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1. The Bethe-ansatz me thod 1 1-51allows us to reduce an exact 
treatment of ce rtain models in one--dimensional mathematical 
physic s to an analysis of the appropriate system of coupled 
a l geb raic equations . The simplest (but typical) e xample of the 
Bethe ans3tz equations (BAE) is 

j
Aj _ J! N 1 A - Ak - i j' a 1 N 

) = - 11 I • 1; eST ( I ) 
.\ j k= 1 '\ ' -'\k+ j

Jj + 2" 
A solution set I.\ j i i s assumed to cons i st of di stinc t complex 
numbe rs (otherwi se, it is not r e levant to Betheis ansatz). 

If I>' . I i s a solution of (I), then t obvious l y , its complex 
conjugatJe I>'j I is al so a so lution. The aim of t his pape r i s 
to prove a les s trivial statement: 1). , 1. IAjl. The full proof 
of this significant property of the BAE solutions appears to 
be mi s sing in the lite rature. Nevertheless, the equality f)'j I = 
=IAjl has the s tatus of 3 highly plausible hypothesis and ser
ves as a bas i s in any further treat~ent of BAE. For the spec i al 
class of solutions (when lA j l_must contain a s e a of real roots) 
the coincidence of lAj I and 1.\ j I has been shown in 16/. 

2. In the present paper we prove I~j I • \A j I for all solu

tions of eqs.(l) and so~e othe r BAE . When doinr, this we r ely 

ve ry heavil y on the h r e h is tor y of BAE in the contex t of algeb

r aic Bethe '" 5 an s a tz 2. 31 , There f ore , we need here some rela

t ions f rom the quantuo inver s e s cattering f ormali sm . 


The underl ying physical model in the case of eqs. (I) is 

known as the one -d i mensiona l i sotropic Heisenber g magne t o r 

e l se XXX model of spin 1{2. Its Hamil t onian 


N 3 

H 1 I ( I 0' 0 " 1 - I) . • •


°N +1 °1 a= 1 n n+ 2 n= l 

describes N in t eracting spins 1/2 on a pe r iodic chain . The 

Pi\uli raatrices a a. act in t he quantum space V n ::: C 2 associat ed 

with t he s i te n . n \Ie i ntroduce the 4x4 t!la trix 


3 

L (A) • A + 1- l: 0' .. o · 

n 2 a= 1 0 n 


2 
which acts in V0 0 V ( V1)::: C is an Auxil iar!' space), and t h e 

'\C .-, .'q I 
:,~.. -;: . '~ . .l 1 



- -

N 
transfer matrix r(A) - tr (L J A) . . . L 1(1.» acti nr. i n W = n 0 V • 

n _ 1 n 
Each solution IAj I of ( I) define s a vector II A. I> in W which 
i s an eigenve ctor of rC A) for all cOhlplex A,J 

r(A) I IA j l> - 1\(1., I Aj l lllA JI> ( 2) 

with the e i genvalue 

1._ ' . N f _ I\j + i f A- Aj_ i
1\(1., I A. I) ~ (A - 2... ) II A ~ + (A + i.)N n

J 2 j _ 1 (3)
J 2 j= I A _ Aj 

Ve ctors II Aj I > are the eigenvectors of H as well due to 
. d 

H - -l -d A lnr(A )1. _ _ i +N. (4 ) 
2 

The precise defini t ion of ~IA) I > and the derivation of eqs. (2) 
(4 ) can be found in refs. 1 ,3 

To obtain / 21 t he Hermi t ian c onjugate r+(,\,) of the transfer 
r.latrix ~ we must conjuga te L (.\) only in t he quantum. space V . 

nIt means complex conjugatioii of L (A) as a \-Thole and t aking 
a transpose of 0& . In the explicft no tation 

n 
+ 

L (A) _ A_i.(ol ,. 0 1_02,. 0 2+,,3 @ ,,3) 
n 20 nOn 0 n 

it is easy t o observe that 

+ 2 - 2 
Ln (A) - "oLn (A) "0 (5) 

whence it follows that r +(A) _ r(i.) and 

i\(A,I A I) ~ M A, IAI) (6)J J 

for I Aj I obeying (I) and A arbit r ary. 

3. Eqs. (3 ) a nd (6) suff i ce f or pr!!vin g IA j l - IAj l. Substi
t u ting ( 3) int o (6), replacing t hen A by A and getting rid 
of denominators g i ve 

. N -e f 
(1._2... ) 

2 
[ II ( 1. _ 

j_ 1 
A. 

J 
+ i)(I. - Aj) - n (1._ A 

Jj_ 1 
+ i)( A _ .1 . ) 1 = 

J 

i N f 
(A + -) [ n (A _ 

o r 2 j- 1 
A - i )( A 

J 

_ f 
A,} _ II (A _ 

J j_ I 

_ 
A. _ 

J 
j) (A - A) I 

j 

(7 ) 

. N . N 
( 1. _ 2... ) 

2 
(1.) _(.1+ 2... ) 

2 
r ( A -i). (8) 

wher e rCA) is 1... 1 in the 1. 1I .s . of (7) . 

2 

FroCl t he condition 1 ,; N/ 2 in (I) it follows that rCA) is 
a po lynocia l in ~ with t he degree less than N . Therefore, 
f( ~) cannot contain a factor (>. + i / 2) N as it i s pre scribed by 
(8). lie conclude that r( A) = 0, i. e., for any A 

1 1 
n (A _ X. + j) (A _ Aj) = 11 ( A - A. + j) (A - X). (9) 

]_ 1 J j _ 1 J J 

The remainder of the proof follows ref. 16 / If the se t I A. I 
i nclude s real or c omp lex conjugate roots, then t he correspdn
ding fa c tors i n (9) cance1. The other m~Clbers of II.] I form 
a subset IAml C I A ] I such t ha t IAml n IA m l - ~. Le t m- I ..... f'. 
o ~ l ' ::: 1 . Then 

l ' _ f' _ 
II (A 

m= 1 
- A + j) ( A _ 

m 
A ) _ n (A 

m m= 1 
_ A + i)( A _ 

In 

A ). 
rtf 

( 10) 

lim.T choo s e ~p E- l>' m l s uch that IDlAp2: Jm~m ' m = 1 . .... f '.The fac
tor (A _ ~J 1n the l. h.s. of (10) l!I.ust have it s counterpart 
in the r . h.s . But our as sumptions prevent the occurrence of 
such a factor in the r.h .s . of (10). Thp only )Jay out i s Y '~ 0 
lie have shown that IAj I = II. j I. 

As an immediate con s equence, one obtains that the eigen
values i of the local integrals of [olotion 17 ,81 I k are real:

k 

1 k -Ck- I)
1·()k+k I ~- In rCA) i -Ni (k-1)" 

k 1.= _ 
0:=0 

dA 2 

k ~ i (II)
j +. f d __ In 2

lk I II.] I > = ik l lAj I > , lk = - i ~ i );" 
j = 1 dAk 

j Aj - '2 

4. The XXX model admits an integrable general i zation t o 
arbitrary spin s 19,10/ . The L-gatrix takes t he form 

3 
L (A) _ A + i l: "0" .. S", 

n n 
a= 1 

• . h representation of SU(2).\.There Sn are gener~tors in t e sptn-s 
The BAE l ook nO\1 ltke 

A - is Y AJ-~k-i 
( J )N = _ n , j I, ... , 1; f '" Ns (12) 

AJ + is k= l Aj - Ak + i 

and the eigenvalues are given by 

3 



A-A . + i r A_A . _iIN J N JA(A. IAj lJ = (A - is) n ---__ + (A + is) n (13) 
J s I A_Aj j= 1 A_A j 

In compl~te analogy with t he 5 = 112 case, L+(A) ~ I7~L (X) 17 ~ 
T+(A) = T(A). and the key relation ( 6) i s leh unchanged . 0 

Le t us prove the equali t y IA J I s I I. j I f or s y stem ( 12) . In
s tead o f ( 3) we ha ve 

. N N 
(A-1S ) r(A) s (A + is ) rCA-i) 

(14 ) 

with the same f(~) (hm.,lever , the solutions IA j I f or 5 > 1/ 2 are, 
of course, d iffe r en t) . From (14 ) we find t hat rC A) = (A + is) N4>(A). 
.p (A) is a polynomial. lIence r(A - iJ = (A + its _ 1» N.p ( A _ iJ. At the 
s ame time, r( A _ iJl!1ust equal (A _ is)N4>( A) by (14). The re f ore 

(A _ is)
N

.p(A) = (A + its - 1» 
N 

.p(A _ 0 . 

He a r e to repeat thi s proc e dure: .p ( A) = ( A + its _ 1»\ (A) and 
s o on . 	 Finally , 

[ ( A) = ( A + is)N(A + its _ I)) N .. . (A _ it s _ 1» Nw ( A) . 	 (15) 

where 	 wU) is a polynomial obey i ng w eA l = w(A - iJ so tha t w eAl 
,.. const. Remember now that t he degree of t he polynomial rC A) 
(s ee e q . (7» must be s tr ict l y less than 2 1 and henc e less t han 
2Ns . Th i s is cons istent wi t h ( 15 ) i ff weAl = 0 and r( A) = O. 
As i s shown above, r( A) = 0 
that all solut!:ons IAj I of 
spin s obey I A j I = I I. j J. 

5 . 	 The XXZ model 

N 


1 I I 2 2
Ii = - - l: (17 17 I + 17 17 I + ,1,17 17 I)2 n= 1 n D+ n n+ n n+ 

wi l l be one core i llustration of our approach. Let us cons i der 
t he case 11 2. 1 and set 6_ ch y, Y~ O. The essential formulas of 
Bethe' 5 ansatz for thi s model are given in 12/ . We choose to 
deal wi th arbitrary spin s from the very beginning. The cor
responding generalization of the XXZ mode l has been proposed 
i n ref. lUI (see also 1121). 

The BAE now read 

SinHU' j _ iYS> I Sin(AJ-Ak-iy) . 
n .J =I , .. . . I. (16) 

SinN(A j + iys) 0=1 sin (A j - "' k + iy) 

4 

en t a ils IX j I = II. j I. l~e have proved 
t he BAE for XXX model of arbit r ary 

33 

the eigenvalues of the transfer aatrix are 
I sin (A - A j + i Y) 


A(A. IA j I) D sin 
N
( A - i ys) n + 


j= I sin(A - Aj) 


r sin(A-Aj-iY) 
+ sin N(A + iys) n 


j = 1 sin (A - \ ) 


while 	 the r e lations (5) and (6) are l e ft intact. We get 

sin~A - isy) F ( A) = sinN(A + isy) F(A - iy). 
I _ 

where 	 F(A) a ll s in(A-A j+ iy)sin(A_Aj) _r 	 j~ 1 
Le t us show t ha t F ('\)= 0 f or f'S. Ns . 

.I 	 the a symptotic s of (17) f or 1.= -ix , 
- .xp N( x + ys ) and 

I y-i A.F(A)=e 2J' x [ ~I .y- i Aje- ·i Aj _ n . J 
j = 1 	 j = I 

The express ion in square brackets i s 

x 

(17) 
I 
II sin(A-A + iy) sin(A_~ . ) . 

j = 1 j J 

To this e nd we consider 
~ +~ . One has Sin" A ± i ys) _ 

FCA) _ ea x+fJ , a < 2 1. Comparing the asymptotics of both s i des 
of (17) yie l ds a = 2Ns.lle s ee that if I:5Ns, then necessarily 
F(A) = 	 O. 

From now on we again foll ow ref . l SI . Omitting real and comp

_ i A. '" 2(1_ I) • 
e J 1 + v ( . ). 

equal to zero, so t hat 

lex conj uga t e roots, we 
IX I () , ... I = ~ . For anym m 
I' _ 
n s in ( ... - A + i y) sin (A 

III 
m= 1 

Ze ros of bo th s ides must 

are left "lith I'\ml, m= 1, .. .. . f ' ; 
complex A 


I ' 

A ) = 	 II sin (A - A + i y) Sin (A _ A '. m 	 m rrf 

m'" 1 

coincide . Upon choosing Ap Eo 1,\ 1 so 
as Im .\p ~ .Im .\ m we see that ei ther f ' = 0 or there exi s ts "}. q (; 1.\ oJ 
such that Ap '" 'X~ + 2 tTM. M i nteger. By construction / 21 of vec·

! t o r s IIAj I > one should iden t ify the solut ions o f ME ( 16) whi ch 
d i ffe r 	 mere l y by a 2 "M s h i f t . Hence, we have proved IX' · I = I 1. .1 
in t he 	case of XXZ mode l with arbitrary spin . J J 

I n t he other phy sic a l sectors ( A < 1) o f t h is roode l rela
tions (5) and (6) are s l ightly mod ified /21 bu t the proof fo l 
lows the same line of argument and eventu~lly gives IXjl = IA j l . 

I n all t he models considered the eigenv al ues of the loca l 
integral s of mo t i on (I I ) are readily shown to be real. 

Based so le l y on Jormulas (3 ) and (6) , the method for tes 
ting t he e quality IAjl s I Aj l proposed here applies in any mo 
dels l"here the BAE can be viewed as consistency conditions wit!l
i n a diagonal ization procedure for some transfer matrix. 

5 



I would like to t hank L. V. Avdeev , B.-D . Dor fe l, G. V. Efimov, 
A. P. Isaev , N. Yu . Reshe t ikhin , L. A. Takhtajan and r . B. Wiegmann 
for s t i mul ating discussions. 

REFERENCES 

I. 	Be the II . Z.Phys ., 193 1, 71, p.20S . 
2. 	Ta khtajan L.A. , Faddeev L. D. Usp . llat.Nauk , 1979, 34 , No . 5, 

p . 13 . 
3. 	Takhta jan L .A. , Faddeev L.D . Zap. nauch . semin .LOMI , 198 1, 

109, p. 134 . 
4. 	Lowenste in J. H. Les llouches l ectures . Prep r int NYU/TR9 /82. 
5 . 	 Gaudin M. La fonction d' onde de Bet he . Masson, 1983 . 

Nuc l.Phys. , 1983 , 

B220 , p . 13 . 
6 . 	 Babelon 0. , de Vega II. J ., Vi allet C.M. 

7. 	 LUscher I I. Nuc l.Phys . , 1976 , B11 7 , p. 47S . 
8 . 	 Tarasov V. O. , Takht aj an L . A. , Faddeev L. D. Teor .1-1at . Fiz., 

1983 , 57 , p . 163. 
9 . Kulish P .P . , Res hetikh i n N. Yu . , Skl yanin E. K. Lett . Ma th . 

Phys ., 198 I, 5, p. 393 . 
10. Babujian H.lI. Nuc l. l'hys ., 1983 , IlnS , p. 3 17. 
II. 	Kul ish P.P., Reshetikh in N. Yu . Zap. nauch. sernin . LOMI , 198 1, 

101, p .I OI . 
12 . Sogo K. Phys.Le t t. , 1984, 104A , p.51. 

Received by Publ ishing Departmen t 
on 	Decembe r 20 ,1 984 . 

6 

COMMUNICATIONS, JINR RAPID COMMUNICATIONS, PREP RINTS,AND 
PROCEEDINGS OF THE CONFERENC ES PUBLISHED BY THE JOINT INSTITUTE 
FOR NUCLEAR RESEARCH HAVE THE STATUS OF OFFICIAL PUBL ICATIONS . 

J INR Communica ti on and Preprint references should cont ain: 

names and i nitial s of authors , 
- abb rev ia t ed name of the Ins t i tute (JINR) and publi cat ion 

i nd ex, 
- loca t ion of pu blisher (Dubna),• 
- yea r of publ icat ion 
- page number (i f neces sa ry ) . 

For ex ampl e: 

1. 	Per1lUshin V. N. et aL. J I NR, P2-84-649, 
Dubna, 1984 . 

Ref e rences to concre t e articles, included into the Pro
ceed i ngs , should contain 

- names and initials o f authors, 
- ti t l e of Proceedings , introduced by wo rd IIln,lI 
- abbreviated name of the Institute (JINR) and publication 

index, 
- loca tion of publisher (Dubna), 
- yea r o f pub lication , 
- page number. 

For e xa mp l e : 

Kolpakov I . F. In : XI Intern . Symposiwn 
on Nua leap Electronics, JINR, D1 3- 84-53, 
Dubna, 1984, p .26 . 

Savin I .A. , Smirnov G. I . I n : J INR Rapid 
Communicat i ons, N2- 84, Dubna, 1984 ,p. 3 . 



B 0611eAIo1HeHHOM Io1HCTIo1TYTe "Ae-pHWX Io1CCSleAOBaHIo1H Ha4an 
BblXOAIo1Tb C60PHHK "}{pamKUe C0 0 6 l/4 e HUR GHEH" . B HeM 

6YAYT nOMe~aTbC~ CTaTblo1, cOAep*a~He opH r lo1HanbHwe HaY4Hwe, 
HaY4Ho-TexHIo14ecKHe, MeTOAH4eCKHe H npHKnaAHWe pe3ynbTaTw, 
Tpe6Y~He CP04HO~ ny6nHKa1lHH. 6YAY4H 4aCTbKl "Coo6u4,eHHH 
OHRH", CT3TbH, BoweAwlile B C60PHHK, HMeKlT, KaK H APyrHe 
H3AaHHR OHRH, craryc O$H~HanbHwx ny6nHKa~HH. 

C60PHHt( IIKpaTKl-te coo6U4eHH A OHHH" 6YAeT Bt.eXOAHTb 
perYJ1RpHo. 

The Joint Institute for Nuclear Research begins publi
shing a collection of papers entitled JINR Rapid Communi
cations which is a section of the J INR Communications 
and is intended for the accelerated publication of i mpor
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei . 
Theoretical physics . 
Experimental techniques and methods . 
Accelerators . 
Cryogenics . 
Computing mathematics and methods. 
Solid state physics . Liquids . 
Theory of condensed matter. 
Applied researches . 

Being a part of the JINR Communi cati ons . t he articles 
of new col lection like all other publi ca tions of 
the Joint Institute for Nuclear Researc h have the st atus 
of official publications. 

JI NR Rapid Communications will be issued regul arly. 
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