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The proЬlem of dynamics of three-level atoms interacting 
with the electromagnetic ~ield ha~ been the subject of gained 
active research for last ten years (see/1-11 / and references there
in). It is central to discussions of two-photon coherence / l,2/ 
resonance Raman scattering and douЬle-resonance processes / 3/ , 
three-level superradiance l 41,two-mode laser / 5/ , three-level 
echoes /б/, etc. 

А number of recent papers / 5,7-11 / has been dedicated to а ca
reful consideration of the proЬlem of dynamics of а single 
three-level atom interacting with two resonant modes of the ra
d i ation field. The semiclassical formalism 7or the treatment 
of this proЬlem has been , discussed in refs. 1

-
91. In ~nother 

series of articles / 5•10•11 1 the fully quantized theory was stu
died. Exact Schrodinger wave functions were obtained for some 
special initial states / 5/. In ref. /IO/ the explicit expression 
of the evolution operator in the interaction picture was de
rived. The rigorous examinations of the dynamical behaviour of 
level populations and photon numbers have been realized in the 
Heisenberg picture111 1.rn the present letter we shall der i ve the 
time dependence of atomic transition operators and photon ampli
tudes as an exact solution of the equations of mot ion, taking 
into account а, detuning of near-resonant modes. We shall discuss 
also some interesting consequences of this solution. 
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Ener>gy-Leve 'L and t r>ansition 
s tr>иcture of the mode'L con
sider-ed. 

Consider а three-level qtom 
(see the Figure) in which non
zero dipole moments exist only 
between levels 1 and З, and 2 
and З. Let the atom Ье at rest 
in а lossless cavity and inter 
act with two modes of the quan
tized radiation field. The mo
del Hamiltonian of the s;.stem 
under consideration i/1 , ll / 

Н =НА+ HF + HAF' ( 1) 

. Here Н А, Н F describe the 
free atom and free field, res
pectively, and HAF describes 
the atom-field interaction in 

the dipole 
3 

and rotating wave approximations 
2 2 (2) 

1 Н ", = ~ "*mah~ba, .H AF =. . :I .• ~:fi~~g _ <ьаRЗа+ а=н~ ь ,, ... . .. - .. ' "'d= t •' 
,~ .. .... , .. . . , r•t • • t J15'!t~Ш~I 
lto ;i.:. "" t : i . t .. "'... • ~ ' ' • • '"' .. 

~- - 1 . ··т ,..· · ·· А ~ ;:, ~t_::.!,_ ... .; ~J '"' 

Н А = ~ 1i fl . R .. , 
j = 1 J JJ 
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Ьа Ra3) 



.. 

@ 
~ 

Тhе operator R .. = 1 j> <j 1 describes the population of level j. 
The operator R.. = 1~i > <j 1 (i #j) describes the atomic transition 
from level j t~1 level i. The vectors of atomic eigenstates 1 j > , 
j = 1,2,3, form the basis of the state space of the three-level 
atom 

. 3 
НА 1 j > = 1i 0 . 1 j > , < i f j > = о . . , ~ 1 j > < j 1 = 1 • ( 3) 

. J IJ 
j=1 

The operators R .. (i, j = 1 ,2,3) оЬеу the following rela-
tions 1 4•Гl/ : 11 

3 
R .. Rko = R .o a··k• ~ R . . = 1. (4) 

1) L IL J j = 1 J ) 

The operators Ь: , Ьа (а = 1, 2) are the photon amplitudes (or 
the so-called creation and annihilation operators) correspon
ding to the mode with .the energy 1iwa of the quantized radiati
on field. We shall consider the case of exact two-photon reso
nance/S/ О 3 - 0 1 - w1 = О 3 - О 2- w 2 = 1'1. 

Parameters ga are the constants of ato~mode coupling. 
It can Ъе shown that the operators 

+ ~ + 
Ма = ЬаЬа- Raa • С= a:lga(baR3a + baRa3) -I'!(Rll + R22) (5) 

commute with the Hamiltonian (1) and with each other. They are 
therefore constant operators. Let us introduce the following 
auxiliary operators: 

V = g Ь :l + g-b-R -
а а а аа а а аа 

(б) 

where 7ж = 2 for а = 1 and а = 1 when а = 2. Using (4) one 
can obtain now the equations of rootion for the operators Ra 3 
and Va 

d~ Ra3+ i(wa- C)Ra3 = -iVa• '(}~ Va+i(wa-C-MVa=-i(Л~+g~)Ra3• 

where Л 0 is determined Ьу ' 
(7) 

2 2 2 1/ 2 
Л О = Л l + Л 2 • Л а = g а(М а + 1) • (8) 

The operators Ла can Ье considered as the quantum ex~res
sions of the one-photon Rabi frequencies in the system 11 1. 
From (7) we obtain for Ra3 the following equation 

l[:t ~ i(wa -С -1'1))[ d~ + i(wa- С)] • + л20 + g~IRai= о. (9) 
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Its solution can Ье presented in the following form: 

i(C+bl2-wJt 2 2 (О) R (t) =е ·lcos(t y' Л + ga) Ra 3 -
а3 

(10) 
2 2 -l/2 2 2 1'1 

- i(Л + g) sin(t y' Л + g )(Va(O) + ~Ra3 (0))1. 
а а 2 

where л2 = Л2 + 1'1
2

. From the equation of motion for the photon 
о 4 

amplitudes Е_ь = -iw Ь - igaRa 3 combined with e xpression dt а а а 

(10) one can obtain the explicit time dependence for Ьа(t). After 
а numЬer of cumЬersome transformations this dependence can Ье 
represented in the form 

•(1'1 , ;л2 2 1'1 22 
Ь (t)=ei(C+i'1-wa>t IЬ (О)+В +В -е -• 2-v +~a>tB -е -i <т +v'Л +~а> t 1 (11) 
а . а -а а -а ва • 

where for simplicity we have introduced the notation 

в = g !(С+ A±yA2 +g2 )(2yЛ2 +g2)!- 1 .1(yA 2+-g 2 +A)R 
3

(0)+V. (O)I.(I2) 
+а а •2 а а а 2 а. а 

It should Ье noted that 

[Л2, Ra3] = -g~Ra3' [Л2, Va] = -g~Va 

So, for an arbitrary operator function f(Л 2 ) we have 

2 2 2 2 2 2 
f(Л )Ra 3 =Ra3 f(Л -~). f(Л )Va = Vaf(Л -ga). 

Then, expression (10) can Ье rewritten in the form 
1'1 

· i(C+y-%)t . 
Ra 3 (t)=e . IRa 3 (0)cosЛt-i(Va (О) + ~ Rаз (0)~.!}_~ 1. 

Analogously, with the help of eq. (14) we can obtain from 
expressions (11) and (12) 

i(C+~ Jt iЛ_t -iЛ+t 
ba(t)=e ·lba(O) + 3-а+За - В-а е -Вае 1. 

where 

В = ga 1Ra3(0) Л_+ V (0) !{ 2Л(С ± Л ) Г1 

:;: а + а ± 

and tne operators л+ , л are determined Ьу л ± = л ± 1'1/2. 

( 1 3) 

(14) 

'( 15) !\.: 

(16) 

( 17) 
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Expressions (15) and (16) represent our main results. They 
describe the time dependence of the atomic transition and photon 
operators. Using these results we can calculate various correla
tion functions and averages of photon numbers, level populations 
and atomic dipole moments. Below, we shall consider some conse
quences. 

As first, we note that the model of а two-level atom inter
acting with а single -mode radiation field is а particular case 
of the model considered here, In this case we have either g

2 
= О 

or g 1 = О and exP,ressions (15), (16) can Ье then reduced to the 
results of papcr / 121. 

For the 3-th level popuYation opera"tor R 33(t) from ( 15) and 
the r.-elation R33 = RЗaRa3we get 

R33(t)- -\u(cos2Лt- 1) + vsin2Лt 1 + R33.(0). (18) 

Here . 
2 2 2 6. 2 -1 

u=I\Rн(O)+Л·2 R 22(0)- ~0R 3зСО> + g 1 g 2B(O)+y(g 1c 1 (0)+g 2c 2(0))1(2Л) , 

v = -\ g
1 
А 1 (О) + g

2
A

2
(0) 1 (2ЛГ 1 (1 9) 

and 

Са "' ь:Rаз + Ьа R3a, Аа = i(b:Ra3 - Ьа R За), В _"' b~b 2R 12 + b 1b~R 21 • (20) 

From ехр.(16) for ~he photon-numЬer operator Na = ь:ьа we obtain 

Na (t) = 1-1 (соsЛ t - 1) +.В sin Л t + 1-1 (соsЛ t - 1) + .В sin Л t + u (cos2Лt - 1) + 
а + а + -а - -а - а 

+ vasin2Лt +Na(O), (21 )" 

where ua = (Л а/ Л 0 ) 2 u, va = (Ла/ Л 0) 2 v, 
а 2 2 2 -1 2 2 2 -1 

1-L ±a = (-1) \(R 22 (0)- R 11 (О))Л 1 Л 2(ЛЛ 0Л±) +g 1 g 2В(О)(\-Л 2)(2ЛЛоЛ ± ) 

' 2 2 2 -1 
±(Л1 g2 С 2 (0)- Л2 g 1 С 1 (0))(2ЛЛ0 ) 1. 

а 2 2 2 -1 -1 
1
-,8 ±а =(-1) \(Л2 g 1 А 1 (О) - Л 1g 2А2(0)) (2ЛЛ 0) ± g 1g2

D(0)(2H) , 

анd D = i(b~b2 R 12 - b 1 b+~R 21 ). 

Using the conservat1on law (5): Na(t) = Raa (t) + Ма and the 
relation Raa Raa "' Raa from (21) we obtain: 

Raa(t) = 1-1 (соsЛ t -1)+ .8 sinЛ t+/.1 (соsЛ t -1)+.8-а sinЛ t+ua(cos2Лt-1) + 
а+ а +-а- -

(22) 

+ va sin2Лt + R аа (О) , (23) 
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and also .• 

N;'(t) =м;+ \(Ма + 1)m - м;IRaa (t), (24) 

here а = 1,2 and m is an arbitrary natural number ( m = 1 ,2, 
3,.,,), Expression (24) is useful for the investigation of pho
ton statistics, 

It is easily seen that the operators Л+, Л_, and 2Л define 
the frequencies of two-photon Rabi oscillations of level popu
lations and photon numbers in the system17- 11 / At one-photon 
resonance 6. =О expressions (18), (21) and (23) coincide with 
the results of ref,7 111.rn this case there are two branches of 
the two-photon Rabi frequencies defined Ьу the operators Л 
and 2Л / 1 1 / . It should Ье noted that the existence of the "soft 
branch" Л is а characteristic feature of the three-level sys
tem, Such а kind of oscillation frequencies is absent in the 
two-level system / IЗ,I4/ . Our present results (18), (21) and (23)· 
show that the detuning 6. in the case of two-photon resonance 
leads to the splitting of the "soft branch" Л to two branches 
characterized Ьу the frequency operators Л+ = Л + 6./2 and Л_= 

= Л - 6./2. This conclusion of the fully quantized theory is in 
accord with the results of the semiclassical theory19/. 

Thus, in this paper we derived in the Heisenberg picture 
the explicit expressions of the ti-me dependence for the atomic 
transition operators, photon amplitudes, and also for the level 
population and photon-number operators, The frequency operators 
Л+ , Л _, 2Л of two-photon Rabi oscillations have been defined. 
Our results can Ье generalized to the other types of three-le
vel atoms/8 / . Further discussions will Ье made in а future pub-
1lication. 
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В Объединенном институте яде-рных исследований , начал 
выходить сборник "Hpamкue сообщения ОИЯИ ". В нем 
будут помещаться статьи, содержащие оригинальные научные, 
научно-технические, методические и прикладные результаты , 

требующие - срочной публикации. Будучи частью "Сообщений 
ОИЯИ", статьи , вошедшие в 'сборник, имеют , ка к и другие 
издания ОИЯИ, статус официальных публикаций. 

Сборн 11 к "Краткие сообщения ОИЯИ" будет выходить 
регулярно. 

The Joint Institu t e for Nuclear Research begins puЬli
shing а collection· of papers entitled JINR Rapid Communi 
aations wh ich is а section of the JINR Communications 
and is intended fo r the accelerated' puЬlication of impor
tant results on the following subjects: 

Physics of elementary pa r t icles and atomic nuclei. 
Theoretical physics. 
Experimental techniques and methods. 
Accelerators. 
Cryogenics . 
Computi ng mathemat ics and methods. 
Solid state physics. Liquids. 
Theory of condenced matter. 
Appl ied 'researches . 

Being а part of the JINR Communications, the articles 
of new collection like all other puЬlications of 
the Joint Institute for Nuclear Research have the status 
of official puЬlications. 

JINR Rapid Communications will Ье issued regularly. 
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Брголюбов II.H. /мп./, Фам Ле Киен, El7-84-637 
Шумавекий А.С. 

Точные результаты для модели трехуровневого атома 

Строго исследована модель трехуровневого атома, взаимо

действуацеrо с двуми модаtОI кваитованного поля излучения. 

Попучена времениан зависимость операторов переходов, фотонных 
aмruurt'Y.Ц, иасм•ииостей уровней и чисел фотонов в представле

нии Гейзенберга. Показано, что учет наличия расстройки мод 
при ~ двухфотонного резонанса приводит к расщеплению 

••м.r~rкОй n'I'ВII" частот непинейных осцилляций в системе. 

Р~~а выnолнена в Лаборатории теоретической физики оияи. 

ВogoluЬov R.N., Jr., Fam Le Kien, Е J 7-84-637 
ShUJDDVRy А. S. 
Exact Results for а Model of а Тhree-Level Atom 

P'or а three-level atom interacting vith two modes of the 
quantized radiation field the tiшe dependence of transition 
operators, photon amplitudes, and of operators of level po
pulations and photon nuшЬers is examined rigorously. lt is 
shovn that the availability of а mode detuning leads to the 
splitting of the "soft branch" of frequencies of tvo-photon 
RaЬi oscillations • 

Тhе investigation has been perforшed at the Laboratory 
of Тheoretical Physics, JINR. 

Prepriat of tbe Joiat lnatitute for Мuclear lesearch. Dubna 1984 


