
Ofib8AMH8HHbl P. 
MHC TMTYT 
HA8PHbiX 

MCCJ8AOBaHMM 

AYfiHa 

E17-85-163 

V.L. \I.. !oienov_ '\1. 8tthr.th. ~. '1. Ploki,la 

~THl CT t HA L (;LASS 

11' TilE T R ~ ' SYERSAL ISI "J (; lI Of)EL 

\\'1'1'11 R ·\ ' 1)0 \1 (:() '1PETI'~ (; 

I" TER \CT I()~ ~ 


Submitt ed to "Journal of Phy<;ics e" 


1985 


http:8tthr.th


Aksenov V.L.!!..o. 
structural Glass in th 
Tre.nsversal ••• 
E17-85-16J. 1985. 

I . The solid solution Rb 1- x (NH4)xR 2P0 4 (RADP) of t he order 
disor der t ype ferroelect ri c (FE) RbH2P0 4 (RDP) and ant i f erro
electric (AFE ) NH 4H2P0 4 (ADP ) seems to be a structurally frus
t rated sy stem l i ke the conventiona l magnetic spin glass which 
is especia lly suitable for the expe rimental study of peculia
rities of the glassy phase . Recent ly some experimenta l dat a on 
the phase d i agram, susceptibility / 1- 3/ and the dynamical beha
v iour 14.5 1 of this mix ed crystal have been reported. 

A t heoret i cal estimation of the phase d i agram based on the 
Ising pseudospin model for hydrogen bond systems wi t hin the l 61 
cluster approximati on has been given by Prelov sek and Blinc 
ahd by Matsushita and Matsubar a 17 / .Unlike magnetic systems 
with Ising type coupling this approach takes into account the 
Slater r u les for the protons and become s , therefore , more comp

/ 7licated . In the work of Matsushita and Mat subara ! th e ques
tion of the appearance of a glassy phase r ema i ns open and the 
authors have suggested to map the system with ice-rule const 
ra i nts onto a disordered I sing s pin model with special interac
tions. Such a mapping for a nonrandom system ha s been recently 
investigated by Levstik et al . 18/ , t oo. 

In this letter we consider the phase transitions in t he 
transversal Ising model with random competing interactions 
within the mean-f i eld approximation (MFA) and the v i rtual-crys 
tal approximation (VCA) and discuss its relation to the sol i d 
solution RADP , especially, the appearance of the so-called 
structural glass (SG) phase. 

2. Th e Hamiltonian of the pseudo-spin Ising model in a trans
verse field reads 

H : 	 _OlSx _ (1 / 2) 2J. . SZS Z -2 E . S.z . (I ) 
I ij I J I J j I I 

where the coupling constants J .. are random quantities with t he 
known distributidn function ~tJ). and E j denotes an ex t erna l 
field. The thermal average of S~ l ~an be calculated wi thin MFA 
(E
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For a sufficiently low temperature and small tunnelling cons
tant fl· eq. ( 2) has a solution mj ~O which i s in gener a l inhomo
geneous owing to the randomness of t he J jj . The solution Ill j de
pending on the couplings J jj represents itself a random field 
which may be described by its moments Ill · , Ill . Ill . etc., \"here 

• 1 1 J
the bars denote averages with P( J ) ' 

U
To estimate the phase-transition temperature , let us investi 

gate the stability of the parapha se ( Ill j = 0) wi th respect t o 
a spin freezing. At f irst we consider the poss i bility of a phase 
with mj f, 0 to appe ar. Not e that mj is in general site-depen
dent, e . g ., in an antiferroelec tric phase. Lineari zing eq.( 2) 
in lIl j 

m. = A! J 1Il A = (1I 2 fl)tanh(f} ·/2 kT) (4)
1 j IJ J ' 

and averaging over J i · within VCA, i.e., J . . lIl . :::: T. ~ after 
. f J. ( . 1.1 IJ - IJ J ' the Fourier trans ormat i on assuming as usua J jj t o be trans 

lational invariant), (1 _ AJ )lIl q = 0 , \vhi ch y i eld s t he transi
tion _temperature Tc to a pha~e modul at ed wi th the wave vec t or 
qo' ) mj -. cos qoRj ' we ge t: 

-kT c = (f} 12) I artanh (2 fl I fq 0) , Jq max J q . 5)o 
To es t ima~e t he t r ansition temper a t ure t o t b e SG phase wi th 

m2mt = 0 but i- 0, we use a method / B/ similar t o an appr oach of 
Sherr i ngt oD li o/ in t he me an-fi e l d t heory oE spin glas ses. Squar
ing eq . (4 ) and averaging i n the VCA wi t h 

TiP Di\c nlr J jk J1y Illkllly::l Ill~.\p:::lJ ik . J ik J IP 

we ob ta in 

2(1 _ A 2 J ~ m = O. J = J 2 (6)
2 k 2 i j 

I n eq . (6) we have fur t her suppose d that III 
2II doe s no t depend on 

the si t e . Accordi ng to eq. (6) the pa rapha se be comes unstable 
wi t h r espect t o a f reezing i nto t he SG pha se a t t he t empe.r a tur e 

k T g =- (n 12 ) I artanh (2 n /J2) . (7) 

Now l e t us apply the der i ved est ima tions t o a sys t em, where 
the s ites o f t he mode l ( I ) a r e randomly oc cupied by a t oms of 

k · d B h - 2 A A 2 A B 2 BBthe in A or . T en we ge t J l j .= x AJ j· + x AxBJ ij + xBJ iJ ' 
where x A. xB are the concentrat i ons 01 the components. For 
simplicity we choose J/~-J I~B >0 , J jIl: B= 0 and suppose a s imp l e 
cubic lattice \"ith t he Jnearest ne igh~our interac t ions . This 
yields JqO = J~A l xA - xB ' ,JtA 

= L J S A and Ji - (Jo"A)2(x2 + x ~)/6 . 
The temperatures of the trans i tibn to the FE and AFE p~as e , re s 
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pec tivel y, and t o the SG pha se accor d i ng t o eqs . ( 5) a nd ( 7 ) 
are p l otted i n Fi g . I . 

The s t ati c su scep ti bilit y defined by = 0 may X ik = (;'J mi ' rJ E k) E 
be obt a ined fr om ( 2 ) i f we sub s ti t u te H t by H ~ t E

k
: k 
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An average of t his equat io n within VCA yield s a f ter Fourier 

tr ansfo rma tion 


x c X O(B ~ ) (l _.T X °(H Z) ) - I . ( 10)
4 1 q 1 

To dis cu s s th e susc eptibilitYJ we re s t ri ct ourselve s to the 
cas e o f a 9.1 ass pha s e: m~ = 0 , m2 q f. O and J ~ O .Hi th t he ap_ ____---=-'1 1 q 

pr ox ima ti ons f « :£.J . m . ) 2 ) '" r« ! J--;-)2)::; f(J 2q ) \oJ!1ere f is an 
j IJ J IJ J 2 

a rb i trary func t i on, after aver~ ging the squared eq . ( 2) we get 

2. 2 2 1/ 2 2 2
Q=(1I4) tanh (0 ~ J 2 q ) 12 k T) -n I J , 1 I ) 

2 

govern ing he temperature depend ence q (T). The ave r age of eq . ( 9) 
yi e l ds 

XO (IP) = X ° ltl ). 11 = 'J 2 ) 1 / 2 .• \ 2 q (12)1 Z 
2 3 



The solution X of the system of equations (10 ) - ( 12) is plotted 
in Fig.2. 
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Fig. 3. Calculated phase diagr 
Fig. 2. Susceptibility versus f oy· RAiJP showing the s tabi Zi t , 
temperature at t he concentralimi t s of the pamphase (P) wi th 
tion = 0. 5 fO!° di fferent respect to a freezing i nt o t hexB 
parameters J2 I n. 	 FE~ AFE and SO phases . 

3 . Let us nov! apply the pr esented model t o RADP. To obtain 
a phase diagram like the experimental one the nonrandom tun
neling constant has been chosen a s D / k =7 3 K. Then Tc = 146 K 
for RDP yi e lds J~DPIk = 596 K and f or ADP we a ssume JtD1;-J~D~ 
The couplings between ADP and RDP si tes a r e supposed to be zero . 
The transition terr~eratures f or t his example f ol lowi ng f r om 
(5) and (7) are given in Fig.3 . For t he concent r at ion x = 0. 35 
a glass transi tion temperat ure T about 30 K is obt a i ned i n a g
reement \yi t h experiment . but Tc fs only a l i t tle bi t l ower. The 
calculated pha se diagr am pred i c t s a c oncentrat i on range x 
= 0.35-0 . 65 wh ere a g lass t rans ition occ urs i n comparison to 
exp e rimental r e sults with x:: 0.2-0.8. 

Re cently, the exper i men t s on deuter a ted RADP have been pub
lisbed by Schmidt et a!. 13/. The parame t e rs of our mode l depend 
in ge ner al on t he deu terat i on f rac t ion D. I n case of linea.r in 
te r pola t ion we ge t n (D) = (1 - D)n (0) + on (1) and an analogous for
mula f or J (\(D). The coupling con s tants f or D =< 1 may be obtained 
f r om the t r ans i t ion t empera t ur es T = 218 K f or DRDP and Tc = 
= 242 K f or DADP 11 11 .Assuming f urthir D (0 = 1) = 0 and the coup
ling be t~leen s ites of diff erent kind J~'D)=(,ToA'\D)+J~B(0»)/2, 
we finally Jind f or t he reported concentrations D = 0.71 and 
x = 0. 48: IJol / k « n/k 21 K and J 2 fk::l 240 K. These parame
ter s yield t he g las s transi tion temperature Tg::l 60 K in good 
agreement wi t h experimen t , a lthough t he peak of the measured 
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Fig . 4 . Inverse dieleot- 10 
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obtained by Schmidt SI. ~ 
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susceptibility is rather broad and, therefore, the transition 
temperature is not well defined experimentally. Since for our 
example \Jol «J 2 • we expect the appearance of a pure glassy 
state (~ = 0) and the susceptibil i ty can be calcul at ed from 
(10)-(1 2). 

To compare our results with experiment, \ve use the formula 
fr = f + COX o for the relative permittiv ity, where ( 0 denote s 
a bac~ground susceptibi l ity due t o further ioni c and electronic 
polarizability and C has t he meaning of a Cur ie-Hei s s constant . 
l.Jith the fit parameters (0 = 5.5 and C = 1900 t he function 
f;l is presented in Fir. 4 in comparison wi th the experimental 
curve of Schmidt et al. 3/, The largest devia tions of both curves 
at the t ransition t emperature are caused by the sharp cusp beha
viour of our model as comp ar ed to the observed broad suscept i 
b i lity peak . 

4 . I n conc lusion , the r andom transversal Is i ng model t r ea ted 
wi t h i n t h e MFA and VCA describes some features of the exper i 
ments on the sol i d solut ion RADP at least qualitatively. The 
cons ider ation of the tunnell i ng motion of the proton s s eems 
to us t o be i mp ortant especially f or mean concentr a t i ons ( x ::: 
~ 0.5 ) s i nce i n th i s c ase t he effective inter act i on strengt h J2 
and correspondingly t he glass transi t i on temper a t ure Tg become 
c omparable wi th the t unne lling constant . 

A more real i st ic descr ip tion of RADP requi r es, presumab l y, 
a clust er approximat ion cons i der i ng t he Sl a t e r rules as well 
a s t he t unne l l ing. One also shoul d take int o accoun t the hydroge n 
bonds due to the NB4 groups since t he fr ee z ing of t he bydrogen 
otion in thes e groups is important for the transit ion t o t he 

glas sy state as has been r eport ed by Sl ak et al . /6~ The lat t e 
experi ments also suggest t hat ther e i s no t rue equilibrium 
phase tran s i t ion to t he glass pha s e , and t here f or e, our ca l cu
la tion of the transi t ion temperature Tg s houl d be r egarded a s 
some h in ts where dynamica l peculi ar i t i es may be expec t ed. 6 
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CTpyKTypaoe cTeKno B MOAenH HsHara 
a nonepeqaoM none co cnyqaAm.IMH JtOHJtYPHP~ 
838HMOAeAcTBHHMH 

B npa6naaeHHH cPeAHero nona a a npH6nKEeHHH BHPTYan&
aoro JtPHCTanna ayqacneKW ~asosaa AHarpaMMa H cTaTaqeCJtaR 
aocnp~HBOCTb MOAenH HsHara B nonepeqaoM none co cnyqai
HWMH KOHJtypHp~ B38HMOAeACTBHHMHo 06c~aeTCH CBH9b 
MOAenH c TBep~ pacTBOPOM Rb1_a(NH4)zH2P0 4, .B ltOTOPOM npe~ 
nonaraeTca cnyqaAHocTb no ysnaM pemeTJtH. 
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