
• 

Об1tВАИИВИНЬ11 
ИНС·ТИТУТ 

RAB РИЬI Х 
MCCJBAOBaHMI 

w АУбна 

El7-84-673 · 

N.N.Bogolubov Jr., Fam Le Kien • 
A.S.Shumovsky 

PHOTON STATISTICS 

AND ATOMIC DYNAMICS 

IN А THREE-LEVEL PLUS TWO-MODE 

MODEL 

Submitted to "Physics Letters А" 

•мoscow State University 



" J 

' As is well known , the three-level system is the most useful 
model in the study of resonance phenomena in atoms (or molecu
les) and has been extensively discussed in papers / l-7/ and re
ferences therein. In the last time the efforts have been direc
ted towards the investigation of the behaviour of а three
level system interacting with а two-mode quantized radiation 
field / З-7/, The dynamics of this model is examined rigorously 
in ref / 61 • The novel properties exhibi ted in the case of the 
initially coherent radiation field are obtained in / S-7 / , In the 
present paper we discuss how to obtain information about the 
photon statistics when the dynamical behaviour of the system is 
known. 

The three-level atomic model considered here is shown in 
the figure . The upper level 3 is connected with the levels 1 
and 2 Ьу dipole transitions whereas the transition 1-2 is forbid 
den. The Hamiltonian describing the inte r action of the atom 
with the two-mode resonant radiation field in RWA is / S, 6 / ' 

3 .... 2 .. ".. ,... ' t 2 ,.. ,... """'+,... 
Н = :I. hП. R .. + I. . nwa а; а а+ I. ga (а а R За+ aaR аЗ) 

J=l J JJ a=l a =l 
( 1 ) 

Here, the operator R jj = Jj > < j 1 describes the population of 
level j with the corresponding energy inj and the state vector 
Jj > . R i·· = Ji > < j J (i f, j) is the tr ans ition operator from level 
j to le~el i. The operators R .. , i,j = 1,2,3 are genera tors of 

/ 6 1 1J 
SU(З) group and оЬеу ' 

з А 
I. R ·· =l . (2) 

i = 1 11 
RijRkf = Rif 0 jk • 

А """+ The photon operators а ,а describe 
--...... ----.....,r---3 two modes of the radiaatio~ field with 

(J.)1 

w2 
the resonance f requencies wa = П з- Па , 
and ga are the corresponding a tom-mode 
coupling. 

Let us deno te the photon-number ope-
-----'L--2 """ "" .... .... rator of tТJode а Ьу_ Na, Na = а~аа • Then, 

the ~hoton-nu~ber statistical moments and 
the correlations between the modes are de-

• А m Ak А t 
fшed Ьу Na and N1N2 (m,k, f=l,2 ••• ), 
r espec tively. 

--~-----~! ·~ Energy level_ structure of the atomconsidered. 
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It can Ье shown that · the operators Na(t) - Raa (t) , а = 1 ,2, 
commute with the Harni1tonian (1) and with each other. They a re 
therefore constants of rnotion 

N a(t) - R aa<t) =М а = const, а= 1,2. (З) 

For the operators of the rn-th order statistica1 rnornents 
N:(t) of the photon nurnbers . we obtain frorn (З) the equation 

m 
"ffi 
Na (t) 

~ m 1 "m-q,.. q 
q=O a!(m-a)!Ma Rщz (t). (4) 

With the help of the re1ation (2): Raajaa = Raa we can rep1ace 
in (4) а11 Rda with q = 1 ,2 ... , rn Ьу Ra~· Then 

Nm<t> = 1см + 1)m- мm IR (t) + мm 
а а а = а 

( 5 ){ 

An~1ogo~s1y, the equation for the operator of rnode corre1a
tion N f ( t) N2f (t) is found to Ье 

N~ (t) N;(t) = м; м; + м~ 1см2 + 1/ -м; 1 ii22Ct) +м; 1 см1 +1>~< -м~IR'н<t>. 
(б) 

where the re1ation (2): RвR2z=O and eq. (5) have been used. 
Let us introduce the fo11owing characteristic function ope

rators 181 

x<t1 .t2 > =exp[it1N1Ct) + it2 N
2

<t>J. 

Х <t> = ехр [ i~N (t)]. 
а а 

(7) 

(8) 

Frorn (5) and the definition (8) of the characteristic function 
operators Х (t} of the а -th rnode photon distr i bution we find 

а 

х (t} d exp(itM ) 1[ exp(it)- 1] R (t) + 11. 
а · а аа (9) 

Using this equation together with the re1ation ( 2) we can obtain 
for th1 •. charac teristic function operator ~(tl't 

2
) of the j oint 

photon distribution the expression 

x<t1.t2 > = expCit 1 м 1 + it2м2 > х 

х 1 [ exp(it1)- 1] Rll(t) + [ exp(it
2
)-1] R

2
:{t) + 11. 

( 1 О) 

2 
sJ;< 

"' 

к 

"""m "'" k "'f " N9.te, that the tirne dependence of N aCt) ., N1 (t) N2 (t), xa(t) 
and x<t1 ,t2 ) described Ьу eqs. (5), (б), (9) and (10)~ respec
ti ve1y, is inc1uded on1y in t,!le popu1ation operators Raa(t) 
(а = 1 ,2). All the operators Maare constant, diagona1 and defi
ned Ьу, accord ing to (З) , the expres s ion М а = N а(О) - R (О). The 
exp1icit expressions of the tirne-dependent popu1ationa~perators 
R (t) have been found in .ref. 161. They are 
аа 

А А А ,.. А "2 А А А А А 

R11(t) = IL 1 (cosЛt -1) + {31 sinЛt +Л 1 I!L 2 (cos2Лt -1 )+ {32 sin2Лtl + Rн(О), 

( 1 1·) 

R22(t) =- ; 1 (cos~t-1)- {1 1 sinA t + ~~I!L2 (cos2At-1) + fJ 2 sin~tl + R22(0). 
1 

Here, the frequency operators ~.~1 and ~2 are1 5• 6'1:Aa =gayMa+l, 
А "2 "2 f А А А А 
Л=vЛ 1 +А 2 • Т~е "arnp1itude operators" 11р 11 2 , {3 1 and {3 2 are 
defined Ьу the initia1 conditions/6 / 

,. 2 :'2 " "2 " "2 " 2 " "-4 11 1 = 1 Л [Л 2 R11 (О) - Л 1 R22(0)] + (Л 2 -Л 1 ] К 1 Л , 

"2 " " "4 -1 
11

2 
=\Л [1- !R33(0)] + К 1 (2Л ) 

,.. ,... 2 ;.. ,.. 2;.. "-3 ,.. ;.. ;.. . ,... з -1 
{3 1 = IЛ 2 Rll(O) -Л 1 R 22 (О)IЛ , {3 2 =1R 11 (0) + R 22 (0)I(2Л ) 

Here, К is the constant of rnotion / 6/ 

,... А А+ ,... А+ А А А 2" А2 А 

К= g 1g2la1 a2~R21 + а1 а 2~121- Л1 R22- .\2 R11 = const, 

and the first derivatives R (О) оЬеу the equations 
а а 

.... ,.. .... ""+ ,.. 
Raa (О) = iga[ аа(О) R3a (0)- а а (О) Ra 3 (О)], а = 1,2. 

Thus, forrnulas (5), (б), (9) and (10) allow us to obtain the in
forrnation about the photon statistical properties when the dy
narnic bfhavi~ur of the level popu1ations (11) is known. 

Let р(О) Ье а density rnatrix corresponding to sorne initia1 
state of the atom-fie1d systern (1). Then, the characteristic 
functions )((t1[ 2) and xa(t) can Ье defined as 18 1 

x<t1.t2) = <;<e1.t2) > ='frx<t1.t2);(0). 

х2 (t} = <x
2
(t) > ~ х(О, t). 

(12) 

х 
1 
<t) = < х 

1 
<О > = х <t. о). 

They are connected with the photon distrib~tions Pt(n1,n2) and 
Р ~) Ьу the re1ations 
ш 

x<t1 ,t2 ) = ~ exp(it1 n1 + it2 n2) Pt (n1, ~), xa<t> = ~ exp(itn)Pta(n), 
n1, n2 n (13) 

3 
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which a11ow us to get the 1atter if the former is known. 
Be1ow we consider the specia1 case when at t=O the atom is 

on 1eve1 1, and therefore 

р (О) = 11 > < 1 1 ~ Р F' • ( 14) 

А 

Here, PF describes the initia1 state of the fie1d. 
Then, Ьу using eqs. (10) and (11) the characteristic func

tions (12) are found to Ье: 
00 

x<~l'~2 ) = I. _ P(n 1,n 2) е.хр[~1 (nc 1) +i~2 n2] х 
npo 2-0 

х 1[ ехр (i~ 
1

) - ]) R
1 

(t) + [ ехр (i~2 ) - 1] R
2 

(t) + 11 , 
о1о2 о1о2 

х1(~) = I. P(n1 ,niexp[i~(n 1 -1)]/[exp(i~)-1]R 1 (t)+11, 
о 1 , о2 =0 , о1 о 2 

х<О= I ' P(n,n)exp(~n2)1[exp(i~)-1]R2 (t)+11, 
2 _ 0 l 2 о 1 о 2 о1'~ - '1. 

where 

4 2 2 
R1o о (t) = 1-- g1g2nl(n2+ 1) 1 2 

2 
-- sinЧ t ..j 2 2 

[g1n1+g22(n2+1)]2 2 g1n1 +g2(n2 +1)] 

R2 (t) 
о1о2 

' g1n1 
[ 2 sin

2 
[ t ..j 2 g1°1 + g~(n 2 + 1)]2 g1°1 + g1(n2+ 1)], 

4gfg~nl(n2+1) sin4[ ·~ -Jgfn1 + g~(n2+1)], 
[g~n1 + g~(n2+ 1)]2 

(15) 

(16) 

and t~e weight factor P(n 1 ~2 ) is an initia1 distribution func
tion of the photon numbers 

P(n1 , n2 ) = < n1 \ n2 1 pF 1 n1 , n2 >. 

Corresponding to (15) the photon distribution functions 
Р1 (n1 , n2 ) , Р11 (n1 ) and Р12 (n 2) are 

pt (n1, n2) = P(n1 ,n2)R1o1o2(t) + P(n1+ 1, n2 -1) R2o1+1~-1(t) + 

+P(n1+1,n2)[1- Rlo +1о (t)-R2o+1o (t)], 
1 2 1 2 

4 

( 17) } 

р t1 (n1 ) I р t (n1, n2) 
n 2 = О 

I 1 P(nl'n2 ) R1 (t) + 
о 2 = 0 °1°2 

+ P(n1 + 1,n2)[1-R1n1+loJt)JI, 

pt2 (n2) I Р1 (n 1, n 2) = I IP(n 1 , n2-1)R 20 0 _ 1(t) + 
n 1 =О . llJ =О 1 2 

(18) 

+ P(n 1 , n2 )[ 1 - R 2о 1 о 2 (t) ]1 • 

Here , the re1ations (13) have been used. It is c1ear from (18) 
that R10 0 (t) , R20 0 

(t) and R30 0 (t) = 1- R1n
1
o (t) - R 2n

1
o (t) 

12 12 12 2 2 
are the probabilitie·s of the processes 11, n1,n2 >-+ 11, n1, n2> , 
l1,n1 ,n2> --12, n1,-1,n 2+ 1> and l1,n1,n 2>-+l3,n1-1,n2 > , respec-
tively. Their expressions (16) are in agreement with the re
sults of / 4•7/ . Now, we consider some consequences of the results 
obtained above. 

Once the characteristic and photon distribution functions 
а~е known, it is easy to compute the statis .tical moments 
< N~(t) > Aof t_!le photon numbers of the modes and their correla
tions < Nf(t) N~ (t)> Ьу using the relations 

""m 
00 

m 
< N (t) > = I. n P 1a(n) 

а о=О 

а т 

a~(~)m Ха(~= О), 

Ak. А f 00 k f 
< N

1
(t)N2(t)>= I. n 1n 2 Pt<n1,n 2) 

01' 02=0 

. (k. +f) 
д 

a(i~/ а(i~)ТХ (~1 =0,~2 = О). 
2 

In particчlar, we find 

00 

<N1 (t) > I. Р (n 1, n2) 1 n 1 - 1 + R1 0 
(t) 1 , 

n 1 ,~=0 ~ 2 
( 19) 

< N2 (t) > 
00 

I. P(n
1

, n 2) 1 n 2 + R20 (t) 1 , 
ol' о 2 =0 1~ 

and .. 
А2 00 2 

< N
1

(t) > = I. P(n
1
,n

2
)1(n1 -1) + (2n 1-1)R 10 0 (t)l, 

· о 1,п 2 =0 1 2 

А 2 00 2 
< N

2
(t) > = I._ P(n

1
,n

2
)1n 2 +(2n2+1)R20 0 (t)l, 

Dl' 02-0 1 2 

< N1(t)N2(t)> = ~ P(n 1,n2 )1(nг1)n 2 +n2R10 0 (t) +(nг1)R200 (t)l. 
п 1 ,о 2 =0 1 2 1 2 

(20) 

5 
~ 



' 

Note, that the formulas (19) and (20) can Ье also derived di
rectly Ьу using eqs. (5), (б) and (11). 

Let two modes of the radiation field Ье initially uncorrela-
ted. Then, we have ' ,.. 

; F = PAFI Q ;F2 ' (21) 

and, according to (17) 

P(npn2 ) = <ntl PF
1

1 n1 > <n2\ PF
2

1 n2> = Pl (nl) Р2 (n2) • (22) 

where PFI and PF 2 describe the initial state of mode 

de 2, respectively. It is easy to see that for t >O 

and. mo-

Pt(n
1
,ni-# Ptl(n1)Pt2(n 2), <N1(t)N 2(t) > -# < N1(t) > <N 2(t)> 

in spite of (22). These .differences imply the appearance of cor
relation between the rnodes because of the interaction with the 
atorn. Finalll, we note that the rnean photon nurnbers calculated , 
in refs. 1 ~ 6 for sorne particular cases of initial field state 
are in agreernent with our rnore general result (19). 

Thus, in this paper ~he relations (5), (б), (9) and (10) bet
ween the photon statistical characteristics and atornic level 
populations are estaЬlished and exarnined rigorously. The cha
racteristic and photon distribution functions l1ave been found 
for the case of the initially unexcited atorn. Further discus
sion will Ье rnade in а future puЬlication. 
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В Объединенном институте ядерных исследований начал 

выходить сборник "Hpamкue сообщения ОИЯИ". В нем 
будут nомещаться статьи, содержащие оригинальные научные, 

научно-технические, методические и nрикладные результатЫ, 

требующие срочной nубликации. Будучи частью 11Сообщений 
ОИЯИ11 , ' статьи, воwедwие в сборник', имеют, как и другие 
издания ОИЯИ, статус официальных nубликаций. 

Сборник 11Краткие сообщения ОИЯИ11 будет выходить 
регулярно. 

The Joint Institute for Nuclear Research begins puЫi
shing а collection of papers entitled JINR Rapid Communi
aations which is а section of the JINR Communications 
and is intended for the accelerated puЫication of impor
tant results оп the following subjects: , 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. 
Experimental techniques and methods. 
Accelerators. 
Cryogenics. 
Computing mathematics and methods. 
Solid state physics. Liquids. 
Theory of condenced matter. 
Applied researches. 
Being а part of the JINR Communications, the articles 

of new collection like all other puЬlications of . 
the Joint Institute for Nuclear Research have the status 
of official puЬlications. 

JINR Rapid Communiaations will Ье issued regularly. 
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