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1. INTRODUCTION 

Experimentally, one ·observes (see hints in / 1- 3/ ) for some hi g h-Tc, 

А-15 and cluster compound superco nducto r s an "unive rsal" drop of the 

superco nducting transition temperature Те v e rs us т curves ( т: low

-temperature resistivity in the normal state , e .g.,r (Т= 25К) for v 3 si/ 1 ~ . 

~hts is regardless of how disorde r was p r oduced , e.g ., Ьу « - particle 

and neutron irradiation/ 1/, or alloying 131 

Theor e tically, there is some controversy to e xplain the diso rde r-

induced degradation of Те which can Ье attributed to th e d ecr e ase in 

the electro nic den s ity of states (at the Fermi ener gy ) and in the e l e 

ctron-phonon coupling strength л~ 1 1• 31 , or to the increase in the 

CoulomЬ pseudopotential ~· / 2 • 4/ . The latte r mech anism is associated 

with а time-re tard e d CoulomЬ repulsion originated from e l ec tron loca -

lization. 

In th e fi nite- size scaling approa ch of Ander son e t al. / 2/ the 

r es istiv ity appear s in ~· as а mea s ure of disord e r in the r esu lting 

McMill an f ormula / 5/ for т Ву means of а systema ti c comЬi nation of 
с 

the s el f- co n s istent Vollhardt-Wolfle theory /б/ of localization with 

the strong - coupling treatment /? / of tight -Ьinding supe rconductivity , 

the Те depression v ia ~* was confirmed / 4 / in the reg ime of incipi

e nt l ocalization kF{ ~ 2 ( kf: Fe rmi mo mentum, ..(. : elastic mean fr ee 

path). 

In this p a per we e xtend the scheme / 4 / to the ne ar-c ritical re-
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gion kF!< Z (at the metallic side of the Anderson transition) with 

the emphasis on the enhancement of ~· 

2 о COULOMB KERNEL AND АС CONDUCTIVITY 

Aimed at the superconducting Те' we start with configurationally 

ave raged/
4

•
7

/ Eliashberg-type equations in the linearized form 

- ·ph. 
2.(1-Z(7J)=-fd(,.).tK (w.t,2) } (1) 

дlz) ~(:t.) = jJwJK1'1'(w._,xJ- f~ (~~~ -?т-}Re f, ~w;J 
-"" z. 

( 2) 

which determine the renormalization z and the effective gap 1:!. func-

tions, where :! = ui = w +-\. fJ and w = CoJ :l (u:/) о The phonon kernel 

Kl'" given in /
4

•
7

/ is based on а contact-type electron-phonon inter-

actiono The frequency-dependent CoulomЬ kernel 

(3) 
1 

f-L(w) = -- 2:_ U о . [О)о . (c.J) 
q(oJ N ; ".,, ..," 

involves the Hubbard-type repulsion Ui at site io Here, the averaging 

over disorder is indicated Ьу an overbar, and N is the numЬer of latti-

се sites. Th e weigh ted mean in (3) is taken at the Fermi leve l being 

the ene rgy origin. The averaged density of states (per site, per spin) 

~(w)= ~ ~ q,(ш) and the local density of states ~~{w)=-~lmG~~(цn 
are r e lated to the normal-state Green function G 0 (><)=(:z-H 8

)-
1

, 

where the Hamiltonian Н0 has in Wannier representation the matrix ele-

ments н~ . =e .6'. .+t .. (1- s . J 
~4' ' ..... "ct "ct о То estaЫish the type of disorder we 

assume the atomic potential Е~ to Ье random and restrict ourselves to 

nearest-neighbour hopping t .. =t 
'{ 

For 

and ~ · Е . = w.t.s-, ~ оч , there exists 181 

Gaussian disorder, i. е.,е.;. = О 

а critical ratio (f)cr suf-

ficient to localize all the electroni.c states on the Fermi surface. 

Let us express the joint local density of states t ~ q./CI)'Si. Сс.о)1 ... 
as а measure of localization, Ьу the normal density-density response 

(dynamic susceptiЫlity) 

2 

т --~~ -'X_(ёi,:i!,,J=-.,-~G~(~ +~ JG?.(~ )е-~ 'R.,_-"R~) 
1 " "~". '\~ 'Т1 '11\. ""-l' 1'\ ' 

( 4) 

where L = .;.z ..... ,...т and :z!.n=-i.(2-n.+1)1ГT denote the Bose and Fermi fre
-m 

--quencies, resp., and Ri is the position vector at site io Using 

the spectral representation of G0 one gets 

00 ~ Нt ..,, 
Im. ~ 2:: 'X.(9,w+) = l1N Jdw1dc-.з.tT-m.( t\ .П - _ ? )l:: ~ о(~)'\'. (wl-) f -00 W + Ц,j.t, 1 1.. '\. 1 L 

"_, 1ТUJ L Oo(O)~.,_(w) 
""' N '- ")"' 

( 5) 

where the last step can Ье justified in the zero-temperature limit 

and for а smooth integrand / 4/ 

For small ~ and q we make the diffusion ansatz 

(
-+ +) D (w) с. 1 

'Х. 9 w = ~ (о) ---'---+--
/ J) (w 19%._ i w 

(б) 

for the propagator ( 4) in the particle-hole channe l, where D (w) rep-

resents the frequency-dependent diffusion coefficie nto I n the metallic 

regime near the Anderson transition for d=3 one can evaluate D(w) se lf

-consistently from the equation /б/ 

'l ..... w 92 
.](w) = 1- -4-- J d -1 - ..:w 
.Do 1Тk:F{ О 9 9 - .D(w) 

with the upper momentum cut-off chose n to Ье 
1Г 

9maw= {.. 

( 7) 

о Note that • 

D(O)-+ О signals localization for strong disord e r in con trast with the 

1 
bare diffusion constant D 0 = 3~uF (vF: Fe r mi ve locity) in the weak-

-scatte ring limito То carry out th e q-sum on th e loh oSo of ( 5) we take 

into account (6), an analogous pol e in th e partic l e - partic l e channel 

for large q (the D(w) 's in both channe l s coincide due to time-reversal 

invariance), and the nonsingular contribution to ~ from large momen-

tao Then , Ьу using (3) and (7) we obtain 

~(«>)= U~(0)[2'R~cr-\wJ-1] 0 ( 8) 

3 



In getting (8) we have assumed the fol l owing : (i) а uniform U, (i i) 

"' ( ) _ o- (w) .DCw) cr <-U =---;::- = -J)-- valid for small 
о о 

th e mod ified Einstein r e lation 

w, whe r e 2 
о;,= е q (c).Do stands f o r the dc conductivity in the weak-scat-

tering reg ime, and (iii ) а paraЬo lic band (effective mass appr oxima- · 

tion) , ~; i e l ding ~ (О)= -i~~".. 
f ~ 

In view of (7) , the dime nsionless ас conductivity O'(w) satisfie s 

the s e lf- consistency equation 

3 ( __ ..: w"C 
C7 (w)=1- (k{)2.+()(.- ey(w) 

F 

{'- ( 9) 

under {the condition j ;;'(:) /<< '1 with the ·e l ectron r e laxation time 

'1:' = ~ , and о<: = f}' - 3
--2. Лs а conse que nce of (9) one finds 

F "' (kf{.) 
both the static cond uctiv~ ty 

о- (О)= 0'0 ( 1 - (kJ .f:.)t) 
F 

and the dynamical behaviour, so that asymptotically 

N ,Z ~ L; t 
c:r' (w) = 3 (wc:'t') · 1- 01.. J (-iw-r) c:.u » c.vc. . 

( 10) 

( 11) 

The scaling reg i o n W»Wc is characterized Ьу the crossover f r equency 

~ N <. - 1 · 
c.uc defined Ьу (...:c.-r) = ст ( О) = '1r J ( ~: correlation l ength) . At the 

critical point wc=O , or equivalently (kFl)cr=fY c o rrespondin g to 

(~)с~=4.22 141 for а half-filled band and а sc lattice , we have the so

lution 

a(cu) = (t)
1

\и-r)1;3( iJ -1 ) . ( 12) 

1< 
On the other hand, one ca n r ewrite ( 9) via (Т (ц.;) = (-...:w-c) 3 f(w) 

in terms of the scaling function F (w) 191 obeying 

(AJ ~ 1 

F(с.з) = (.:. cuc.).~+ o<. Гi(w). ( 13) 

The corresponding ~ -function is explicitly found to Ье 

4 

,, 
;·' 

·~' . ~ 

F J; . 
ci..~F _3_ о<.- .J ~ 

(3 [F!wJ] = оl~ш -3 o<..+Zf 11-

1.f 
The zero of [!, at Fcr= <Х. 3 corre sponds to ( 12). 

3. LOCALI ZATION EFFECT ON ~ 
• 

( 14) 

In principle , we have to determine the ove rall influence of lo-

calization o n Те. Here, we only treat how strong diso r der affects the 

CoulomЬ interaction ~(w) , but not the electronic d e nsity o f states 

~ (О) and/or the electron-phonon interaction inherent in кРh. То solve 

the basic Eliashberg-type equations (1) and (2) analytically , we emp-

loy t he two square-we ll approximation giving rise to the McMillan for

mula / 5 / 

"' { 1.ott(1+711
h) '!. 

те.= 1 . tr~ ~ - л,.~._ ~ .. ( -r + o.б.z.~J ! 
( 15) 

with the De bye frequency ~D and the electron-phonon coupling para-

1'1> meter '}.. . 

* То calculate the Coulomb pseudopotential f we distinguish bet-

ween three cases in tending to the Anderson transition from the metal-

lic side . 

( а) Incipie nt localization 141 c.Jc.>C.J.D, kFl~ 2 ( i.e., EF1: ~ 1): 

The re become s 

* 
~/ 

tt 1 + ~· -tn.~ - (~-t!) ~ ~ 
j) i<>.J<.-r' 

where t = fA (~~О)- 1) and ~ = U<sfOJ. Note that ( 16) rests 

ing а step function for f:t (w) , namely f:!(<и) ={~,у(~'+~) 1 fA J 
the intervals {о< lw\ < wc... , =с.< lwl< ~ , ~ < /шl < Ef) 
do no t confuse f(w) and ~ , hereafter. 

( Ь) Near-critical reg ime, 0 с: CUc.. с: CIJ.I> , fЗ' < kFl< 2: 

We propose the s imp1e relation 

5 
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~-'""'= !!о ( 17) 

-1 + t-L· 1m ~ 
which was based on the frequency dependence (J-(<U) = t'-o for О"" ц: < u.>.D 

and I;L(ЧJ\=f:'- 1 for w.D<w<EF. There are some possiЬilities to fix fo 

and [!
1 

• For example, at c,:,r:.:f. О , one can choose ~о= J(f'+fi(1(1+i">)) 

and tJ- 1 = f(t-t(w.D) + (-L) 

(с) Critical point, Wc=O, (kFl~;fJ': 

In this case..., the expression ( 17) for t_t* holds, too. Formally, one may 

-1 JJ) т~ 
put ~ .. = W dc.u f:l(cu(1+7'1 J) which remains finite although the in-

:Юo 
tegrand becomes singular at ~=О in view of (8) ·and (12). One gets 

tto= f:1:(3 Re0--- 1 ( ~(1+ ]\ph) )-1). The quantity f:L 1 varies between ttfц,.l>) 

and f:L(EF)=~ , where the latter value follows from (8) and (12). 

Note that the Drude formula О.-1(ш)= 1- -\.c.u-.:: yields the same li~it 

I 1 rJ ( 
for ~ (EF) . Ву analogz with 1-1" we take the 

r-. --1 ( ",- rr•JI3) ) 
mean value u~ -· - J""u;flw) 

l1 Ef-c.J:D"'D 

we could approximate =r=~~O' (fF\ 
1 

_ ~ -1 . Alternatively, 
][ EF /-1

1 
Ьу tt-

1
=fCI:'-Iw.I>)+!;'-); however, an arithmetic mean for f:Lo would 

go to infinity. 

)о.~ 
:j, 

Q4 
'\ 

\ 

о~ 
o~uc; з 

Fig. 

k,t-

"' Coulomb pseudopotential f:L affected 

Ьу localization in dependence on 

the degree of disorde r kFl' (kFl)cr 

refers to critical disord er. Para

meters:f =0 . 3 , ln~ =4.5, .:Л ph=1 . 
.D 

Now we turn to the numerical estimation of the Coulomb pseudopo-

. * !L tent1al f:L • The parameters are chosen to Ье f.L =0.3, ln w =4.5. and 
.D 

Aph=1, which may model the high-Tc superconductor LuRh 4 в 4 /
2

/ .The Fi-

gure shows the numerical results of f• calculated for kp1~ 2 from (16), 

and for kFl < 2 from ( 17). In particular, at the critical point 

~ "' I 
(kFl) cr=l 3, one finds fA =0. 8 r esulting from r 1 (cf. case (с )). Та -

~ * king into account tL-1 , one would obtain f =0 . 4 r e fl ecting the high 

* sensitivity of ~ with respect to the approximation made . For weak 

6 

" 
disorder, e.g . . kF1=4 in the Figure;one arrives at the classical value 

* * ~ =0.15. For comparison, ~ =0 .1 - 0.17 typifies pure transition me-

tals /S/ . The frequency dependence in f:l(w) due to localization is 

* responsiЬle for the anomalous enhancement of tt . Without such а re-

-tardation effect , f:L remains relatively small * f:'- =0.22 if !:1-~<>о). 

* According to (15) superconductivity ceases for tt =0 .6 2 corres -

ponding in our scheme to the resistivity r= 0'-
1 (О) z 845~Slcm. From 

the experimental point of view , superconductivity may survive for 

high resistivity / 1/. This disagreement may Ье due to the breakdown 

of the McMillan formula for large ц* 131. However, our Т (r) results 
с с 

for kF1~2 are in good agreement with experimental data on some high-

Tc superconductors as demonstrated in / 4 / . As state d in 1101 , without 

taking into account the Coulomb repulsion explicitly, а system which 

is Anderson localized in the normal state may become superconducting. 

То conclude, the correction of McMillan's formula near critical disor

der must Ье connected with the localization effect on Л ph. 
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В Объединенном институте ядерных исследований начал 

выходить сборник "Kpam'l(ue сообщения ОИЯИ". В нем 
будут помещаться статьи, содержащие оригинальные научные, 

научно-технические, методические и прикладные результаты, 

требующие срочной публикации. Будучи частью "Сообщений 
ОИЯИ' ' , статьи, вошедшие в сборник, имеют, как и другие 

издания ОИЯИ, статус официальных публикаций. 

Сборник "Краткие сообщения ОИЯИ11 будет выходить 
регулярно. 

The Joint lnstitute for Nuclear Research begins puЫi
shing а collection of papers entitled JINR Rapid Communi
aations which is а ·section of the JINR Communications 
and is intended for the accelerated puЫication of impor
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. 
Experimental techniques and methods. 
Accelerators. 
Cryogenics. 
Computing mathematics and methods. 
Solid state physics. Liquids. 
Theory of condenced matter. 
Applied researches. 

Being а part of the JINR Communications, the articles 
of new collection like all other puЬlications of 
the Joint Institute for Nuclear Research have the status 
of official puЫications. 

JI NR Rapid Communiaa t ions will Ье issued regularly. 

Коллей Е., Коллей В. 

Локализация и сверхпроводимость: 

усиление кулонавекого псевдопотенциала 

Е17-84-634 

На основе самосогласованной теории андерсоновской лока

лизации найдено зависящее от частоты кулонавекое ядро урав

нения типа Элиашберга для сильно разупорядоченного сверхпро

водника. Получено возрастание кулонавекого псевдопотенциала 

~*, приводящее к уменьшению критичес~ой температуры сверхпро
водимости Те в области металлической фазы вблизи точки пере

хода Андерсона. 

Работа выполнена в Лаборатории теоретической физики ОИЯИ. 

Сооб•еиие Объединенного института ядерных исследований. Дубна 1984 

Kolley Е., Kolley W. Е17-84-634 

Localization versus Superconductivity: 
Coulomb Pseudopotential Enhancement 

The frequency-dependent Coulomb kernel of the Eliashberg
type equation for strongly disordered superconductors is 
found on the basis of the self-consistent theory of Anderson 
localization. The increase in the Coulomb pseudopotential ~*, 
leading to the "universal" degradation of the superconducting 
transition temperature Те, is eva~uated in the metallic re
gion near critical disorder. 

The investigation has been performed at the Laboratory 
of Тheoretical Physics, JINR. 

Communication of the Joint lnstitute for Nuclear Research. Dubna 1984 


