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I. I NTRODUCTION 

The pr ob l em of the three-leve l atom interac ting with t he 
elec troma gne t ic fiel d is the object o f gained ac t ive research 
for the last ten ~ears. It is central to d iscussions of t wo
photon cohe r ence 1.21 resonance Raman scatter i ng and double
resonance processes 1 31, t hree- l evel superrad iance 1 4, 5 ~ two-mooe 
laser / S', three- l evel eChoes l7 l. population dynamics,and spectra 
of a d r iven three- level system I S-ll( 

A number of recent papers has been dedicated to a careful 
considera t i on of the problem of dynamics of a s ingle three
level atom i nteracting with two resonant modes of the radia
tion field . The semiclassical formalism for the treatment of 
this problem has been discussed 112,1 3 ,9 ,10 / . I n ano t her series 
of articles /6. ll ,lo . l6.l? / t he fu lly quant ized the ory has been 
studied. Exact Schrodinger wave funct i ons have been obtained 
For. ~ome s pe c i al initial states 16 . 11 / . In th e work of Li and 
Bei / l5 1 the explicit expression of the evo l ution ope r ator has 
been derived in the interaction pic t ure f or the case of exact 
one-photon re sonanc e . The rigo r ous examinations of the dyna
mical behaviour of level populations and photon numbers have 
been real i zed i n the He i senbe r g picture by Bo go lubov et al. / 161 

for the three-level two-photon lambda configura t ion. On the 
oLher hand the exac t solution of the nonlinear eq uat i on for 
the energy ope r a t or of a few-level atom interact i ng with a 
single mode r adiation field has been obtained by Buck and Su
kUl""!ar 120 / . In th i s paper we shall show that the operator equa
tions for the three-level two-photon ladder configuration 
dctuned from one-photon resonance can be solved explicit l y . 
By using the exact so lu tion obta i ned here we sha ll examine the 
rlynamical behaviour of photon numbers and level populations for 
arbitrary init i a l states of the fie l d . 

The r emainde r of this paper i s organized as fol l ows . Sec
t i on 2 : Model Hamil ton i an . Section 3 : Exact so l ution of opera
to r equations for l eve l populations and photon numbers . Sec
t ion 4 : Time evo l u tion of ph o t on numbe r s and level popUlations 
in the case o f quant um in i t ia l sta t es . Sect ion 5: Time evoluti(ln 
o f ~ho ton numbe r s and l eve l popula tions i n t he case of arb i tra ry 
i ni ti a l f i e ld . Sect i on 6 : Sunnnary . 
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2. 	 MODEL HAMILTONIAN 

We conside r a three-level at om of ladder conf i gura tion ( see 
Fig .l) i n vh ich nonzero dipo l e moments exist onl y .be tween l e 
v e l s 1 and 3 , and 2 and 3. The di pole transit i on be tween l e 
v e l s 1 and 2 is t hus forb idden . Le t t he at om be at res t in 
a loss l ess cavi ty. and i n t e ract with a two-mode radia t ion fi e ld . 
The ene rgy opera tor f or the at om i s 

, S 1i ' 
H =:l: n . R .. • ( J ) 

A J-' I II 

He re , the operator Rjj = 1 j > <j I describe s the po pulat i on o f 
l evel j and tOj i s the cor re s pond ing ene r gy. The a t omi c ei gen
s tate vector s I j> (i = J ,2, 3) fo rm t h e basi s o f t he state s pa 
ce 	of the t hree-level at om 

S 
HA l i > = t n j I i > , <ii i > = aiJ' :l: Ii > <i I = 1. (2 )1=1 

The field Hami l t onian i s 
A 2 ... ,., 
H = :l: tw a+a ( 3)

F 	 a = 1 a a a 

The ope rat or s au I a+a describe ne ar-re sonant mode a of the ra
d i at i on f ield in t he cavity . The corres ponding frequencies of 
t he modes a re wa ,whe re I(wa - lns -oa lll «w a . The a t om-fie l d 
int eract i on is descr ibed in the dipole and rota t i ng wave 
a!> r:' roxi mat i ons / 21 / by 

HAF= t g, (~, R3 1 + ;~ R, S) + t g.(a. R.s+ ;;RS2) . 	 (4 ) 

Here, the ope rator R1j el i> <j I describes the atomi c transi
tion from l eve l i t o level i (i ';' j) The parameters g" are the 
cons tant s of at om- mode coup l ing. Thus , the total model Hamil
tonian of t he "atom field" system i s 

2 
f 

W 2 
I t 3t, -- - - -

t 
w, Fig . 1 . A ladder-ao1lfigumti on 

t hree- level atom intera"ting LJith 
a two-mode near-resonan i radi ati on 
field . 
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, 	 , , , S ~' 2 t '+ ' 
H = HA +11,- +HAF - :E nnj R jJ + :l: ""h aaaa +

j=l a- 1 

(5 ) 


+Bg , (a;HS, + .:R,S) + t~(a.R2S+a;aS2)· 


Note that the operators aiJ = I i > <j I (i. i = J ,2,3) are the ge

ne r a tors of the group SU(3) and obey the following re lat i ons: 


aiJ R.! = a i! akJ' 
(6) 

3 (7):l: Hi = 1. 
1== 1 1 

By using (6) the commutation rules 

[K;j • Rkf1~ K;f akJ - RkJ aif 	 (8 ) 

are qui ckl y e s t abli shed / 4 / . The commutation re lations of th e 

photon operators ia' a~ (a = 1 ,2) are 


[a 	,a+ ~ ~ aaa" [a.; .1=0. [a+. a+,\ = o. (9 ) 
a aa 	 a a a 

Ass uming that there i s exact two-photon resonance , the detuning 
paramet er 8 can be defined as 

i\ = (ns-n,) -w, = w2 - (n 2 - n S) ' 	 (J 0) 

3. 	 EXACT SOLUTTON OF OPERATOR EQUATIOnS FOR LEVEL 

POPULATIONS AND PHOTON NUMBERS 


Star t ing fr om th e Hamiltonian (5) and the commutators (8 ) 
and (9 ) we writ e down the Heisenberg"equ~tions for various ope
rators in t he us ual way , i. e ., ~ :::: {i / h) [H . el. I t is convenient 
to def ine th e s ub s idiary ope ra t o rs 

A, " i(~,iiS1 - ;·,R,S) , A2 ~ i {; 2 R23 - ;; R3::!) · 	 ( 11 ) 

The n.,..the He i senbe rg equations fo r the l e yel-aollulation ope ra
to rs Raa and th e pho t on-numbe r operato rs Na == a;aa ( a .". 1 , 2) are 
quickly es t ab l i sh ed 
. . 
Rll(l) = N, (I) = g, A, (I) • ~22(1) = -~2(1) ~ -g2A2(t). 	 (12) 
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It follows tha t 

NI ( t) - Ru(t} - const ", MI' N2 (t} + R22(t} - const ~ M2 + I. ( 13) 

whe re Ma are t ime- independ ent operators. ... 
By using t he relations (6) the Hei senberg equations fo r Aa 

are found to be 

:kl (t) - -L\ C\ (t) + 2g1 (M 1 + I) [1 - 2Ru(t} - R22( t} J - ~ B{t}. 

( 14 ) .k2(t} - <\(;2(t) - 2g2 (M2 + D} [I - 2R22( t} - RI1( t}] + gl B (t} • 

where 

... ... ... '" .... +...+ ... .... ....... :'+" ... "'... ...+ .... 

B JIii at 82 R21 + at a2 R12, C 1 !! alRSI + at R1S ' ;;;;' a2~S + a R32.
Co2 2 (I S ) 

The operator s B and Ca obey the fo llowing equat i ons of motion: 

li (t} - -gl (il l + I) '\2( t} + glM2 + 1) AI(t} • 

;. A ... ;.. ... ... (16)
C1(t) -6 Al (t) + ~ D(t) • C2( t} c --a:A2(t) - g l D(t). 

where 

6 :i! Hal ~2 R2 1 - i ti; R12)· (17) 

Fina l ly, the He i senberg eq ua tion for the operator b is found 
to be 

).. ... ... .... ... 
D(t) - g (M + 1) C (t) - g (M + 1) C (t). (18 ) 1 1 2 2 2 1

The eq ua t ions (12), (1 4 ) , (1 6) and ( 18 ) f orm a closed li 
near syst em wh ich has t wo f ol l owi ng i nt egrals of motion: 

... 2 ... ... .2 ... .... 
- gl ~ B(t) + gl (M 1 >1) R2i t} + I::!(M2 + 1) Ru(t) - const = K. 

(19 )
gl (:1 ( t) + ~ (:2 ( t) - L\ ! R11(t) + R

22
( t) 1- cons t ~ Q. 

Here ~ K and Q are t i me-inde pe nden t opera tors. I t is easy to 
establish t ha t the operators Ma ,K and Q COTmDu t e with H and ;?ach 
other. Taking into account (19) one can ob t a in from ( 12 ) , ( 14 ) , 
(1 6) and (18) the opera tor p.quations 

';" .... 2 "'2 ... "'2.... "' .... 2 .... 
R11( t) - -{3\ + Ao) 1\1 (t) - 3A1 ~2(t) - L\g l C1(t) + 2A 1 + K. 

(20) 
:.= "'2 2 .... .... 2 .... 2 2 '" 
R22(t) - -{3A2 + L\ } 1\1 (t) - (aA 2 +'\0 + A ) Reit) + 
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• Ag1C1(t) + 2.\: + K - A Q. 

'W :: .... 2 ... .... "2'" ...2 .... 
gIC l (t) -A Ru( t) + AIo. 1!R Il( t} • Rd t) 1-Io.OgI C1(t) +A 1Q· 

( 20) 

He re we have i ntroduce d the notation 

>:'a == gavMa + ] ., Ko BvK~ + K~ . (2 I ) 

To solve th e system of the second- order different ial equat ions 
(20 ) we ought to de t e rmine the eigenval ues of the chara cteris

ti c matrix. Thi s leads to t he f ol l owi ng e quation : 


"'2 '""2 "' 2
X - (3'1 + AO ) - 3.\ 2 1 iA 

det -{aA~ + /:;2 ) X2_(3K2 + A2 + 1\2 ) -iA2 0 
/ (22 )"'2 "2iA (A21 _ )( 2) 1'Ll3.21 X-I. 0 

_x· - 2(3.1~ + A 2) X4 + (3.1 ~ • th 2 X2 _ K~(.ig+ A2) _ 0. 

The s olutions of this equation are found t o be A+ .A_ and 2A 
\'lhe re 

;: ~vl~ . A2 /4. A+ - 1 .M2. :;. c 1 -M2 . (23) 

They are the operators of the f requenc i es of nonli near opt i ca l 
oS l:i l 1ations i n the three- level syst e m/22.1 0,1 1/. Now the sol u
tion of the system ( 20) ca n be presented in the fo rm 

R (t) • p. (l) • P_ (t) + 1~ pet) + R11 (0) .11 
(2" ) 

R22(t) - -1:. (t) - P_ (t) • :i~ pet) • R (0) • 
22

whe r e 

p" (t) -/~+ (co si: . t - I ) • ~+SinA + t . P_( t) c ~JCOsA_t- l) ·~_ si n.\_t . 
( 25) 

pe t) -;. (C052.\ t - 1) + iJ Sin~t. 

The ampl itude operators ~!.;.jJ!.and ~ a re fou nd t o be : 

;. - i1~ Rl / 0) • A~H22(0) -.\g H33(0) + g Ig2 B{O) + 

+ (2 + g C (0) JI / (~2'.>.2 ) .~ [ g C (O)
1 1 2 2 0 


~± - 1i\ ,(0) -R22(0)]:;'~ K:/('\~'\:i±) + gl g2 DcO) (A ~ - :;' ~}/(2.\~Io.\) ± 
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"2" "2" :-""±[A g C,(0) -A, ~C2(0)jl (21. 01.).
2 1

",,, A .... 2 ... 
fl~ Ig "\ (0) - ~A2(0)1/(2AoA). (26)

1

B± ~ IA~ ~ A, (0) + Ai g2 A2(0) II (2\~:;') ! g h[xO) I (:IM±) . 

By using the conservation laws (7) and (13) together with 
eqs. (24) one can obtain 

... "'2"" '" 
Rss(t) ~""\o pet) + Ras(O)' N, (t) ~ P+ (t) + P_ (t) + >-;P(t) + 1\ (0). 

N (t) ~ ~ (t) + P_ (I) - :;'~P(t) + N2 (0) . 	
(27) 

2

The exact solution (24) of the operator equations (20) and the 
formulas (27) r epresent the explicit expressions of time depen
dence for the level-population and photon-number ....ope1'3tors .... 

From eqs. (25) it is clear that the operators A+ ,A_ and 2A 
are the quantum electrodynamic expressions for the two-photon 
Rabi f requencies/l1~ Under ...t h e ...con~ition of one-photon resonance 
we have 11 = 0, therefore A+'" A_ ".A . In this case there are two 
branches of the two-photon Rabi frequencies defined by the Orf-

r ator s 1 and 21 /15.161. It should be noted that the existence of 
t he " rioft br anch" is a characteristic feature of. the three-le
ve l system. Such a kind of osc i l l ation frequencies is absent 
in t he two- l evel system 121, 18,19/. Our present results show that 
the detuning in the case of two-photon resonance leads to the 
s p l i tt i n~ of the "soft branch" to two branches characterized 
by the frequency operators :;,+~:;,+ tJ./2 ,:;,_~:;, - tJ./2. This con
clus i on of the fu l l quanti sed theory is in accord with the re
su l t s of t he semic lassical t heo r y /9.10 . 131, 

4 . 	 TIME EVOLUTION OF PHOTON NUMBERS AND LEVEL POPULATIONS 
IN THE CASE OF QUANTUM INITIAL STATES I 

Let p(O) be a density matrix corresponding to some initial 
state of the lIatom+field" system. Then, t'!1e mean values of the 
level populations and photon numbe r s are given by 

<e(t) ~ Tr e(t) p(O). 	 (28) 

where ~ is RjJ or Na . 
Fi rst o[ all, let us consider a simple but interesting case 

when a t the initial. moment t=, O the atom is on a level i and 
t he fie l d is in a quantum state with defin i t e occupation num
bers ~ n l ' n2> ' Then 

~(O) ~ Ilmol> <lmol l. Ilm OI> ali; n, . n2 >. 	 (29 ) 

6 

One can eas i l y see t ha t t he ini tial state Il mot > is one of the 
basi' S states of the t ota l system. Thus , the density mat r i x 
p(O) has in the bas i s r epr esent at i on onl y one nonzer o element 

plm'I.lm"l = <lm'll prO) Ilm"l> - 8Im' I. lmo I 8Im "I. l rn ol· (30) 

On t he other hand the operators Xa are d i~gona l in th i s r epr e 
sentation. So, for an arbitrary ope r a t or e and arbitrary fun c
tion f( .) we have 

d : f(Xa»-< lmoll ef(~a) IImol>
(31 )

~<Imollel lmol> r«l m o ll~al l m o l» ~<e>f«Xa » ' 

Below we sha 11 use the fo 110win3 nota tion <.f> =f .Now by us i ng 
t he r elation (31) we can obtain from egs. ( 24 ) and ( 27) t hat 

2At _21.1 2 
RIl(t) ~ _2j<+ sin -t- -2j<_ sm ; - 21. , ." sin 2At + RlI(O). 

.2 A t _2At . 2 
R	 ( t) ~ 2j<+ Sm T + 2~_ sm 2. - 2A~~ sm At + R22(0).

22
(3 2 ) 

R3,( t) = 2A~ ~ sin 2At + Raa(O). 

A I A I 
N (t) = _2j< sln2 -±- - 2j< sln2 -=-- - 21.2~ s in2 AI + n 

1 + 2 - 2 ' , 

21.+1 A_t 2


N (t) --2,.,. sin ---211 Sin2 _-+2A22 Il sin At +n2 · 
2 + 2 - 2 

P.ere t he frC'quencies ,\+ ,A_ and 2t\ of the t wo-photon Rabi osc i l 

lations i n the system arc defined by 


1.=,,1.1,+ /';2 / 4 . A. A-1!./2. A_=A-1!./2. (33) 


where 


A0 ~ \ .\I + .I~ . .I , - g 1yn , - R ,/0) + 1. .I 2 ~ g2 "n 2 + R22(O) • (34 ) 


The amplit udes o[ the osci l lalions are round [rom cqs. (26) to 
be 

" ~ ( A~ RlI(O) + .I ~ R22(0) - A~ R33(0) 11 ( 2A~A2 ), 
(35 ) 

"+~ [R (O)- R (0)1.12 1, 2 / (1,2.1>. +). fJ={J ~ fl ~ O. 
_ 11 22 1 2 0 _ +

7 



For the sake of e l i mina ting the above-ment i oned fas t o sci lla	 2
g2(n 2 + I) 	 g2g2(n + 1) (n + I) (40)t ions and ob t aini ng the t ime- average val ues of th e mean leve l 	 1 2 1 21'popu lation s and pho ton numbers, we make t he fo llowing proce	 I' + ~ - -;;-:--=--=--=--

2W~(l0a + II) W20n a+ 11) - W ~(lna +11) W(ln + 1 1"'~lo a + I I) dure : 	 a 

Case 3: Let a t t - 0 the atom be i n t he i mmedia te state J, 
- 1 	 -,t+T 	

i.e., IImol> -1 3: n" n2 ,. In this case we have R33 (0) = 1,l'J ~ - f e(n dt ' , T»A 	 (36 ) 
- R22(0) ~ O. From eqs. (33- 3 5 ) one can obtai n tha t 2T t - T 	 ~. Rll(O) 

for ('J( t) ~ RJ; (t), Na (t), 	 I A-W(n , + 1, n2), A
O

, ± -Wo,± (n , + t, n2 ) , 

The n, in complianc.e with eqs , ( 32) we have 	 (4 1) 
I 


- 2 2 A, - g ,ylo , + 1, A 2 - g 2"°2 , /1 =- • 11 +=0. 

RlI~4+ +1'_ +1.,1' ) + Rll(O) , R22=1'+ +1'_-1.21'+ R22(O) , 	 2W2(n 1 +I ,n ) 2 

(37 )- 2 
R33~ AO I' + Rsa(O) , 

Note that the expressions (32 ) together with (38), (40) and 

- 2 - 2 (4 1) are i n compliance with the resu lts of Kancheva et a l. / 101 

N,~ -{I'+ +1' _ +1. 1,,) + n 1' N 2 -4+ + 1'_ - A21') + n2 • 

and Radmore and Knit:ht 111/ , 

To determine lhe transition probabi l ities of the atom, lCLLe t us pow concretize the initial condition (29) and find 
us introduce the Schrodinger representation with a wavethe va lues of the f requencies and amplitudes corresponding to 
function of the t otal system 1'1'(1», where 1'1' (O»~li: n1 , ° >, Then,t he cases when the atom i s initially in the state 1,2,3, respec	 2
the probabi l ity of finding t he atom on its j th l evel at time tti ve l y , 
a s a result of the transition i -+ j i nitiated by t he n en 
photon field can be defined by t h e formula 1 2

Cas e I . Let at t = 0 the atom be in the unexcited state 11> . 
i.e., Ilmol>~ll ; nl'n2>' In this case we h ave RH(O) - 1, 	 2 

P(I:i~j) - ~ 1<'I'(t) l j; n' , n"1 	 (4 2) 
, , 1 2~2 (O) ~ Raa(O) - 0 . From eqs. (33-35)it fo llows that' 

n 1 '"2 
where

A-W(lna l) , Ao . ±~Wo. ±( l na l). A1 -g1" o" A2 -g2"n2 , 

2 2 2 (38) 1'1'(O»-li; n
1

, "2>' (43) 
g, 0, llt g 20,n 2

I' 	 1'+ - -::--~"--''--''---' 
2 2 	 It is seen t hat under the ini t ial condition (43' t he popu lation2W (ln l) W (lnal) - W~(lnal) w( loa l ) W± (lnal)o a	 RjJ ( t) of leve l j i s equal t o t he probability pet; i ~ j ) . Henc e , 

by using eqs . (3 2 ) together with (3 8 ) , (40) a n d ( 4 1) one canwhere we have introduced the notation 
determi ne the probabilities of va r ious t ransi tions i n the sys
t em. In pa r ticul ar, for t he two-photon ~rocesses o f absorptionW (1n I) = WO(n 1, n 2) =jg~n1 + g~n2'o a 	 (I ~ 2) and emission (2 ~ I ) one obtains /2 / 

W(l n a l )=W(n1,02) -jg~"t +g~n2+6.2/4, 	 (39) 2ilg~n1n2 \ I 2 W+(l na l)t
pet: 1 ~ 2) = 	 sio +I 

2 "'~ (I na i) w(l0a I) W+ (Ina I) 2W± (lna l ) = W±(n, , ° 2) - jg~n , + iY!2 + 6. /4 16./2. 

I W_ Oo I) tCase 2: Let at t ~ 0 the atom be in the upper state 2, thus J 	 a 1 2 1 
+ sin2

---- 2W (ln I) sin [II (I na I) tJ \'IImol>-1 2;n "n ~> . Then, we have R2i O) ~ I , RH(O)-Raa(O) - o. 	 "'_ 00 .,1) 2 a 	 (44)Eq uations (33- 35) in this case give 
2 2 

2g, g2(n 1 + I) (n2 + I) 	 W+ (lna+ l!l t
A - W(l0a + I I). AO,± - Wo, 1 (Ina + II ) , A 1 - g1 " 0, + I, A2 -g2 " °2+ 1, P(t:2 -.I) 'sin 2 + 

W20 n + II) W(l n +11) l~ 2 
o a a8 9 
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1 , 2 W_ (lna + ll )t 1 
+--'510 	 2 ~ W_ (ln a+ 11) 2 - 2W({D +iT)- sin [lI(ln a + 11) tJ ~ ,

a 

For the one- pho t on trans i ti ons 3 '"ta ( a = 1,2) we f ind 

2 2(. 1) 
P (I; I , 3) gl n l Sln2 [W(I. I) tJ, P (~ 2~3)~'i 2+ Sin" [W(loa+1Qt).

a
\\2 (loa I) 	 W2 (I.a + 11) 

g~(nl + l) , 2 ,
SID [\\ (0 I + 1, n2) t1. 	 (45 )pet; 3~ 1) - W2(nl + l ,n2) 

2 
g2 n2 . 2 . 

pet; 3 ~ 2) ~ 2 sm [ W(n +1, " 2) t 1. 
W (n l + l ,n,) l 

The expres s ions (44) and (45 ) are i n compl iance with the re 
s uI ts of Kancheva et a1.1 10 / and Radmore and Knight / U / . 

5. 	TI ME EVOLUTION OF PII OTON NUMBERS AND LEVEL POPULATIONS 
I N THE CASE OF ARBI TRARY INI TIAL FIELD 

Now we con s ider the cas e when t he f i eld is i n iti a ll y in 
some s t a t e de s cri bed by t he density matrix PF whereas t he atom 
is on l eve l i. The t o t a l de ns i ty matri x o f the "atom+field ll 

sys t em i s 

~(O) ~ li ><i Ie P _ 	 (46)r 

I n t he ca s e of ini ti al l y coherent field the ma t ri xPr takes the 
f rom 1241 

P r ~l zI ' z2>< zl' z2 1. ( 47) 

whe r e t he cohe re nt s ta t e Iz t .z 2 ,> i s def ine d by 

2 2 n1 n2 

Iz 
l ' 

z > 
9 -

Iz , l + IZ21 
~ 2 exp(- 

2 n1,n2 

) 
z I z2 

- -- -
- -  -J n

1 
!n

2 
! 

10, ,02 ' , (48) 

I n t he c as e of in i tia l ly chaotic fie ld P 
F 

is 

P 
r 
~ exp(-fJHr) / Tr el<PC-fJ H r )· 

(F) 
(49) 
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Here, the field Hamiltonian HF is given by eq. (3) and fj - l 
is the temperature of the init~al field. 
, It is seen from eqs . (24-27) that the operators ~i (I) and 
Na(l) are diagonal in the state subspa<:-es, 111;0 ,0 > 1, 
112; 0 ,.;>1 and 113;n '.2> 1, i,e . , for e~,\j(I), ~a(~ one has

l1 
, (50)<' , 'If I ' " " 8 - 8 1" lei' , ,1;01,D l; n ,02 >= o',n" n',n" < ;°1'°2 1; n 1 ,02>' 


2 1
 1 	 1 2 2 

Hence, the mean value of ~ in the case of the initial state 
(46) is found to be 

(5 1) <(:> ~ Tr0P(O) ~ 2 db!n IL P(nl' n2), 
n ,n 1 ~ 

1 2 

where <e>in!l2 is the mean value of e in the case of the ini
tial state 1(29) 

<(;>j ~< i;. '.21(: l i; nl,n2 > , 	 (52) 
n 1 n2 1 

and :(n O ) is the weight factor defined by the field density
ll 	2

matrI x p
r 

(53)
P (O I , o2) 5< n

l
, 02IPrlol' n2 >· 

Thus, by using the re l ation (51 ) and eqs. (32) together with 
(38), (40) and (41) one can obtain the mean va l ues of the leve l 
populations and photon numbers i n the general case . In par ticu
lar~ we find 

R j l(t) ~ Nj (t) - NI (0) + 1 ~ 

W+(IDa I) t _ 2 2 2 {
~ 1 - 2 2glg2DID2 _ _1 'sin 2_-;:-__ + 

° ,D{~ Wo(loa I) W(lDa D W+(lnaD 
2 

1 

1 , 2 W_(IDa 1)~ } p(OI' n )8m _+----  2W_ (10a \) 

"" g4 n2 
- 2 1 I -a-l)- 5i0 

2 
01 ,n2~O W~ (I-;;:G--w-;2'-(l n- [ w(l°a I) IJ P (n l , °2) , 

~2(t) ~ ~ (0) - N2 (t) 
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-~ 2 2 2 2 W. (In I) [g, ~n, n2 {I o'"sin .. T__ al --- + :;;:n n =0 w~(lna I) W(lnal)
2
 

"
 

1 ' 2 W_ (Ina I) I o _1 ___ sin2 [ WCl n 1) I]l p(n n ), <.D+ 8m 2W (In I) 2 2W(ln I) a T a (54)- a " 

~ 2 o2 
NRd') = l ~ Sin [W(ln l ) I ] P(n"n2)a 

n , ,"2=O W2(1 na I) 

f or th e case ~(O) = 11> < 1 1 ~ PI' ,whe n the at om is ini t i a ll y on 
oth e l owe!" leve l I . For the othe r case whe n t he ato!" i s i n itial ly co 

on the upper level 2, and the re f o re p(O) = 12><2 1*' Pl " we o btain 

Rll(l) =N t (I) - Nt (0) = 
8 

2g~ ~ (n, + l)(n 2+ 1) W+ (ln + 11) 1 
5in2 _ __a{w_-ll - 2--- - + z 


n , n =0 Wo(ln +11) W(ln + 11) 2 
 LO d1 2 a a 

o N <.D co o "o o 0 ' \\_(In. + 11), ,, I , 2 1 
+ --- ---510 Sin2 [W(ln + 11) III P (n ,n ),

IV (In + 11) 2 2\\ (ln + 11) a r 1 2 
- a a -'" 

R (1) = 1 + N (0) - N ( 1) ~ 
22 2 2 ~ 

2 0 

2g g -(n + 1) (IL+l ) { I \\ (In + 11 ) 1 
1.k.. · 2 + a1 l W2(1~~On--: 11) ;-;;;--:u) Sin - +- 2n .n = 0 ~ , 2 o u a + a 

( 55 )
1 IV_ (lna + l l ) , } 

+ IV_ (In:~ si rt! - - "2'--- P (n, ' ° 2 ) 2 

4 2 
~ g2 (n2 + 1)
:,: _~-=-_ 2

\\ ~(ln a+ ll) W20na + 11) s in [ W( ln a + l lltl P (n" n2 ) , on 1' 0 2=0 co 

g~(0 2 + 1) 
R3a< 1) = l --- ' ' s in 2 [W(ln + II) II P en , n )_ o

n" n =(/>I'2 (10 a+ 11) a , 2
2 " 

ror illu s t ra t i on we calcula te th e t ime var iat i on of t he pilo Z 
1..0 0 ==

ton numbers 8N ~ (t) = N.. {t) - N.. (O) fo r the case when t he at om i.s 10 
in i tially unexc i t e d on levelland th e fi eld is in the s t a t e o N 

<.D 

(47) or (49)_ o o" o ~ 

N 

Z 
\.0 D 

N <.D coo o "o o o 

N 

Z 
<oD 

o N <.D co o "o o o, 

o '" 
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o 
co 

o 
-J 

o '" 
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<.D 
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co 
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cJ 
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co 
~ Ql." 

-<> '" 3 

~ ~ "" II 
~ ' ..,:I <Xl. 
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;.> " :a 
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0... tl 0 "' 

'" ",~N II 
;'>N 

'+_, _;/ <l 
,,;.> , 

-" 
6 o~ ~ 
." 
;.> '" 
N;'> "" "'"" '" 
g~ II 
t» () bIJ

" 0>'" '" ",oiJ (,j Q 
E-1 ~) (h, 

- '" 
~ 

"''"'''t! _ ;'>N 

o ~ ~o~ "" '" ~ .~c.:.... 

O>'t! 
", N 

-<>'" -"'" !§'i-. 
,,;.> 

" 
"",OJ) 
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""' ~ 

"K"'""g II 

~ ~ 1 r::.CJ. 
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" ...... " ~ () I 
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5.1. Initially Coherent Field 

In 	this case, according to (47) and (53) we have 

_ _ _ °1_°2 
pen ,. n

2
) = exp[--{n , +n2 )]D, n. / (n, l n2 1). (56) 

- 2 - 1 12 	 .Here nl.. = IZll • D2= Zz are the mean photon numbers 111 modes 
I and 2 , respectively, at the initial time t_ o. 

Substituting (56) into (54) and by using (39) we can now 
calculate the time evolution of SN 1(t). oN2(t). The results of 
calculation for the case Ih = g2 = g , Il = 0, til =DZ = 5 are 
shown in fig.2. The revivals and collapses of the two-photon 
Rabi oscillations are exhibited . Such a behaviour has been pre
diced fo r the coherent-state Jaynes-Cummings model ( see Eberly 
et a 1 / 25/ and references therein) and also for t he three-leve l 
two-mode lambda configuration by Li and Bei / 15/ and Fam Le 
Kien et a1 / 171. 

:J . 2. Initially Chaotic Field 

In this case the weight 
( 3) 

. .and 5 , 15 given by 
factor P(n .n )

1 2 
according to (49) 

P(n • n )
1 2 

= Z- 1exp[-{:l(!i", n + li w n ) 1. 
1 1 2 2 

(57) 

where 

Z-1~ [1  exp(-/31i w,) III  exp (-/3!i w
2

) 1. (58) 

The time behaviour of aN} (t) and SN2(t) ha s been calculated 
fo r g 1 = g2 ~ g , tw /3 = nw2fJ = 0 . 2, il = 0 , and is plotted in 
fig . 3. The long-tim~ and chaotic character of the revival i s 
noted . 

More detailed investigation of the revivals and collapses 
i s the subject of a future publication . 

6 . 	 CONCLUSION 

Thus , in this pap e r the operator equations for the three
level atom of the ladder configuration interacting with two
mode radiation fie ld de tuned from one- photon r esonance has been 
solved explicitly. The qu antum e l e ctrodynamic exp re ssions of 
two-pho ton Rabi frequencies have be en found. The time evolution 
of the phot on numbers and level populations has been examined. 
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OHRH", CT aTbH, BoweAwHe B CfiOPHHK , HMetOT , KaK H APy rHe 
H3AaHHR OHRH , c Ta Tyc O$HLlHal1bHblX ny6I1H KaLlHH. 
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