f ree ene rgy i s zero be l ow x c' "'le hav e now to de t ermine 
t he s i ngula r i t y o f A~) when x 4 X c f rom t he d i s orde r ed phas e . 

We pu t I 

1 x = - t w (44 ) 
Z 

and subst i t ut e t he fi r st te rms f r om Eq . ( 29) i nto (43) . From 
Eq . (39) we find that 

211 1 '(3 1 h(w ,t) 1 . {3 
11 ;;: _1_ f d (3 fA!.. [G(FIP; xte

J 
)-1] = _ _I_f..9l. f d (3 d- (xt e 

l 
) . (45)

2 11 t 211 t 
o 0 0 -h(w,t) 

where the function h «(v , t) is defined by 

i 
jt + ( x t e (3 )! s I -h .5 (3 ~ h . (46) 

The condi t i on (46) g i ves the integr at ion range in (45): 
z(z -2 )(z(,) + t - 1) 1/2

hew, l} .. r 1 ( 4 7)
2 

s o tha t 

1/ 2 a 
2 1. 3 / 2 Q 

( II t O l 6J~ ) . 48 ) 11 
311 ( 2 _ 2) 112 

The s econd t vr m i n I ~ CJ' ( 2') appen r s due t o ref l cc t i on of effec ­
t i ve one-id imcns i ona l wn lk:: f r om t he o r i g i n r O. Not e , that 
a t .f '" l iz 

'I. 
F( O; <7) = ( 49 ) 

(2 _ 2) ('I. _ I ) L. 

Then t he s i mpl e e s t i ma t. e s i 1\ Eqs . (34). (36) s how tha t the non­
van ish i ng con t r ibu t i on f rom t he s econd t e r m ha s t he, form 
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G(Oj r ; 0 
( 50)~ H ( f ; .; ) 1 _ ';H(0 : .; 

i n the thermod ynamic l imit L .. oo. He n ce , 

1 2 17 1 d 2 17 l ' ( f f; 

12 = - I d {3 f _ I ';W(O[ rn : '; )I(f : 0 = ~ r d {3 r~ t H (f ; t ) G 0\ ;., ) 
2 1T 0 0 t 217 0 0 l ' - 1-';H(O; O 

(5 J)I n t he v i c i ni ty of l Iz t a k e 
3 

H (P ; ~ ) = _ 2 1. (1. - 1 ) w + O(w 2 ) • 
2	 ( 52) 

(1. - 2) 

Fr om Eqs .(39), ( 40 ), (46), (52) we fi nd that t h e ex pr e s s ion 
(5 I) f or 12 become s 

I hew, l ) 1. 2(,) dl 3
12 = f - .r d + O (lJ) ) ( 53)

3 f - 2 t 
17(1. - 2) (1. - 1) 0 - h(lJ), t) 

and because o f (4 7 ) 
3/2 -1 5 / 2 

2 1. lJ) :l
12 = t 0«(0 l , ( 54 ) 

5/ 2 f - 2
31T (Z - 2) (1. - 1) 

The t h i r d t erm in Eq . ( 29 ) i s assoc i a ted wi til t he bo u nda r y she ll 
f = L . In the t he nnodynn mi c I i mi 1 L · ..... it r educes to 

G(L \m; t) 
~ FU ;~ ) .	 (55 ) 

1 + ';F (L ; .; ) 

Pr oc e ed i ng as a bove we ob t ai n from (3 0 ) , ( 41), ( 46 ) , ( 5 5) 

"- 1. (1. - 1t "-lr lt dl h (ru , l j 2I = 1 2 r. I
3 - - r d ~ dt e-F(r ; t ) W(L l m; 0 =	 . (- r d{3+ 0(w )2 1T fJ J ­o	 0 t . " 2 1T (Z - 2 ) 0 I 

- h (lJ) , l j 

( 56 ) a nd , u s i n g ( 4 7) 

1/2 3 3/2 
2 1. W	 '" I3 = - - + O ( et! ) . ( 57) 

3rr(Z _ 2) 1/2 (z _ 1) L-Y+l 

Subs t i t u t ion of t h e l ead i n g te rms I I and 1 3 i nt o ( 14 ) f ina l l y 
g i ves 

1/2 2 
2 1. (z - 1) 3/ 2 2_1_ In !l.(x) = w + O( w ) . ( 58 ) 

MN 31T(Z _ 2 ) 1/ 2 

Thus, we obtain the free energy pe r lattice s ite above X c = l.fz . 
In t he same way , the integral (43) ca n be cal culated bel ow xc' 

10 

This gives the obv i ou s r e s ult 

!I. (x ) .. O. x < x c '	 (59 ) 

The obtaine d " 3/2-order" t r a n s i ti on cal l s f o r s ome comments. 
I t was no t ed in I ntr od uc t i on that t he pha se tra n s i t i o n of t h is 

. d i . I I d I /2 3 / It y pe occur s r n two- i.men s i.on a p o ymer mo e s • . n ou r no­
t at ion it is t h e c a s e 1. = 2 . The r e i s a drast ic difference be t ­
ween rand om wa lk be h aviour f o r 1. = 2 a nd 1. > 2 . For any pair 
o f wa lkers i n t he f o rme r c a s e it s coor d i nates f l and f 2 a re 
st rongly or de r e d , say f 1 > f2' at any momen t o f t i me , wh e r e a s i n 
the latter one permu ta tions o f Y1 lind I' :! n rc pe r mi t t e d . The 
s o l e r e str i ct ion on a wa lk configur~l io n l ur z > 2 is the a b ­
s e nce of K-s t eppe d wa l k s w it h t.h e pv r i od k = KIM> 1. Never­
t h e l e s s , our results show t ha i l h ili r educ e d cons t r a i n t i s s t i l l 
too s trong t o give t he l ogn r i t hmi c s i ngu l a r i ty o f t h e par t i t ion 
fu nc t i o n . 
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TipHes)!{eB B.B. 
Bs aHMogeiic TBYJOl!IHe cn}"laHHbie 6nYJI(AaHHH 
Ha pemeTKe K3JIH H CTaTHCTHKa ITOJIHMepoB 

El7-85-318 

Tiony~eHa ITPOH3BOAHII~aH ~YHKqHH AJIH aHCaM6JIH CJI}"IaHHb~ 

6ny)!{AaHHH Ha pemeTKe K3JIH c KOOPAHHaQHO!;fHbiM ~HCJIOM z. Y~TeHo 
rrapHoe B3aHMOgeHCTBHe Me~y 6Jiy)!{AaHHHMH, KOTOpOe rrperrHTCTByeT 
rrorragaHHro gByx 6ny)!{AaiDIIIHX ~aCTHQ B OAHY TO~Ky pemeTKH ITOCJie 
paaHoro ~Hcna maroa, CTaTHCTHKa BsaHMogeiiCTBYJOIIIHX rronHMepoa 
CJiegyeT H3 3TOH MOAeJIH, eCnH OTO)!(geCTBHTn BpeMH /HJIH ~HCJIO 

maroa/ C AOITOJIHHTeJinHOH rrpOCTpaHCTBeHHOH KOOPAHHaTOH, Hs 
rrpegeJinHOro Bblpal!<eHHH AJifl CB060AHOH 3HeprHH CJiegyeT, ~TO 
B CHCTeMe ITPOHCXOAHT ~aSOBbiH rrepexog "3/2 poga". 

Pa60Ta BhliTOJIHeHa B fla6opaTOPHH TeopeT~eCKOH ~H3HKH 
mum. 

ITpenpHHT 00~eAHHeHHoro HHCTHTyTa R~epHYX Hccne~OB8HHA, llY0Ha 1985 

Priezzhev V.B. 
Interacting Walkers on the Cayley Tree 
and Polymer Statistics 

El7-85-3 18 

We obtain the generating function for an ensemble of 
random walkers on the Cayley tree of coordination number z. 
The pair interaction between walkers is taken into account, 
which forbids two walkers to occur at the same lattice point 
after equal numbers of steps. Interacting polymer statistics 
results from this model if one associates time (or the num­
ber of steps) with an additional space coordinate. The li­
miting free energy appears in a form which corresponds to 
the phase transition of "3/2 order". 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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