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The fhonequilibrium dynamical process of nucleation from
a metastable state is quite often investigated both theoreti-
cally and experimeéntally. We can mention in this connection
several experiments concerning the study of supercooled and
superheated states near the superconducting transition’/1-4/
and of supercooled liquides near the crystalization point’%/.
There is a number of theoretical works dealing with .&£Hé kine-
ties of nucleation’6-8/ as well as with the connected prab-
lems of spinodal decomposition”?:1%/ and of quasilocal meta-
stable states’1V.

There exists also another problem of describing fluctuatio-
nal nuclei of competing phases in equilibrium systems. The pre-
sence of such heterophase inclusions has been clearly demon-
strated in very different experiments. For instance; there are
varaelectric fluctuations in ferroelectrics HCl, DCl and appa-
rently in RbK%/lzﬁt has been found, recording photoemission
spectra, that Ni below and above Ty consists of magnetic and
nonmagnetic components/lac The neutron coherent inelastic-scat-
tering technique has been used to prove the existence of spin
waves in Fe and Ni above TC/14'“Ywhich means that in the para-
magnetic region there are some quasimagnetic clusters due to
a short-range magnetic order. In several materials, e.g., in
PdoMnIn,_,Sh, and PdyMnln;_, Sn, ferromagnetic and antiferro-—
magnetic phases coexist/18/.The coexistence of superconductive
and normal-conductive components can explain an unusual beha-
viour of (SN), , TaSejand NbSe3/17/

An equilibrium microscopic theory of heterophase systems
has been developed in refs./18-20/ rhjg approach has been ap-
plied for describing crystals with dissociative lattices and
for constructing'the théory of melting and crystallization’/21-2%/,
The heterophase model of a ferromagnet/24‘26/and a supercon—
ductor “2" has also been advanced. In the frame of this theory
fluctuational nuclei of competing phases appear in the system
when they are thermodynamically profitable, and if not the
system is in a pure phase. The point separating thege two sta-
tes can be called the nucleation point. The behaviour of sys-
tem near 'such a point was not yet studied in detail.

The aim of the present paper is just an investigation of
this phenomenon of equilibrium nucleation. We discuss here the
physical reasons causing the profitability of heterophase fluc-
tuations, and we show that the nucleation is a special kind
of phase transition. Some possibilities of experimental obser-
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In order to compaxe the heterophase approach with the usual
phase-transition theory let us first remind the basic theges
of the latter one:

i) a system having a phase transition is described by the
Hamiltonian H with the symmetry group G, so that the ground
state of the system is macroscoplcally degenerated (1n the
thermodynamic limit); .

ii) a spontaneous symmetry breaking is occurring at the
transition point; the ordered phase corresponding to the sym-
metry group Gy C '

iii) phase state of a system can be described by an order
parameter, which is a macroscopic quantity possessing’ the sym—
metry properties of this’ system;

iiii). the spontaneous break of symmetry occurs ‘simultaneous—
ly in the whole volume of the system, affecting all its par-
ticles. -

These propositions can be easily illustrated by a number of
models known. We should only mention that there are several -
models exibiting phase transitions between phases without long-
range order or between a disordered phase and a phase with
a hidden symmetry /28’ ;

As we have emphasized above, real physical systems are not
generally speaking pure but they can. contain more than one
phase. It is evident that this contradicts to the thesis iiii).
An equilibrium heterophase state of a system will be called
later on the mixed phase. It is very important that this mixed
phase can exist in a quite wide region of temperatures, compa-
ring with a narrow critical region, where homophase fluctua-
tions should be taken into account.

What is more for describing the mixed phase the thesis 111)
is also unsufficient. Let us consider for illustratien an iso-

troplc ferromagnet, the usual order parameter of which is the
-

mean spin per particle #£= <%T§l8§>enumerat1ng the lattice si-

tes. Tn the paramagnetic phase the symmetry group of the system
is SU(2) and F= 0, while in the ferromagnetic phase the -sym-
metry group is U(1) and F£0 ‘Consequently, the order parame-
ter :‘ can only distinguish between the phases with different
symmetries, but for the mixed phase when there is a mixture of
ferromagnetlc and param‘gnetic phases, we need to add another
macroscopic parameter defining the relative *concentrations
(probabilities) of the phases w; =N;j/N (w;+wy=1). N; being
the number of particles in the i-th. phase. In this way, in or-
der to describe the two-phase ferro-paramagnetic mixture we
need to introduce two order parameters: the meéan spin“? and the
probability of one of phases, for instance w=w, .The probabi-
lity of the second phase is w, =1-w.The add1t10na1 order pa-
rameter W {or "W, ) characterlses the phase state of the syséem
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since in the pure ferromagnetic state w=1 (W, =0),1in the mi-
xed state wW<1 (wp >0), and in the pure paramagnetic phase w-=0
(wg =1). It is clear that two nucleation points should exist,
the corresponding temperatures can be called the nucleation
temperatures ®; and ®; The first one ®; is the temperature
at which paramagnetic nuclei appear in the pure ferromagnetic
phase.' The second one B} is the temperature at which ferro-
magnetic nuclei appear in the pure paramagnetlc phase. Thus
the mixed phase exists in the temperature region @ ¢ <0 <@y ,
where the two order parameters deflnlng this phase should be
nontrivial: ,?éo , wzéO The equations #=0 and wg_O can be
exploited as the equatioms for boundary temperatures ®7 and @,
respectively. As far as there are phase changes at the nuclea-
tion points, these points should. be regarded as the points of
phase transitions. The right bgundary of the stable mixed phase
being defined by the equation #=0 corresponds to a usual phase
transition. We have to concentrate here on the consideration
of the nucleation point 8., where w2,_0 Let us study the pe-
culiarities of thermodynamic characteristics near this point
using the isotropic model of a heterophase ferromagnet:“/z4r R6/,
The Hamiltonian of such a model is a direct sum

“H=H, eH, | ' (N

¥
of Hamiltonians

1
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where Av:Q——'J/Z, JE%J(f} ,Q is an effective direct interac-—

tion. The Hamiltoniar H; is defined on the space 51,which is
constructed of wave functions invariant with respect to trams-
formations from the group U(1) that is ¥, is the space of fer-
romagnetic states. The Hamiltonian H, is deflned on the para-
magnetic space ¥, ,which is the space of SU(2) symmetric states.
Therefore, the quiltonian (1) acts in the space fls 35. The
free energy of a heterophase system is o ’

; q. ~-H, /0
F-F +F, ., F e O mTre 1T,
N

1
The condition of phase equilibrium (identical to the ‘equality .
. of chemical potentials) can be written in the form
oF =0, W=W, . (3)
oW 1 .
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which gives (2w—1)A—%WEi ng J(f-g)<Sy 8>+ \
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Generally speaking, the onset of nucleation can he of either ‘ 1

continuous or discontinuous type. In the flrst case W (O )=0, 4 '

and w(©,)=1,which yields {
; .

.fZ‘gJ(f—g)<SfISg >=A, (0=0,).

1

This shows that the existence of the nucleation point depends L
on the value of the parameter A,or in other words, depends on
the relation between the direct and exchange interactions in
the system.

A calculation of the correlation functions <Srlsgf>can be "y
produced by different methods. When the nucleation point @
is not too near to the critical temperature, one can use the
mean—field approx1mat10n which corresponds to an exact solu- ”
tion if J(-) is the Kac potent¥91/°5/ In this approximation two
order parameters, W and £ =|¢|,must be defined from the two
equations ‘

ow(A-J£%)=A, 2#=tanh (JWB£/0); ' )

the spin is takén.to be one half. A numerical analydes of these
equations makes it certain, that the nucleation point ®, lies
in the stable region only for A <AL0,5T (A =0,49077) » being
the solption of the equation

'
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When A='A0,the nucleation point coincides with the first-order ‘z;, Ferromagnetic phase concentration Versus temperature
transition point from the ferromagnetic to the paramagnetic f for different values of v=A/j.The dashed lines corres-
phase. If A<A,, the nucleation point shifts to the metastable ] pond to metastable and unstablée solutions. The dotted
!

region. of the overheated mixed state (see the figure). When ' line is the line of the first-order phase—transition
A=0,5J, then @, =0.Finally, if A>0,5J there is no nuclea- 4 points.
{

tion in the system, which is always in the mixed state, even, A
at zero temperature.

It is interesting to examine analytical asymptotic behaviour " .and expanding the probability of the paramagnetic phase in
of thermodynamic functions near the nucleation point, for which ' a power series in ¢, ,we get '
we have ' ’ '
— Iy wB.oe (6)
& _ Al 2A A Y2 ¥ Befn
v AL Ay B s iy B 5 .
n =V 5 8 v 3 o d‘zJ - (5) o
R(1-44)) -
@ where B, = .
Introducing the relative temperatures § - 29, 45(1-—4‘2)
‘ ' 'n -~
. ® - 6, _ T-T, T - O f; oo ® : In complete analogy with critical indices describing the be-
i 0, T, n j Arth (2£) ’ i’ ¢ haviour of thermodynamic functions near the critical point we

can introduce nucleation indices describing these functions near
i the nucleation point. Eq.(6) allows us to define the nucleation
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ingg for the ordex pérameter W, in the right vicinity of the
nucleation point x,="lim (Inw,/ln¢ )=1. To the left of ®,
€ > +0
theé order parameter Wy = 03
andlogously to «; sis «k_=0.Thus, the probability W, is charac—
terized by different nucleation indices on the left and on the
right of the nucleation point. At this point W »@) has a frac-
ture (see the figure).
‘The mean spin to the right of ®, has the asymptote

~ »?n‘(x =B ). o -(7)
According to (6) and (7) the magnetization becomes
M=wé~£ (1-2Bee )- . (8)

The asymptotic expressions (7) and (8).describe the so—called
weak singularity with the nucleation index .

B = lim InM/1n =0
* en-'+o( )

—~——

To the left of @,

N 9
M—E En(l B__En)v - ] ( )
1-428

. 2T, ~ (1-4£2)
So, the singularity is also weak: B_ =0.The functions # (8)
and M(®)are continuous at @, ,although they have fractures

im 9M 4 im 9M ’
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The specific heat C=-09%F/9®%has a loap at 0,

In the vicinity of the nucleation point

where B =

there, because

C’“Cz(l"D#n ) - (10)

4 [

here the sign plus corresponds to ®>8,,the sign minus to 0<0,

and the following notations are used: -
{

2 . 2
B. AT, -1-4f  2(6T, +3 -32£))

C+=’F B.pp C—=2€HB"' D+=

¥ fn 1-4£% 2T -5(1-4£2)
2 aogR «
82 2T +1-12#% _ .
D_=B_[ —n -t 1.
_ ~ _ 2 _ 2 - .~
2T - (1-4#2) 1-4¢2
6 “

the left nucleation index «_, defined

. with different -symmetries,

)
'The magnitude of the specific-heat leap is AC=C,-C_=4% B,B_

The relative value of the leap is 2AC/(C,+C_)g0,1. The exis-
tence of thi's leap is very important, since it gives the pos-
sibility for an experimental investigation of the nucleation
phenomenon. In some materials there exist unexplained leaps

in the specific heat. This was reported for instance to take
place in Cdcr §, in the vicinity of the first-order transition
p01n€/29/ 'We think that such leaps could be connected with the
process of nucleation. '

In the example considered above of the heterophases ferro-
magnet with long-range forces the transition from the pure fer-
romagnetic phase to the mixed one was continuous. Because the
difference between the phases disappears at the nucleation
point, the latter plays a role of a critical point. However, -
it is also possible to suppose that for some other models the
order parameter W, can have a break at the nucleation point, ’
corresponding to a discontinuous phase transition. Another exo-
tic possibility is when the free energy is not analytic on the
manifold of nmonzero measure’30/ when W, could be also nonanaly-
tic on this manifold, and in the place. of a nucleatlon_p01nt
a nucleation region should appear. )

In conclusion let us emphasize- the main points: -

1. The existence of the mixed phase is due to a competition
between interactions of an ordering and disordering nature. In
the case of the hetetophase‘ ferromagnet (1)-(3) these are the
exchange and direct interactions respectively. For the model

of a heterophase superconductor “2? these are the Frdhlich and
Coulomb interactions.
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2. The mixed phase, consisting 6f two macroscopic states
needs and additional order parame-—
ter Wy (or Wy=1-w,); which characterizes the relative concen-—

tratlons of pure phases.

3. The nucleation point, being a special type of phase tran-
sitions, permits the definition of nucleation indices. The spe-
cific heat ‘at this point has a break, which can be observed in
experiments. ~

The theme expounded in this paper has been discussed at dif-
ferent time with various people. The authors are very grateful
for interest and advises to all of them, especially to N.N.Bo-
golubov, N.N.Bogolubov (Jr.), H.Capel, D. ter Haar, S.V.Pelet-
minsky, M.Rasetti, R.B.Stinchcombe and ‘I.R.Yukhnovsky.
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