
OOlaeAMH 8HHbl M 
MHG TMTY T 
IAepHbll 

MeClllOlaHM. 
AYOla 

EI7-85·19 

A.S.Shumonky, V.I.Yukalov 

EQUILIBRIUM NUCLEATION ­

A NEW TYPE OF PHASE TRANSITION 

Submitted to "Chemical Physics Letters" 

1985 




·,~ - t t' ..'" ~ 

,.,' ~Iw~~;. ~ lo''',; 

"t') /lo , 
,~, ... 

,~, ~ 

'f .e 
:/.'ó ,{,",r 

1 
"'], 

f'/f.ll(l 

~~ ., 
,I 

~~' 
,t'•.1 r 
t 
II 

~ / I 
/ iruI!!! 

r I 

.J 
'I 

,:~ 

.'~"I",; ~ ·i' ~~.

\ ~' ! 
.> bri 

,~" 

.~I:0:" 
-a' lIoA " i' ,J-"J:, 

d .'( 
"1 

." ,",' 

,I' " 
~", ... '.. 

h~1Ii. 01:1:l\.III.' 
1j,>, iI... 

•.r'Ii! l~ '>1:'1 

,,,t' '!"~ 

\~, 111II­

f 
li/ 
., :l'l 

,,~, 

""1"'[ 

,~ 

'I 

.~ 

\ ~ 

, '"", 

~l :,to 

r 

~if .f'.~ 

~~IR 

"o" (d'/'O \ 

'I li 

'" 

/' 

-' 

The nonequilibrium dynamical processo of hucleation from 
a metastable state is quite often investigated both th~oreti­
cally and experimentally. We can mention in this connection 
severaI experiments concerning the study of supercooled and 

4/superheated states near the superconducting transition/ I ­

and of su'percooled liquides near the crystalization point /5/,. 
There is a number of theoretical works dealing with;~hê kine­
tics of nucleation/6- 8 / as well as wit~ ~he connected prab­
letns of spinodal decomposition-f9 •10/ and of quasilocal meta­
s t ab l e states/ 11/ . 

Ther0 exists also another problem of describing fluctuatio­
nal nuclei of competing .pha s es in eqtíilibrium s y s t ems . The pre-: 
~ence of such heterophase inclusions has been clearly demon­
strated in very different experfments. For instance; there are 
~araelectric fluctuations in ferroelectrics HeI, Del and appa­
rently in RbKF3/12:I t has been found, recordirtg pho t oemi s s i on 
spectra, that Ni below and above Te consists of magnetic and 
uonmagnetic components/ 13/. The neutron coherent inelastic-scàt­
tering technique has been used to prov.e the existence of spin 
wave s in F'e and f-H above Te/ 14,15/which means that in t he para­
magnetic region there are some quasimagnetic clusters due to 
a short-range magnetic order. In several materiaIs, e.g., in 
Pd2Mnln l_xSbx and Pd2Mnln;_x Snx ferromagnetic and an t i f e r r o-: 
magnetic phases c.oexist/ 1'6 .The coexistence of superconductive 
and normal-conductive components can explain an unusual beha­
viour of (SN)x , TaSe3and' NbSe3/ 17/ . 

An equilibrium microscopic theory of heterophase systems 
has béen developed in refs./18-20~This approach has been ap­
plied for dp.scribing crystals~with dissociative lattices and 
-fo r construct ing "the t heory of mel.t í ng and crys tallization/ 21-23/: 
The heterophase model of a ferromagnet/ 24- 26/and a supercon-' 
duetor /27/ has also been advanced'. In the frame of this theory 
fluctuational nuclei of competing phases appear: in the system 
when they are thermodynam~cally profitable, and if not the 
system is in apure phase. The point sep'arating the~e two sta­
tes can be c~lled the nucleation point. The behaviour of sys­
tem near 'such a point was not yet sttldied in detail. 

The aim of the present paper is just an investigation of 
this phenomenon of equilibrium. nucleation. We discuss here the 
physical reasons causing the profitability of heteronhase fluc­
tuations, and we show that the nucleation is a sp,ecial kind 
of ~hase trar:sition~_flossi.b.i~~.ofexper ímenta l obser­
va.t i on of t h s ,'< rQbt. Ií 

I
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In order to comp~~e the heierophase appro~ch with the'usual 
phase-transition theory leç us first remind the basic the~es 

of the lattet one: 
i) a system hav í.ng a phase transi tion s described by theí 

Hamiltonian 'H wí t h t he symrnetry group G, so that t he ground 
state of the ~ystem is macroscopiéally degenerated (in the 
thermodynamic Iimit); 

ii) a spontaneous symrnetry breaking is occurring at the 
transition point; the order~d phase corresponding to the sym­
metry group 01 C à ; 

iii) phase state of a system can be describeq by an orâer
 
parámeter, which is a macroscopic quantity possessin~'the sym­

metry properties ~f this' system;
 

iiii)" the spontaneous break of symmetry occurs ·s.imul taneous­
ly in t he whole volume of the system, affecting a l l, i.t~ par­
ticles. 

~hese propositions can be easily illustrated by a number of 
models' known. We should only mention that there are severaI . 
models ex~biting phase transitions between phases without long­
ranpe order o.r between a disordered phase and a phas e with 
a h'iddan synrrnetry 128/., I 

As we have 'emphas i zed above, real physical systems are not 
generally speaking pure but they can, contain more than one 
phase. It is evident that this contradicts to the thesis iiii). 
An equilibrium heterophase state of a system'will be called 
,later on the mixed phase. It is very important that this mixed 
pqase can exist tn a quite wtde region of temperat~re~, compa­
ring with a narrow criticaI region, where homophase fluctua­
tions should be taken into account. c 

What is mor~ for describing the mixed phase the thesis li1) 
is also unsufficient. Let us consider for illustration an iso­
troprc ferromagnet, the usual order parameter of which is the 

m~~n sp í n per par t c l e t= <N1 .1:. Sr>,enumerating t he : lattice si.;­
, 

í

f 
t es , In t he pa~amagnetic phase thesynnnetry group o f the syste,m 
is SU(2) and f = O, whil~ in the ferromagnetic phas e 't.he -sym­
metry group is U(]) and ':'=0. 'Consequently, the orde'r 'pa r ame-: 
ter f can only distinguish,between the phases with diffefent 
~ymmetries, but for the mixed phase when there is a mixture of 
ferromagnetic and paramaJnetic phases, Wê need to add another 
ma~roscopic parameter/ 18 defining the relative~oncentratiops 
(p robab i l i t i es ) of the phases wi = Ni IN (w 1 + w2 =.0. N i being 
the number of particles in the i-th,phase. In this, way, in or­
der to describe the two-phase ferto-paramagnetic mixture we 
need to introduce twõ order parameters e the méan spin ',i! and the 
probab i Lí.ty of one of phases, for instance Wé; w) . The· -probab í « ... 

lity of the second phase is W. The addí t onaL order pa­íw2:: 1 ~ 

rameter W ;(or .....w2) characterises the phase s t ate of the sysl:ef!!., 

2' .. 

,. -" 
.•;~ 

~l.~ 
s rnce in the pure 'fer rcmagne t i c ~tate W 1 (w2 :: O) , in tre'; mi_'ee 

xed s t.atse W< 1 (w2 > O), and in the pure paramagnetic phaàe w:: O r (w2 :: 1). It í.s clear that two nucleation points shou l d exi s t ,) 
the corresponding-temperatures can be called the nuéleation 

\- - temperatures 8 n and e~ The firs t one ®n is the ,temperature 
at which paramagnetic nuclei appear in the pure fer;romagnetic 
phase.'The second ópe 8ti 1s the te~perature at which ferro­
magnetic nuclei appear in the pure paramagnetic phase. Thus 
the mixed phase exis t-s in the temperature r eg i ou 8 0 <® < ®ti ' 
whére the two order parameters defining this phase should b~ 

rio'ntrivial: l!iO , w2 ~ O.The equa t í.ons f:: O and W2 = O can be 
exploited as the equations for boundary t emper a ture s E>~ ànd 9 0 , 

respectively. As far as there are phase changes at the nuc1:ea­
tion points, these points sho~ld. be regarded as the points of 
phase transitiohs. The right bQundary àf th~ stable mixed' phase 
be i ng de f í.ned by the equa t i on ~:: O co r re sponds 'to a usual phase 
transition. We have to concentrate here on the consideration 
of the nucleation point ®n' where w2;:; O. Let us study t he, pe­
culiarities of thermodynamic characteristics near this point 
using 'the í so-t r op í.c model of a he t erophas e ferromagnee/24-26/. 
The Hamí lton i an of such a model i s a direct sum . 

~ H = H 1 EDH 2 (I) 
/­

f 

of Hamiltonians 

A,1 2 2 > -+ -+ 
H i =-2- NAWi li -~i L J(C-g)Sfi Sgi ' (2) 

.fg 

where A:: Q - 'J12, J ==~. J(f) , Q is an effective direct interac­
f 

t i ori, Th'e Hamiltonian UI' is defined on the space ~1' which is 
constructe~ of wave functions invariant with' respect to trans-
f orma t í ons from the group Uç 1) that s ~l is t he space o f fer­í 

romagnetic states. The Hamí l t on i an H2 í.s defined on the pp'ra­
magnetic space ~2 ,which is the space of SU(2) symrnetric states. 
'I'here f or e , the JÍa,mi I tonian (]) ac t s ih the space ~1 0 ~2. The 
free energy of a heterophase system is 

e· -H /0 
+ F2 

iF = FI , Fi = - N In Tr e • 

The cond i t i on rof. phase equ i Li.b r i.um (identical 
of chemical potentials) can be written in th~ 

aF
--=0, W == w •

1aw 
,• .t -+ -+ " 

/ , 
' \ 

t o the -equa l i.ty 
form 

(3) 

which g i.ve s (~w-1)A-~~l l J (C- g) <S f' S ,,> +
fg 1 giN , i 

2 -+ -+ 
+ - l J (C- g) <S S > = 0/.

N 'fg, f2 g2 
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Generally speaking, the onset of nucl€ation can be of either 
continuous o r d í scont i nuous type. In the first case W

2 
( e ) = o , n 

and W(e ) = l , wh i ch y~ldsn 

2 ' ~ ~

N ~ J(f-g)<Sf1 Sgl>=A, (8=@n)' 

This shows that the existence of the nucleation point qepends 
on the value of the parameter A.or in other words, depends o~ 

the relation between the direct and excnange interactions in 
the system. 

A ca l'cu l.a t í.on of the correlation functíons <Sfi Sgi>can be 
produced by different methods. Hhen the nucleation point eu 
is npt toa near to the criticai temperature, one can use the 
mean-tield approximation, which corresp~nds to an exact ~olu­
tion if J(.) is' the Kac potent~al/26/ .ln this approximation two 
order pa r'amet e r s , w and e = 11: l;must be defined from the two 
equations I 

2w (A - J ~2) = A • 2~= tanh (Jw2~ 18);. , (4) 

the spin is taken. to be one half. A numerical a~alyses of these 
í n éequations makes t ce r t a í.n t ha t the nucleation point 8 Lí s 

in the stab le region only for Ao~ A :s 0.5 J (Ao;; 0.4907J)" being 
the snlution of the equation 

1/2 • 
3Ao (2Ao/ J ) In (1-2Ao/J) 
-- + ------------------ = O •
 

J 2 Arth (2A / J ) 1/2

o

T,.Jhen A ee" Ao.the nuc l.ea t í on point coincides wi th the first-order 
transition point from the ferromagnetic to the paramagnetic 
phase. lf A<A • t~e nucleation point shifts 'to the metastable 
region,of the 

ü
overheated mixed state (see the figure). lVhen 

A ~ 0.5J. then Sn = O• Finally, if A> ,O.5J there is no ~uclea­
tión in ,the system, which is always in the mix~d stat~, even, 
at zerD temperature. 

It is interesting- to examine analytical asymptotic behaviour 
of thermodynamic functions near the nucleation point~ for which 
we have 

-A-­ê- =V AJ -I Arth" 2A • I =.J-. (5) 
n 2 ' J n 2J 

lntroducing the relative tempera tures 

S"-0 T-T 8 -, tn n T = _0 = _.__.;;.;;.0__
f :::---- T= 8 

rt n . - -l-o •8 n Tu- J Arth (2~n ) 
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.Ir' Ferromagnetic phase cpncentration versus temperature
 
{
f 

for different ual.uee of li;:: A/j • The daehed l-ines corres­

1 pond to metastabl,e and .un?table sol,utions. The dotted
 

'11 
.~ l,ine is the l,ine of the first-order phase-transiti,on
 
(.f
··f points. ..
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.and expanding the probability of the para~agnetic phase in 
a power series in (n ,we get , 

'. ' 

W2 
(6 )~ B+€n • 

,;'lo 

2Cl-41~~) 
where B+ = --~-_._---, 

l." ~ 2So .; 5( 1 _ 4 ~2 )
~i .J n 

,', 
In complete analogy with criticai indices describing the be­


" haviour of thermodynamic functions.near the crit~cal point we
li. can introduce nucleation indices describing th€se functions near
~,
 
1& the nucleation point. Eq.(6) al~ows us to define Lhe nucleation
 
,i 
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i~Q~~ for the orde~ pa~ameter w2 in the right vicinity of the 
ntlc;l-e'a'~h;m po i.nt K+ = "Iím (In w2{In (n ) = i. To the Ieft of e n 

(o -'+0 

1. 
. The magn i t ude 0:( the speci:f;ic-h:at Le ap í.s .~p =C+ ­ C_='4 ~n B+~._. 
The relative value of t he Leap ),S 2~C/(Ç,+ + C_) ~ 0,1 • The eX1S­
tence of t h ís leap í s very í.mpo r t ant , s i.nce it .zives' t he po s-: 

th~' order parameter w2= o; the left nucleation index ~_ ' defined 
anal ogous l y to K+ ,"is K_'= O-Thus , hhe probabili ty w2 is .char'ac-: 
tepized by differen~ nucleation indi~es on the left and on the 
r i gh't of the nuc l.eat í on point. At this point W

2 
(8) ha? a frac­

tute (see the figure). 

~r 
) 
I 

sibility Jor an experimental investigation of the nucleati'On 
phenomenon. In some materiaIs there exist unexplained leaps 
in the spec í f í c beato This was report-ed for Lns t ance to take 
place in cdcr2SA in the vicinity of the first-order transitiori 
- I. ' 
poine/29/. We t h í nk that such leaps could be connected ,withthe 

<, 

The mean spin to the right of Eln has the asymptote process of nucleation. 
In the example considered ~bove of the heterophases terro­

~-~ (l-B e
"n + n 

). \ 
~\ 

(1) magnet with -l ong-irange forces 
ro~agnetic phase to the mixed 

the transition from the pure fer­
one was continuous. Because the .' 

A~cording to (6) and ~7) the magnetization becomes difference between the phases disappears at the nucleation 

The asymptotic expressions (7) .and 

•
M == W I: -'" ~ (1 ­ 2 B ( ).c: ~n + n (B) 

(B)describe the so-called . 
I 

po{nt, the latter pIays a role of a criticaI point. However, 
i.t ' is a l so possibleto suppose that for, some other modeLs the 
order parameter w2 can have a break at t~e nucleation point, 

- corresponding to a discontinuous phase transition. Another exo­
weak singularity with the nucleatiDn 1ndex tic possibility is when the free energy is not analytic on the 

8 
+ 

= lim (In M/In e ) = O • 
(-++0 n 
n ~,~ 

manifold of 'nonzero measure/30/,when w2 could be also nQnanaly­
tic on this manifold~ and in the pIace,of a .. nucleation 

4Point 

a nucleation region should appear.· ' 

To the left of El n 

../' Ih conclusion let us emphasize· the main points: 

J.. The existence of the mixed phase is due to, a compe t'Lt i on 
M=f-~'(l-B (),

"n -. n 

I 1 _ 4 ~2 
_ "n._-­

2T ...; ( 1 - 4 f' 2 ) 
n 'n 

where B 

(9) between interactions of an o~dering and disordering nature. In 
the case of tbe heterophase' ferro~agnet (1)-(3) these are the 
exchange anq direct interactions respecttvely. For the model 
of a het~rophase supercoqductor/27/these are the Frõhlich and 
Coul6mb interactions. 

So, the singul'arity is also weak: 8_ = o. The functions ~ ,(f») 
and M(e) ~re continuous at e n ' a l though they 

b I , àM -.L I' aMthere, ecause 1m -­ r 1m --. 

nave fractures 
2. The mixed phase, 'cons i s t i.ng o f 

with different.symmetries, needs and 
two macro scop í c 's t a t e s 
additional order parame­

(n -++0 ri(n (n -+-0 fI(n 
/

The specific heat C = -ea2 F /éH~2has a Ioap at 
In the vicinity of the nucleation point 

8 n• 

,ter w1 (or w2 = 1-w1 )" whi ch 
trations of pure phases. 

char ac.ter.i ze s the relative concerr­

C-C+(l-D+( y;
- - n , -

here t he s í gn plus corresponds to e> en .the 
and the following not~tions are used: 

sign minus 

(10) 

j 

to e <en 

, . 
...lI' 
'/f{ 
I 

~. The n~cleation point~ being B special typ~ of phase tr4n­
sitions, permi t s the defini tion o f nuc l.ea t í.on i.nd í.ces , The spe­
cific heat -at this point has .a break , which can be observed in 
experiments. 

C+ = ~J1 n, C 
-

= 2 ~ B 
',n -

, 

( 2 
B+ 4Tn-1-4~n 

D+ = - r­ + 
~ '1 _ 4 ~2 
"n "n 

2(61'n +3 -32t'~) , , . J , 
2T -5(1-4~~) 

The theme expounded in this paper has been discussed at dif­
ferent time with various peóple. The authors are very grateful 

D... = 
8~2 

B_r _~_~n 
2T + 1-'12~2 
.,_n_, "n 1. 

for interest and advises to alI of them, especially to N.N.Uo­
.go l.ubov , N.N.BogÓlubov (Jr.), H.Capel, n. 't~~ Haar, S.V.Pelet,­

2T n - ('1 - 4 ~2 ) 
~ n 1- 4~2 

n 
minsky, M.Rasetti, R.B.Stinchcombe and 'I.R.Yukhnovsky. 
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illYMQBcxHA A.C., roKanoB B.H. El7-85-19 
PaaHOBeCHaR HYKne~g - HOBYA BRA ~asoBoro nepexoAa 

B paMKax pasHo&ecHoA TeopHH HsyqeH nepexoA Me~y qHcToA 
HHSKOTeMDepaTypHOH ~aSOH H CMem&HHHM COCTOftHHeM, COCTO~ 
HS yDOMRftYTOH ~as~ H MaKpOCKOnHqeCKOH AOnH B~COKOTeMDepaTyp­
HOH ~&SY, Taxoe HSMeHeHHe COCTOftHHft MO~eT paCCM&TpHBaThCft 
KaK ~aSOBwA nepeXOA cneuaanhHOrO THDa. 0co6eHHOCTH TepMOAH­
HaMHqeCKHX xapaKTepHCTHK B6nHSH TOqKH HyxneaUHH H ~HSHqeCKHe 
npaqa~, o6ycnosnasam~e sTOT nepexoA, o6c~amTcft Ha npHMe­
pe DPOCTOH MarHHTHOA MOAenH. 

Pa6oTa B~OnHeHa B na6opaTOPHH TeOpeTHqecKOH ~HSHKH OHHH 

DpenpiiJIT OChte.luiBeHHOro HRCTHT}'Ta IIA8PHWX acc.ne,AOBaHHA, ,llyGaa 1985 

Shumovsky A.S., Yukalov V.I. El7-85-19 
Equilibrium Nucleation - a New Type of Phase Transition 

In the framework of an equilibrium theory the transi­
tion between a low-temperature pure phase and a mixture of 
the pure phase mentioned and a macroscopic fraction of 
a high-temperature phase is investigated. Peculiarities of 
thermodynamic characteristics near the nucleation point are 
discussed. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1985 


