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The role of gr a in-course fluctuations is known t o be extre
me ly i mportant near phase-trans ition po ints. There are t wo 
ki nds of such f luctuations: homophase (or homogeneous) and 
heterophase (or heterogeneous). The f irs t kind can be inves
tigated by several methods, for ins t ance , by means of the re
normalization-group technique ! l : or the transfer-matrix ap
proach. 

The heterophase fluctua tions can be described by the mic
roscopic statistical me thod sugsested in refs. ' 2- 4 ' ( see al
so '& 1 ). This approach is based on the Bogolubov concept of 
quasiaverages /6' ,which be i ng introduced by one of various man
ners ' 7/. break s the symmetry of a system and allows us to se
parate pure phase s. Having recour se to the concept of partial 
spontaneous restoration of a broken symmetry '8.' one can consi
der phase mixture s. 

The description of possible s t a tes of a heterophase sys tem, 
as it has been shown in /9 ' ,includes the description of meta
stable states too, when the free energy of a phase mixture is 
higher than, e.g., that of a pure state. The whole set of so
lutions cor responding t o stable as well as to metastable s tates 
has been ana lyzed for the model of hete r ophase f erromagnet with 
long-range forces ' 10 /.In this model, however, homophase fluctua
tions are absent at all, while it would be interesting to c~ n
sider the case when they exist in the neighbourhood of hetero
phase ones. And it would be fine, of course, if an exact so lu
tion can be found in such a case. 

The Ising model with a nearest-ne ighbour interaction, being 
general ized i n order to include heterophase fluctuations and 
considered in t wo dimens i ons , satisfies the condi t ions mentio
ned. The heterophase gener a lizat i on of the Ising mode l can be 
done by t he known recipe '2-4 ' .The main question is either such 
a system is stable or becomes me t a stable ; or, maybe , bot h the 
situations are pos sible depending on model parame t er s . The 
answer obtained in the present paper is as foll ows : 

the heterophase t wo- dimensional I s i ng model wi th nearest 
neighbour int eractions can have on l y metas t able s t a t es wh i ch 
occur in a wi de region a round the critical po int. 

We should mention tha t <In attemp t to describe me t as t able 
states for the t wo-dimensional I s iug mode l has been unde rtaken 
by Schulman ! 11;However, he has exami ned only pure states in 
f inite volume, whil e the corresponding me t astable s t a t es have 
disappeared in the thermodynami c l imit. On the other hand, as 

we know / 9~ metastable stat es i n a het e r ophase sys tem are able 
to survive when the thermodynamic limit is taken . 

The Hamiltonian of a two-phase mixed sys tem should be def i
ned in the usual way 1 2 -4 / , H = Ell Hp. where p is th e phase in

p=l,2
dex, Hp acts on the space 1p , and th e t otal space of physical 
state s is ~f = ® 5"p. The probability of the system to be in 

p = 1.2 
a fixed-phase state is wp=~/N, N=N 1 +N2 ' where Np is the 
avera ge numb er of particles in the corresponding phase, N is 
the total number of particles. \.Je use the notation W = WI ' 

=: 1 - w. An equation for W can be derived from the conditionw2 
of the heterophase equilibrium 

e -{3H-~=o. g = - - In Tr e {3e = 1 . ( ) )
aw N 

Th e I sing mode l may be regarded as a limitin3 anisotropic case 
of the Heisenberg model. Thus, us ing the model of the hetero
phase ferromaRne t / lO~we have 

U2 I 2 ~SSH p = N -2 wp --2 w p k i j' (2) 
< Ij> 

\vhere the sum }; me ans the summat ion only over different nea
<iJ> 

rest neighbours; Si = ±1; U is a constan t containing a combina
tion of the direct interaction and the exchange one. The usual 
periodic conditions are assumed. We define the first phase as 
an order ed phase , whose vacuum corresponds to the configura
tion of spins all having the same sign. The second phase is in
t erpreted as an absol utel y di sordered phase whose vacuum cor
r espond s to the spin configuration for which each pair of 
neighbour sites have opposi t e spins ' 7 / . Thus, the spontaneous 
magnetizations of the phases, Mp. are 

MI i O. M2 . O. (3) 

The free energy of th e mixture in the thermodynamic limit can 
be obtained by means of the transfer-matrix eigenvalues ' 12 / , 

since the maximum eigenvalue corresponds to the completely or
dered pha se , while the minimum eigenvalue to the disord ered 
phas e . For the square latti ce we obtain 

g = ~ [w 2 + ( 1 - w)2 1 - 8 (A 1 - A2 ) - e In (2 sin h a 2 ) , 

\"here 

TT TT 

Ap = _1_ ( dLl ( dv'In[cos h2a -(CosLI+cosv')sinha 1. a :;, {3w2 1 
2 P P p p'

2 TT 0 0 
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Define A = ~, T E ~.BY means of (I) we get the equation f or w 
41 41 2A - B 

the phase probability w = 2 • ,,,,here 

4A -B 1  D2 


1 p + 1 sin h a -I 

Bo == { - + (- 1) ( p ) K (cP ) Cot ha p .
p2 sin h up + 1 


. 2 

TT 	 8 sm h a p . cos h a p 


K(cPp ) E 
dv cP = - --- 

<) 1/2 P 4 
o (1 - cP sin~ v) • ( 1 + sin h a )p 	 p ~ 
The spontaneous magne t i zation of the mixed system is 

1/ 8 
M= wL. L	 - (I- 4 ) ( 4) 


- sinhal 


The specific heat per one lattice site is of the form 

Cv = -2/32I[2A(X2 -X 1 )+ X'Y2 -X2Y,1 / [4A-(Y1 + Y2 )1. 

where 

2 B tanh a p - 91 


3 P Bp cosh ap p + ' p ~ 


X p E wp I (- 1) + --- «-1 ) 

sinh 2 a sinh a sin h2
p p 	 a p - 1 

(3 p+' _ ~ . ~i~~J_=-~~__ . dK ( cP p ) ] I . Y ", B t- -X (-1) 

TT 6 p p wp p
dcP(sin h a + 1 ) pp 

To analyze 	the stability of the mixed system we must check the 
a2 

signs of two functions: -~ and ~g = g(w) - g( 1) . \.Je have 
aw 

a2 g 
-2-=2I[4A-(Y, + Y2 )l.aw 

~ g = Aw ( w -	 1) - 8 {A 2 - A, - A + In (2 sin h a 2 )] • 

where 

A = _1_ rdv rdv'ln[ cosh 2 ( /3I)-( cos v+cos v')sinh(/3I)].
2

277 0 0 

The specific entropy i s 

I 	 . 1 
S = A, - A2 + In (2 sin h a 2 ) - 8 [wB 1 - 4A ( 1 - w ) ( w - 2")] . 

The critical temperature is defined f rom (4) a nd i s equal to 

1T =-- (5)c 16 arccos h 1 
4 
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The temperature dependence of the probabi~ity of 
the ordered (f erromagne t ic) phase in the heter ophase 
sys-tem for A::: - 3 (curve V ; A::: -1 . 5 (curve 2) ; A::: 
::: - 1 (curve 3) ; A::: - 0. 087 (curve 4) ; A::: 0. 5 (cur ve 5) ; 
A::: 1 . 5 (curve 6); A::: 3 (curve 7) . Dotted ~ines cor

, r espond to unstable solutions; continuous ones , to meta
stable states . 

So, the criti cal temperature is four times as small as that 
in a pure Ising model. An expansion of L in powers of ( E 

/3e .
'" 73 - 1 y ~elds 

4 V -
2 ( arcsin hI ) 

2 

L=Q 1I8 ( _t) 1I 8 \ ln(_d !1I8 . Q = - - --- 
TT (A + 0.087) 

The specific heat dive r ges for T ... Te as 

C - 8 ( arcsin h 1)3 
In2 (-d.v

TT (A + 0.087) 

The behaviour of the phase probability w obtained by numerica l 
calculations at all temperatures is presented in the Figure. 
The unphysical solutions, for which e ither the specific heat 
is negative or the specific entropy diverges at low tempera
tures, are depucted by dotted lines. The continuous _lines desc
ribe the metastable states f or whi ch Cv > 0 . These solutions 
exist on ly if A >'0.5. The absolutely stable solution corres
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ponds to the pure phase with w =1. This is because the free 
energy of the neterophase system is always higher than that one 
of the pure system. The transition from a metastable branch to 
the 	stable one (or t he inverse procedure) occurs at the nuclea
tion point. The nucleation here is the first-order phase tran
sition. Note also that some of metastable heterophase states 
can have a negative entropy in analogy with the property of 
metastable states in the replica-symmetric Sherrington-Kirkpat
rick spin-glass model / 13 ,14 i • 

We should like to thank A.V.Vedyaev, V.B.Priezzhev and 
I.R.Yukhnovsky for discussions and L.S.Schulman f or the useful 
correspondence. 
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MeTacTa~Hn~Has reTep~asH~ CHCTeMa 
H9HHrOBCKoro THoa 

npeAno~eHa MO~H~poBaHHas MOAen~ HSHHr a . KOTOpaft 
OOS Bo n seT paccMaTpHBaTb MeTaCTa~Hnb~e COCTOSHHS. COOTBe TCT
B~e qaCTHqHO ynoPftAOqeHHOR H qaCTHqHO pasynopSAOqeHHOR 
CHC Te Me . TepMOAHHaMHKa TaKoR CHCTeMY AnS cnyqas KBaApaTHOR 
pemeTKH HccneAOBaHa TOqHO. QTO YAaeTcs cAenaTb. Hcnonbsys 
Me ToA TpaHccllep- MaTpHlO>I. 

P aOOTa B~oonHeHa B na~opaTopHH TeOpeTHqeCKOR cIIHSHKH OHRH 
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