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INTRODUCTION 
lll~ 

The study of molecular adsorJltion at)d diffusion in 'zeolites 
and ather porous materiaIs (molecular sieves) presents increas-
ing ipt~rest because of their ,,~ide technical application /1-4/. 

,In zeolites we deal with a three-dimensional array of con
nected micropores with a size ranging from 10-9 to lO-10 m 

o 
(1 to	 IOA) where multilayer, physical adsorption of not toa 

~. 

large molecules from a liquid or gaseous phase ~an take place. 
These micropores are typical for the crystal structure Df some 

'li 'li:. 
.~	 alumino silicates of alcaline elements and in synthetic zeo

lites they form a periodic system of identical cav i t i es ; each 
with various adsorption centers. Usually, macropores of about 
'10-6 m siz~ are also present but their contribution to adsorp
tion can be deduced from the adsorbate mass density by estima
ting the 'total macropore volume. Micropore volume represents 
a considerable fraction (28% in the case of ref. /2/) of th~ 
sample volume and micropore adsorption is highly selective 

" 

.
l' .f to the size and form of adsorbed molecules which gives it 

a great practicai importance. It is also micropore adsorption 
J~ 

which	 presents theoretical interest, since the dynamics andi :r~

' interactions of molecules insid~ the micropores are ~ery dif
ferent fLOm those of gaseous or liquid phases.~l 

'. ) The present paper contains an attempt to describe adsorp
tion in zeolites from a quasi-microscopic point of view. Our 

i model, presented in Sec. 1,_ is a modifi~ation of the widely used 
8as lattice modelo ' 

The mathematical apparatus based on Green function rnethods 
is described in Sec.) and the molecular energy'levels iQside 

"	 the zeolite are obtained and discussed in Sec.2. The expres
sions for the coverage and the adsorption heat are obtained in 
3 and the comparison with the experimental results of ref./4/'r \ is carrie~ out in Sec.4. 

r 

1. THE- MODEL 

J
" I 

For the quantum statistical description of molecular adsorp
tion in zeolites a model based on the following Hamiltonian is 
proposed: 
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a~f3 - The zeolit~ is considered (see 
figo]) as a perio~ical three
dimensional array of N identical 
cavities "i" centered at Ri each~~~ .. • containing N identical sites 
11 a ", where a molecule can be

o 

• adsor'li b ed W1. t h a b ourr energy	 " (I'" •~@~§( • 

•	 

fi 

~ ~. /. •	 The seconp and third terms in 
i-1 o describe transitions of mo
lecules between sites in the~. • - r: ~ J.l.(P,Tl 
same cavity apd	 between near~ ~~~ .. 

;;1. .. .......-; •• ,/ •	 neighbouring cavities, r~spec
tivelyo Lateral (Van der Waals) 
interactions between molecules~~.~~: .. in	 the sa~e cavity ate included 

~ ~ ..
,,/ ••• /. •	 <> •• in 11 , ~	 1

Tne symbols â:t", â. repre
• la IQ I' . sento r e s pec t í.ve Ly the Pau ''1 crea-

Figo 1 ~ion and annihilatián operators 
for adsorption ~r desorption of 

r: a molecule in the site "â'" of	 cavity "'i "'j while n' a :::;: â~a'â 0a 
•	 _ • I , I I 
1S. the operator of the nurnber of par t í c Le s adsorbed 111 (i, a), 
whose eigenvalues ar_e "O" and "1" o Due to transitions between 
different si tes, ~o a is not conserved, but the operator of ·the 

I. ""	 , •total e of par t í c s N.:::;: ~ n 0a corrnnutes wí th, the .Hamí Lrnumb r Le	 o 

tonian H i ,a I 

Ihe Ha~iltonian H describes the motion of molecules in theo 
zeolite field in t~e absence' of intermolecular interaction~ 

Since the energy and wavefunction of a ~olecule bound to an 
adsorption center depe~d on its internaI state, the parameters 
( , t, J, U must be cons í.de red in pr í nc i p l c as average quant í.> 
ties dependent on temperature and other externaI paraméters 
(ioeo, electric or magnetic fields) affecting the internaI 
state of the mol.ecúl.e . The parameters "t " and }'Jn are related 
~o the overlapp~ng of thé wavefunctions of molecules adsorbed 
at different centerso Depending on the sign of "U"', interrno
lecular a t t ract on (U< O) or repulsion (U> O) can be cons i.de-:í 

r ed . The model contains six parameters: N ,(, t ,J" U a nd 
(the nurnber of/near neighbours) allowing u~ to discuss very 
different physical situationso The values of these parameters 
must be determined by taking into account the concrete type of 
zeolite and adsorbed molecules under study and by comparison 
with experimental resultso 

\ 

" 2, 

One could also take into pccount that different centérs ip~ 

side the sArne cavity are not identical by replacing f, t, J 
apd 'U by f a , t af3 ' 'Ja~ and Uaf3 in the corresponding terms of 
H. This consideration is not necessary for the purpose of the 
present papero ' 

h, 

2'0	 GREEN FUNCTION AND THEPJ19DYNAMICAL 'CHARAc'TERISTICS 
OF THE SYSTEM 

The main thermodynamical quantities of interest for the desc
fription~of molecular adsorption are the coverage O (proportio
nal to the mass Df adsorbed substance), the i~oesteric adsorp
tion' heat Q and the heat capacity at constant pressure Cp: 

a lnp ) . aE ao
O=<~, Q	 C :::;: (~) -IlNN (-)

Ia 
>, -NA (a{] O p aI p m 'ai p 

where f3 :::;: l/kI , 11 :::;: 11 (p, I) is the chemical potential, E :::;: < H> 
the internai energy and <... > the grand canonical average: 

Tr{ e -f3(H-P. N) 0.01 
~ <,.0 >
 

Tr { e -f3( li - IlN)1
/ 
To calculate these quantities it, is enopgh t2 obtain the qne
p,arficle connnutator Green function 15/« a o a~~» or its Fourier 
"transform Ia 

: 

Jf'J W 

-->... -+ 

" .... + N........ + ik • (R i - R j ) 
'«a : a ~ >> -+ :::;: I << a. : a o ~ >> e 

a f'J k ca i <= 1 Ia Jf'J' W 

,o, 
where k takes N va Iues in -the first Brillouin z one . The spect
ral intep7ity Iaf3(k, w) is r e La t ed to «âa : â~ » k, W by the 
formula 5, o 

....	 "+ " , .... + 
«aa:af3»k,w+iTJ -«aa:af3»r,.""w-iTJ 

laf3 (k, w) • TJ -+ 0+ -(2)
----~-;.af3 -1 

Now; the coverage O and the i n t e rna I erier gy E are expressed 
by	 51 

1O :::;: - I. r dw I (w)	 '(3 )
N	 -+ aa
 

k
 

NN 110 r 
E:::;: -- +-	 I. r dw {(w - f + t) ~ ~a - (3) - t - J Ó~) II ~ (k, w) , (4)

2 2 -+	 af'J».v.e>:	 . 
-+ Z iko(R.-R.)

where J(k) :::;: J I e I J 
, j:::;: 1 

o 
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3~ ENERGY SPECTRUM 

Th~ equation of motion for the Green Eunction has the forro/5 /
I" 

A A i 
[w + E + Il]«aia; a jf3» cu = -(l-2(1)~(a -(3) 


2"
 

A A + A A+
 
-t I. [«aia ;,3o j {3 » w. -2«n ia 3 íy ; ajf3»wl
 

y I=a 
Z A A+ A A+ A A + 

- J I '2 [«a ky; a '{3>>''''., - 2« n l'a a ky; a'f3 »,.• ] + U ~ «n ,ya, ;a '{3»y k = 1 J J Y 'F a I la J úJ
o 

V.I UJ 

In mean field approximation 

A ... • A + "'. "'+ 
«n. a • a '{3 » ~ (j « a ,a ,~ » 

la ky J ú.l ky Jp ú.l-.. 
and.for the Fourier transform we obtain 

ú.l +E + Il- U(1 (N m- l )] ".;:+- »~ =-L~(a.-f3)-
«-aa' {3 k, ú.l 211
1-.00 

'" "'+ . ~ " A+ 
- t 2 «a ; a (3»k~ - J(k) 2 «a ; a {3 » l~ oyt: 'Y ,ú.l Y Y {,ú.la 

This equation can be solved by means of the orthogonal trans
farmation 

A 
Nm ~ 

«â . a {3 ».+ = 2 A G (k, w) A f3 (5)
a k,ú.l 0=1 ao Il n 

f 

where
 
N m N
 m 
2. AanA am = ~'(n - m) • 2 A A {3o = ~ (a - 13) ,a n
 

a=l 0=1
 

1 Nm 
A 1 = _ ..._; 2 A = O n 1= 1 o a - 1 ao 
,. v'N a= m
 
As a result we ob t.aí.n
 

~ i 1-- 20
G o (k, li)) .= - --'......---+--,
 

2" ú.l + J.l. - E o (k)
 

(6) 
E ci~) = -E + U~(N -1)-+ t(1-2(j) -N (1-2(f)[t+J{k)]~(n-l). 
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In the framework oo~ mean-field 
; I approximation,Eo(k) are the enerE(k} \ 0=0 

gies of the possible states of1
I 

!
a molecule in the zeolite fieldo 

E2(k ) The energy -E + UO(N m-1) + t(1-20) 
corresponds to N(Nin-l) -foldEq Nm<t;6 ) 
degener~t€d states in which the 
molecule -í s Loca Lí.zed at some 
cavíty , The energies É 1(k) cor
respond to N delocalized s t a te s 

I in which the molecule moves from
'i 

one cavity 40 ano~her with quasi
momentum h.k .•Lf phonon-assisted 
transitions rrom one cavity to' 
another are not consínered, ünly

kil,OO] k [1.1',1] llnlecules in. the states E 1(k) 
take place in diffusiono The ener

{~ .oc) { o-c 'J! Jf 'a1f) gy levels depend on (1 and for 
(1 = 1/2 a l L levels coincide o Lf 

Figo 2 t + J(i~) > O there is an energy 
g~ between localized.and de

localized states E &= E 2. - maxE; (k) ::: N (1- 28)[ t + minJ(k)].m 
Figure 2 schemat~cally shows the energy levels in the case 

of a simple cubic latticeo 

I .. IVo COVERAGE. AND ADSORPTlON HEAT 
l. 

~ Substituting (6), (5) and (2) inta (3) we obtain for 
~ 
/. 8 1 1 1 1 

---- =={l - -) + -- ~
i 1.-28 Nm e{3[E2-1l]_l NN m it e,BI E1\ k) -JL] -1
 

)0
 
'Let us suppose that the .adsorb~d molecules are in equilibri 


~ um with a gaseous phase which can be consid~red as an ideal gaso
 

Then Il{p, T) == ~ ln~ + lJ. (T), where -{3JL o (T) depends weak Ly (logao 
rithmically) on To Let us introduce the notatínn 

i.]'l 
;

I 
U(N m-l)

il, lnp 0== --f31l0 '- (3E O ' E O = E - ---, 

U(Nm-l)'l 
2 

E =t--~- E 2.~ == E 1 - N m[ t 4= v':i"J]1 2 

1 3-+
~ and take the 'thermodynami.c a I limit 1:. ~ =-(dko•• , 
!~ N -+ V 

k 
~ 
I, \, 5 
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where v is the volume of the first Bri110uin zone ov~r ,which 
the integration is performed .. To secànd order in J the resu1t 
is: 

fJ 1 ~ 1 ' 1 1 1 
- .ee (1 - -) -----4 -'-J---'-,---~+-----..,.~-). 

1-:2fJ Nrn P {3(1(1-2fJ) ,2Nm Po {3€2(1-2fJ) P o {3(3(1-2fJ) . 
- -2e -1 -e -1 - e -1 

\" t 

tio~ I1m/M (propottional to I fJ } tends 
O. 166778 gg-l as the pressure .tends t'o 

logp = 8.9558 _ 306.30 ~ 
s 

to- a constant limit 
Ps ' where 

P P P (7) If, by compar i son with (7), we take this limit as the value fJ( :: 1/2, t P = Po and (,o = 60 meV, a quite reasonablehen. vaLue ,If (1=(2='(3 =0 expression (7) turns ipto 'the we11-known 
Unfortunately,

s 

-we do not know t he. absolute value õf /l for N2Langmuir isotherms 
t.o cempare 8.9558 with - {3/l01oge Rough estimates of the La s t 

1 ~ , quantity based on the expression af for an ideal diatomic() = (8) f.L 

gas anq N2 molecular constants / 61 show that it changes froro 12Po/p +,1 I , 

to 13 in t he r t emper a t ure interval from 148.7 to 372.,e4K. 

Equation (7) has thrée solutions in the geneta1 case. Ther
modynamica1 equi1ibr~um (minimum of the Gibbs energy at given o.5-l'~ e 
Tand p) cor'r e snonds to the -sol ut i on for which: () --) O as -P -t O, 
() --. 1 as P -t 00. Ànother .un ivers a I f ea t ure of the so t he rms (-7) -,í 

is tha t () --) 1/2 as p -+ ~o(T) (see Eí g., 3). The isoes teric adsorption ~-~ - '"./ 0.4 .... 
heat Q can Qe written as 

....... ...",..0 .
 
. /;. . 

a I1q = _ ( a lnp/po
Q = NA a{3 ({3/l0) + NA q , q = e o + 11 q, a{3' --) fJ, (9) 

0.3 t* _x/-X~e 
Taking into account (7) w~ ob l
 
tain for ~q
 // -,(1 8 1 + ~ 82 + (3 830,5 11 q = - ' , (1- 2(}) , q2 

8 1 + ,&z + &.3 Gr 
(la)
 

whe re'
 ..... 
,.., 

,..,{3 e 1( 1- 2fJ ) 0.1 
8 = u __1_)' e ,
 

1
 
Nm li[Po {3fl(1-2fJ) ]2

-8 -1 
.....P "" 

. {3€--. 3 ( 1- 2() ) , ", 
", p

1 e ". 1 S =- ' 
Fig.3 ryPo 2,3 2N1m Po {3f2 3 (1-2(}) 2 

I -o 2 4 6 8 10 12 14 16 105 Nm-2 
[-e' -1]P , Fig.~ 
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5. NUMERICAL RESULTS AND CO}~ARISON WITH EXPERIMENTAL DATA ~ Figure 4 shows a comparison of experimental data at 1L.8. 7K 
and 174.2K with theoretical curves t aken for Nm > 5, € =+0.05 eV,

In paper 14/a detai1ed investip,ation af Nitrogen desorption l. t = 0.016 eV, U = -0.05 eV, J= 0.005 eV. Exper i.ment.aL po í n t s 
isotherms in Molecular Sieves type 13X bave been performed in have been scaled 80 that the value I1m/M 7 0.16678 corresponds 
a w1de interval of temperatures and pressures: to fJ = 1/2 and Po has been taken equaL to P in formula (7).s5 -2 - 5 -2 .
O.02 .10 'Nrn < P < 20.68· 10 N~ • 78.92 K < T < 374.2K • No optimal selection of the model parameters to fit the expe

rimental data has been performed. The discontinuous line repre~An impdrtant f~~ture of the obtained data is that the mass frac
sents the Langmuir isotherm at T =148. 7K whi ch- is far from 

!. l' ,6 t h e exper1m~nta p01nts.t 7 
'" .:1 ---.". 

T1<: 12< T3 
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Numerical results for the 
• isoesteric adsorption heat q 

are presented 1n fig.5. Since 
for the given set of parame
ters fS« (2«1' q(8} 

lET' 

becomes temperature indepen
dent and can be approximated 
by the linear relation 

q(6) lO - f 3 (1 - 20) , 

Q = 4,0 - 5,20 ( ~ 
mole 

,) , 
(II) 

Fig.S where the temperature depen
dence of p~o has been neglected. 

A rough estimate of the experimental value of Q can be done 
by comparing the values of p of near isotherms corresponding 
to approximately the same value of &n/M and using the formula 

lnPe -lnp 1 
Q e = -kNA ---'--

1/T 2-1/T1 
For example, comparing the values of p in the isotherms at 

248.4K and 273. 16K for which l\m/M = 0.0505 (0 = 0.15) we ob
tain Qe = 3.2 kcal/mole, coinciding with the value given by 
formula (11). The experimental and theoretical values of Q at 
low coverages are always far from the value 1.4 kcal/mole pre
dicted from Langmuir isotherms (q lO)' 

The authors express their gratitude to Prof. V.K.Fedyanin, 
Dr.G.M.Gavrilenko and Dr.Yu.K.Tovbin for very helpful discus-
sions and information. 
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~ na Kpyc X., Pop;pHrec K., POKe P. EI7-85-12 
Mop;enhHoe OnHCaHHe MOneKynHpHOA a.o;copO~ Ha ~eOnHTaX 

Upe.o;naraeTCft BapHaHT Mop;enH pemeTOqHOrO rasa Anft onHca
HHft MoneKynftpHOA a.o;cop6~ Ha ~eOnHTax. UonyqeH. cneKTp 3Hep
reTaqeCKHX COCTOftHHA MoneKyn BHYTPH ~eonHTa, a TaKZe B~aze
H8ft Anft nOKpWTHft H TennoTM a.o;COpO~HH. UPOBOP;HTCft cpaBHeHHe 
qHcneHHHX pesynhTaToB c 3KCnepHMeHTanbHWMH p;aHHHMH. 

PaooTa BMnOnaeHa B naoopaTopHH TeOpeTaqeCKOA ~HSHKH OHHH. 

C~elUle 0&J,8$IIIHeJIBOro KHCTHTYTa 1lA8p1lWX KCcn8AOaaaA. llyGaa 1985 

De la Cruz J., Rodriguez C., Roque R. EI7-85-12 
Model Description of Molecular Adsorption in Zeolites 

For the quasi-microscopic description of molecular 
adsorption in zeolites a modification of the gas lattice is 
proposed. The energy levels of the molecules inside the zeo
lite, the coverage and adsorption heat as functions of tem
perature and pressure are calculated. Numerical results and 
their comparison with experimental data are presented. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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