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In а recent paper 111 the statistical behaviour of self-avoi
ding loops on d -dimensional hypercubic lattices has been nu
merically studied. The partition function of the investigated 
model is defined Ьу Rys and Helfrich 

Z(t) • 1: g(n,s)m8 t 0
, (1) 

n,в 

vhere t is the monomer fugacity and g(n,s) denotes the number 
of configurations of self-avoiding loops vith total length n 
in units of the lattice spacing, containing в nonintersecting 
contours vith multiplicity m. Different values of m describe 
different physical systems. So, the limit m•O corresponds to 
the single polymer ring vithout self-intersection. 

The aim of the present letter is to consider the case m•l 
and to discuss an exactly solved model related to the self
avoiding ring polymers model in the simple square lattice. In 
this case ve can revrite the partition function (1) in the form: 

Z(t) ... }; G(n)t 0
, 

(2) 
D 

vhere G(n)is the number of all configurations of self-avoiding 
loops vith total length n. 

Consider а square MxN lattice vith periodic boundary condi
tions. The proЬlem of calculating the partition function (2) 
is equivalent to solving the 8-vertex model vith the folloving 
parameters 
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vhere all types of configura-
tions labelled Ьу the index 1 
are shovn in fig.l. Unfortunate
ly, t he set of parameters (3) 
belongs neither to the Baxter 
condition/3/ 

Fig.l. Тypiaal l oop aonfigura
tion.Site of type 1 is for
Ьidden. 

сиl "'си2 • wз ==w4 • си5 =сив • . си7 = сиg (4) 

nor to the free-fermion condition141 

сиl си2 + си3си4 = си5си6 + си7си8 (S) 

under which the 8-vertex model has an exact solution. 
Several years ago an auxiliary model has ~een proposed 151 

which is closely related to the self-avoiding loops proЬlem. The 
idea is to put си 3 =си 4 =J2tin (3) and to consider the sites of 
types 3 and 4 as defects on а polymer chain. Every two defects 
douЬle thy number of the loops configurations, so, the partition 
function of the auxiliary model can Ье represented in the form: 

z• (t) = I. d• (n)tn. (б) 
n 

Here G*(n) is the number of arrangements of а set of closed 
chains with total length n in which the above property of de
fects is fulfilled. The partition function (б) can Ье easily 
calculated Ьу the rnethod of Pfaffians. In ·the large N and М li
rnit the result is 15/ 
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\. 3/2 1/ 2 . ] 1 + 2 t (1 + 2 tcosa) cos f3 da d/3 . 

(7) 

The rnodel has an Ising-like singular"ity at t = 2-3 / 2, e.g., the 
specif"ic heat tends to infinity Ьу the law с- lglt- t с 1.' 

In this letter we shall use the properties of correlation 
functions of the auxiliary rnodel to relate the partition func
tions ( 2) and (б) and to derive the critical behaviour of the 
original rnodel. , ..-

Consider the correlation function corresponding to the defect 
density n 0(~ defined as the probability of а site configuration 
weighted Ьу си 3 or си 4 • Ву the standard procedure described Ьу 
Hontroll 16 7 the co.rrelation function is given Ъу 

n 0 = 21 Х + Q 1 112 
, 

where х is the 4х4 rnatrix 
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and the components of 4х4 matrix Q are 

Q ii = о' i = 1. 2, 3, 4 

1 217 
Q12 = Q24 =--2 - [(dad,Вil+2t 2 + 2 312tcosa+ 

(277) о " 

+ 2 112 t (1 + 2 112 t cos а) cos f3 1/ D (t) , 

Q1з= Q24 =о 
( 1 О) 

' 1 217 1/2 1 '2 
Q1

4
= --- ((dadf3(1+2 tcosa + 2 ' tcosfЗ)/D(t), 

2172 о 

21 / 2t 217 
Q23 = - 2 JГ dadfЗ\(1 + 2t 2 + 2312 t cosa)cosfЗ + 
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< +2 312 t(1+2 112tcosa)\/D(t), 

Qij = -Q ji 

where D(t) = l + 4t 2 +2v2tcosa+2v2tC1+v2tcosa)cosf3. 
The plot ?f the ratio of the den~ity of defects nD(~ 

polymer densнy р = t(д/дt) 'ln Z * (t): 
to the 

nJ.t) 
s(t) = --

Р (t) 
( 1 1) 

is 'Shown- in fig.2. It is natural to call the function s(t) "smo
othness" of polymer rings since the sites weighted Ьу си 3 and си 4 
correspond to rectilinear segments of the polymer. One can see 
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that the smoothness function 
behaves like an order Rarameter. 
The function s(t) is almost 
constant above the critical 

l/з 1 1--+-"" l / l l point tc and rapidly decreilses 
below tc . The plateau of the 
smoothness is not just constant, 
but weakly changes and reaches 
its limit value sr= 1/2 when 
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Fi g. 2. Smoothness в and r educed 
smoot hness s against fugaci 
t y. 
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Up to now we were dealing with the exactly solved auxiliary 
model. То consider the proЬlem of calculation of the partition 
function (2), we should make some model assumptions. First sup
pose that the smoothness behaves as а true order parameter, i . e., 
s(t) is constant above t

0
• Second, assume st to Ье the value 

of this constant. Then for large n we have the following equa
lity 

G(n) = 'G*(n) 2 -n sl / 2 (12) 

since the presence of each two defects douЬles the number of 
possiЬle configurations in the original proЬlem, and the number 
of defects is ns t. 

From (12) а relation follows between the partition functions 
Z(t) and Z *(t) above t : 

с 

- ns t l 2 
Z(t) = k G(n) t 0 = k G*(n) 2 = k G *(n) t 0 = Z * (t) • ( 1 3) 

n n n 

where the new variaЬle t is introduced: 
sr/2 

t = t/2 • t > t с • (14) 

The singular'ity of Z*(t) is known, and therefo"re we can find 
the critical point of the model of self-avoiding loops writing: 

t 
с 

= t . 2 sr/ 2 
с 

= 2-5/ 4 = 0,4204 .... (15) 

This result can Ье compared with the numerical data of Karowski 
et al ./ 11. These authors have observed infinite fluctuations 
in the system of loops at temperature fЗс = 0.86. Taking into ac
count their definition t = е-fЗ we get from ( 15) f3 с = 5/4 ln2 = 
=0 . 866 .•• in а good agreement with numerical data. Relation 
(13) together with (14) means that the thermodynamic functions 

/ in the self-avoiding loops model have the same singularity as 
in the auxiliary model above tc • i.e., the specific heat 
с -ln(t- t ), which is also consistent with the results of the 

. l с 1 . numer1ca ana ys1s. 
It should Ье stressed that we cannot draw any conclusions 

about the type of singularity below t 0 since s(t) is no longer 
constant at t < t 0 • 

То clarify the origin of the critical behaviour of the smooth
ness function, we have considered the contribution of the 
smallest loops (the elementary square in fig.l) to the value of 
s(~. Ву definition the proper smoothness of such loops is zero. 

The density of squares Psq can Ье calculated Ьу the method of 
Pfaffians. The result of these calculations is presented in 
fig. 2, where в is given Ьу 
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s '"' ' • ---- ( 16) 

One can see that deleting of the elementary squares makes th~ 
smoothne'ss function more even. We conclude that the ·pseudo
critical be'haviour of s(t) ·is due to the presence of small loops 
and . the smoothness of the long polymer chains depends weakly on. 
the fugacity. · 
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Корнилов Е.и •• Приезжев В.Б. El7-84-659 
Псевдокритическое поведение гладкости самоизбегающих 
полимеров 

Обсуждаетси мод~ самоизбегаDЩИХ полимеров на квадратной 

решетке. Ваодитси В9!1~~гатеnьнм модель • одна из корреnицион
ных функций KcfrOPo0 "/иitзваНИ811 ГЛадкОСТЬЮ/ обладает псевдо
КРИТНЧеСКНN nоведеJО«ем. Этот факт позвопиет вычиспить критичес 

кую точку ~ основной модепи и оnределить тип особениости выше 

tc • 
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Kornilov E.I., Priezzhev V.B. El7-84-659 
Pseudo-Critical Behaviour of Smoothness of Self-Avoiding Loops 

It is shown that the critical point and the logarithmic 
singularity of the specific heat for the self-avoiding-loop 
model on the square lattice can Ье found Ьу introducing an 
exactly solvaЬle auxiliary model. Evaluations of correlation 
functions of the latter model shov the pseudo-critical behavi
our of the density of rectilinear polymer segments. 

The investigation has been performed at the LaЬoratory 
of Theoretical Physics. JINR. 
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