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The t wo-dimens ional Isi ng model ha s f irst been sol ved by Onsager 

in hi s famous paper / I /, where a n explicit ex pression for t he fre e 

energy of a s ystem (the logarithm of t he part ition function) has been 

derived in the limit of an inf inite lattice "N--" (0». Onsa g er's 
2approac h was simplified by Ka ufma n in ref . / /. In this paper, in par 

ticular, an exact solution was first obtained f or the model on a f i

nite lattice with periodic a l boundary conditions (the csse being 

equivalent to the lattice situated on a torus ) . Later on the theory 

of the t wo-dimensional Ising model hos been de veloped by many authors. 

A detailed discussion of the ca nonical approaches a nd references to 

t he original papers one can find, e. g. , in the basic monographs / 4 ,s/ . 
In the context of the present paper we would like to point out also 
r efs. / 6-10/ . 

As regards t lie t wo-d imensiona l model in a nonzero field and the 

three-dimen~ ional Ising Diodel, no exact results hav e been obtained 

y et for these cases. ~~ ore over , ev en tile availav le canon iclil solutions 

of the standard case (di me n sion two, zero field) seem to be complica

ted enough and usually inv olve one or "molLer artificial passage, dO 

making formidable the atteL ,pts to ana lyse unsolved models. For this 

reason it seems t o b u of in t erest to search f or simp l e and s ufficie nt

ly Feneral approaches in t he theory of the Ising-type systems. 

Recently in ref. / I O/ a very simple solut ion was pr opo s ed for the 

t wo-dime nsional model in a zero field for t he c use of inf inite latt

ice (tJ- 00) . I n the present paper we show how the method can be 

modified in order to obtain an exact solut i on fo r fi n ite N. 
The problem is solve d by c onstructin(! the Gru8 smann integr a l r e

present a ti on for the partition fUTlction Q. \'Ie s hal l de r ive first a 

"mix ed " repr ese n t a tIon f or Q inv olv ing bot h the origi na l s p in va r i

a bles and new Grussmann var iables, in wh ic h the s pin vari a bles CBn 

be easily elimin a ted (see eq. (1 7)). To t his end we ma ke use of the 

Grassm&.nn f ac t or i 28 tion of the BoltzDumn weig hts and the mirr or or

der i ng of the ar i si ng Gr Bs smann facL ar s / lO/. A~ c ompared t o th e case 

(II~ oo, tile solution for finite N inv olves, i n particular, a spe

c is] ordering of t he bauodur.y Gro s sma nn f a c tors and make s use of a 

g e nera l ident i ty f or Gr assmann f'unc). ions proved i n Append i x A. Spin 

var iables be i ng e li r.. i Tlsted , t he partition function is r epre s ented BS 

a s um of fo ur Gr a ssmann i ntegra ls of the Gauss i a n t y pe (20) . The i n 

t egr a ls are evaluate d by st a ndard me thods , y ielding the final ex pl i
ci t expression f or the parti tiou func t ion (21). 
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J us t as i n t he CBse IV' ~ 00 , t.he soluI.10n of tlte model on f i 

n i t e lat tice a ppeara to be very simple. 


Other 8 01u1. ions of t he two-cl imensiona 1 l:.d nr. mOIl.! 1 via GrltSl5lIl8nn 

1ntegralso have been proposed ear1 0 
0 ru. 16-81 1) (for co~e ntsler 1n rc 

!lee t he end of the articl e; f or a li i scu!llI i. on tine! liddit 10nIJ1 referen
ces see oJ so ref / 101). 

The mode l describee the rectlin~ular plansI' llAt.lice of spin vari 

able s Xmn = ± 1. dispolled at sites (m,n) and interacting wi t.h the 

neares t ne i g hbours . The si t es are 1al>e11eo by pairs of integers: 

u ,n=1 ,2, 3 , ••. ,L;L being t he length of t he latt i ce lIide, N= L2 the to

tal number of s pins . Tile Hami ltoni an is given by: 
L L 

H = -- L:: 6 ( -;)1Xml1 Xm+1n + J~ XIt'! .'1 Xm"+1)cl ) 
"':::1 1\"''' , 

where ~1 and JL are the energies of spin i nteraction. The par 

t it ion funct.ion, up to B numerical factor, is given by: 

Q. = ~dO. 0,<1-t t,X.., X ..H,)(Ht, X"" X".+I)l , (2.) 

where -t 1 = ih. ( :71 Ie), -t2- :=: tl-t (;:h /e ), B = kT being the t e mpe

rature, and symbol " ~p~ means t he normal ized summation over t he 
s t ates of sp i n variables: 

L L 
-1 ~ [ ]nn ( 2 b)sp { ... } = ~=1 n = 1 2 6 ... 

(X" ) x'""" = ±-1 
As usua l , we stltt l l assun,e ttle r eriodical boundary condi ti ons f'or 
spin variables to hol d true: 

XYnL -r1 = Xm1 'tL+1h = X1n. 
(1'l1 = 1J 2.,,,., L) (h = 1,2.). o' • L) 

(2c) 

The se condit i ons sttach t o t.he lattice the t opol ogy of' Ii torus. For 

a more detail ed introduction to the wodel see, e.g., textbooks/ll ,12{ 
and ot her papers at the ~ist of references. 

The problen: is to perform the I:Iverliging over spin variabl es 

l )("" ... 1 and t o find an explicit expression for Q... as a funot i on 

o:f parameters t 1, t,.. and the total number of IIpinB /If =. L fL • 

Let us br ing int.o correspondence to the latt ice sites 2N pairs 

of the oonjugated antico~uling Grassmann variables : 

1) In view of' the :1'orth.ooming conaideration let us note that rets/B,
7 ' 

oontain a detailed disoussion on the standard properties of' 
Gr assmann var i ab l es and integrals. 
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( 3 ){ Q h1 n, a.~rn n ; ,gWI Yl , g ~ VI } , 

Int rod uc e f or every pair an i nt egral with the Gaus s ian we ight: 

JI*" ( e a..... .,a!.., 5p [... J = OIa rn l'l .\ oIa h1 1'1 [ •• • J, (411) 
t:l.1'!11'1 ) 

and a nalogous l y f or t l1l'i1'1, g:,,,,. I n t roduoe also the t ot al i nt egral 

ove r &11 pairs: L L

(4 b)GR { •.. ] =- n n ~p ~p [ ... 1 
(a }t) 0 m = 111= 1 (aM") ( g ... ", ) • 

We us e here t he s t andard variabl es a nd i nt egrsls of the Gras s mann 

a nalys is (for de t a i ls s e e , e .g., ref s. /B ,?! ). All the variables c omp

l ete l y antic olllllJute ( t o ze ro ) , t heir squares are zer os. Basic r e l a 

ti ons f or integra l over one variable are : Jd~.1 = 0, /dtl . a = 1... • 
The integral symbols a nticommute wi th eac h ot her and wit h t he vari 

a bles. Not a that t he doubled symb ols like aa -It, a.(" fd a.·f da., ... 
t ota l ly COllilD.ut e wit h a ny other s yrr.b ol. 

From the bas i c r ela ti ons f or one var iable, j da.1 = o" jd. aoa =o, 
one can eas ily obtain t he r u l e s f or evtl.luat i ng average s (4) : 

Sp [a o.*] ~f [a, Jl-a ] -= 1 , Sp [1] = 1- :; 
(Q.) ( Q. )(a. ) 

Sp [a] = Sp [ a. * ] = 0 ~ 
(5) 

( (). ) (a ) 
whe r e (a , a -f' ) i s one of t he conjugat ed pa i rs in ( 3 ). When c hecki ng 
(5 ) it s hould be t a ken into acc ount t hat -ex.p ( a.(A-¥) = 1-+ a Gt* , 
since Co.a. II )2- -= 0 

Let us i n t roduc e s hort-hand notati on for the Bol tzmann we i g ht s 
occurr i ng i n eq . (2a) : 

t71 1 ( -1) 
I..jI mY) = 1 -t t 1 Xrnl1 Xm -r1 'l't'll ll1nt2-) = 1+ t z 1'''''U1 Xm,,-t1'(6a) 

We s ha ll use t he se l ec t ion rule s g i ven by (5 ) in or de r to r e prese n t 

these 'weight s in H f a ctor i ze d f or~. Introduc e Grassmann f a c t ors: 

A.",.., == 1-t a. m ", , A!11 = 1+ 1;" a..*"' - fl1 )(~"")(""'1 

g B • tA ll" (Bb ) B1'>11'1 = 1 -+ i'tI'1J(I1'\I1, rn Y) = 1-t 2.~ ""1'\ - 1)(""V1, 
he r e lnd iceB jIt'I l'l are in Ii c orresponde nc e to t hose of X", I1.' Now, 

it is easi l y seen that clue to the rules (5 ) t he Bol t zma nn we ights 

(6a ) ca n be represen t ed in the fol l ow i ng f act orized f orm : 

V (1) = Sf> [Amr\A~~1I'\ J , y:(2.)= $~ rBI'\1>1'B:n~1J ( BC ) 
YI1I'1 (a..".., ) 11 (1;"".,) • 
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Our aim n ow i s to pass from the orig i n a l r e presentation for Q(2a) 

with the averag ing ove r d i s crete spin va r i a ble s (2b), to the repre

sent a ti on expre sse d in terms of U te Grassmann v a riables with a verag

i ng (4) . Start ing wit h t he factor izat i on l i k e in (6c) , we sha ll ob 

t a in fir s t a "mixed" re present a ti on , in wh ich s pin var i able s c a n be 

elimi na t e d. To this end it i 6 n eces s ary to a ch i e ve a s pecia l orderinf<; 

of the Grassmann factor s to have f our factors with the same vari ab le 

X1'>111 s i tua t e d near e ac h ot her when summi ng ov e r t XI')1 I1} . 
A general mot i vat i on of the a ppr oa c h i s ex h i b i ted e spec ially well 

whe n trea t ing the case /II-}' C><l ( r ef/1 0/ ) . So, we shall n o t s t op 

he re in more d e t a il on a ge ne ral t rend of t he met hod , ma k in~ s ome 

cOillffie nt s when nec e ssar y . 

Let us s t art wi t h t he prepa r a t i on of the b oundar y Bolt zma n n 

wei ght s inv olving ind i ce s m = L+1 and n = L+ 1 2 ) . I n thi s cas e 

i t is c onvenient to us e a slightly di f fer i ng f a c tor i zati on 

V.~1) = Sf [A~n AL Vl ] ~ ~~"-) = Sf [B~1 BrnLJ . ( 7a) 

(au, ) (f""L) 
wit h ALn , "B I'>1 L g i v e n by standard r e lati on s ( Bb ), and A ~n, 

B ~ 1 defined tlS foll ows : 

( 7b ) A *"-1 rj 11- 1; 1 Cl ~ Vl X1n , B:'1 = 1+t'L g~o X'm 1 

wi th 
-If-

n 	 'k = Q *"L.. JIJ , g ~ o lVi'lL- ( 7c ) "t. 0 h 

Here we have taken into tlcc ount t he boundary cond it. i ons (2c) and have 

replac ed i n ( 7b ) XL+1 n , :r mL+ 1 by X1n 1 XVI11 • The s ign " mi n us " 
i n ( 7c) is due to i nvers e order of Q ) a v and g, K* in (76 ) as 

compared t o ( Bb ) . We h llve i n tr oduce d t he new notation a ~n} t .:-o 
t o put factors (7 b ) i nt o a st a ndard f orm of eq . (Bb) , a ll the indices 

in eq . ( 7b ) being arrange d i n t he same manner a s in eq . ( Bb) . 

Now , mak ing us e of .fact ori za l i o n (7) and ap pealing t o t he ide a of 

the mi r r or or dering/ 10/ , we may wr i t e d own t he f ollo wi ng r eprese n ta

2) 	The point of the ma t t. e r in the forth~c oaJing tra nsfor I1ati ons wi th 

the b o undary weight s in eqs. ( 7 )- (ll) may be s e en f r om a gen er a l 

scheme of t h e me t. bod ( r e f / 101) . The mirror va riant of ord e ring 

in e q . (B) i s neede d to pl a ce l a ter on f a c t ors A L Yl. at suit 

able p ositi ons . Some ot h e r pec ul i a riti e s a re ins p ired by wishi ng 

to get f or the Grassmann f e c t ors t h e (sy mbol ic ) or de r A~BIf- A B, 
r esulting from t he preparation of t he " inner " weights. 
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ti ons fo r the product s of' l he b ounda r y Bolt zlllsnn we i g hts : 
.,

L (1 ) f '- ~ L -'-'-7 1 
(Bs )n~I'l = 7.. f2 

~ 

A 11'l • n A L.h j , 
n = 1 n - 1 11= 1 .... 


L L ~ L ~ 

(Bb ) n f) Ir (2.) = { n B '" . n is 1

I ~ L. m1 rn L ? 
m= 1 1'>'\ =1 M == 1 

whe r e t he prod ucts in e very r el a ti on are orde re d wi th nand VYL 

inc r easing or de creasing i n op p o s i te dire ctions . (That i s why 

we u se fo r s u ch r epresent ati ons t he term "mirror orderingIl/ 10 ~ ) 
For simplici ty we h ave onutte d in eqs.(G) as well as in t h e forth c om

ing i nte r mediat e transformations of e qs. (9)-( 16) t he symbo l of 'lv e

r a ging ov er Gr assmann pa irs in the r. h . si de s ). 

Repr esent a Uon (8a ) c an be d e ri v ed as f ol l ow s : t a ke t he lic l 

ma nn wei ght \~~ f) ) " = 1 = A~1 AL 1 a nci s a ndwic h the Bolt zu;,-, nn 

we i g ht(f\.VL~ ),., ~ '2. = A';;' AL'l. between f Loc t or s A ~1 and A L 1 

of ~Lh' ) • Hepea t t he pr ocedure step by s tep f or rl = 3J 4 ~ ... , L . 

pl ",cing e ver y time the nex t in t ur Boltzma nn we i l'ht t ake i n IJ f tlc 

t or i",e (i f or D, be't we en alrea dy e x is ting GraS SIr.snn produc t s . The r esu l t 

wi l l be e q. ( SI;) • Represen t a ti on (8b ) TI ,I;Y be o btH i n etl in an a no l or ous 

way . 
Le t us c ont inue by sandwi c h ing t he pr oduct ( 83 ) as a wl lOIe be t 

wee n the orde red pr od uc ts of e q. ( Bb) . Th i s yi e l d s t he f Oll owi ng re

resent a t i on for !.l Ie t otH l pr od uc t of 1.> 1 1 t he h ound a r y !301t 7,m8 nn 

wei g ht s : L Ln '1" ('1) n '1Yrn ~2- ) = - L-n •~ n = 1 m = 1 

L ~ L F L. ~ L 
 ~ 

( 9 ) n B; 1 n A7V1 . n AU'" n BmL 
n -=- 1 m = '! n = 1 

f or conven i e nce j t wil l be sui t able t o tr (jns pose now t ile fir.'3 t 


t wo ord e r e d pr od uc ts i n e q . ( g ). T he r eOis on i (J tbu t innt.e url of ( s ym

bolic) or den n r: BIti A'" A B of eq. ( 9 ) we s lla.11 nM(j M l ow the 


or deri ng l i ke A 10- ~ .. A B ar i s ing for I.he Jnn!! r' 110 ) t.?W!l nn 


we i p: ht s ( s ee al so r e f / 10/ ). f o t hi s end l e t us lllli k e llse of t he id en

tit y U•. 7) t l18 t is a p ~jr ti c ul<Jr cas e of 8 q u ite ['en"NIl i (hmt ity f or 

GrassmHnn f uncti on a (" . 3) ( ,\ ppe nd i x itl . 

/l't =1 

3) 	Al l ernHt i ve l y , one DllJ,Y s i u. ply B SS UILe t hat tol l lhe trlmsformati o ns 

/;re r e a l i ze d under the s i Rn of t h e t o t al 9vero~ inp (4 b) . S uch an 

uve r agi ng wil l act on l y on the GrasBu,Eonn pairs oc c urri ng in the 

r. h .s i des, t he l. h. sides being unchanred a t all. 
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The s ymbolic s t ruc t ure of ident i ties (A.3 ) a nd (~.7) i s t he fo ll 

owing: 
B-t A+ = i [A + B-t + A+ B- -t A - B+ - A - B - ] , (10) 

where t he sign " mi nus", i f one a p plie s eq. (10 ) f or t rans posi tion of 

t he f i r s t t wo prod ucta in e q. ( 9 ) , will corres p ond t o t he alt erna ti on 

of s i gns of a.. <lfOVl, t~o in t he Gra s s mann f orms A~n, B rn*:; 
( s e E: eqs. (7 )). However. we may n ot e tha t i ns t ead we ll\ay s i mp l y 

c hange the signs i n the i n t erpretat lon of 0."01"1, g>¥-I/nO t hrough 

a'LVl l ~m: i n re l at i ons ( 7c). kee ping forrus A~Yl' BV:1 un

changed. 
On t he bas i s of eqs. (9) and (10 ) we then f ind t he f oll owing r e 

prese ntat ion for the tota l boundary Bol t zmann weight: 

'1fr = ; ['4f)-1r; + 1f,.1r1- + 1V¥Irl - 1ft II'1l ( U a ) , 
where 't\f'¥ i s g i ven by ~ M 

L ~ L ~ L~ L ~ 

n B"'lLrtv~ - n A;vt . n B~1 n A L h 	 (llb ) 
1'\'1 = 1n = 1 

and r-1 )11., I !J , rLj mean t he f oll owing boundary COM j t ions f or 

Grasamann var iabl e s : 

n~ 1 m='1 

{ a ~OI1. ::::. - t'l ~L h , C:o = - e;L} ,r1 == 
{ all'o.., = - a "Li1 • g~o == g~L] ,r2 = 
{ a."OI1 = ().. ~ L-i1 , B;:'o 0=: - g!,l} ( H e ) r3 
{ a.IfOI-l = aIl L j." -If I" }'8,,,,,,, == ""'L ,

f '1 

"* 
t he fact ors A ~n, Bitl-1 i n (lIb) being defi ned a s before (eqs. 

(7b » • 

The b oundary Boltzmttnn wei~hts are now c ompl etel y prepared . and 

we may proceed to introduce i n ( 11) t. he ren.a i ning i nner weight s by 

a lLettlod anal ogous to that of ref /10/ . S i nce further t ransformati ons 

and ave raging over epin var i ables wi l l not affect the im.erpretat ion 

of boundary condi t i one in (lI e). we sha l l deal d i rectrly wi th ~y 
( Ub ). 

S t art ing f rom (6c) and ueing again the mirror ordering, we may 
wr i te t he representat i on: 

f\V ('l..) ==- n '1lr ("2) = ~11 ~:+1 , 	 (12a)
VI. '-f rn h 

1M ==- 1 	 L ~ 
wjth L ~ 

M =- n lS""r) ' 'lS~ = n B;~ ( 12 b)~lf\ .,.,=1 	 ",,=1 
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This repres entati on may be deriv ed by analogy wi t b eqs . (8 ). 

Usi ng short -ha nd n ota tion (12b). we may now rewrite expression 

(~~;) i n :;ey :or:'lf- L ~ ~ Jly -)t L 4(; : 
'f ;r = -{..(.1' J0 1 . n A U I ' .1f:::JL' ~'1 == n A L.Yt . (1 3)

h = 1 n~ 1 

urt her . l e t us mult i pl y W by product of weigh t s ~(;! over 

VI. = -f ,'L, 3, ... ~ L - .1, inse r t i ng '4i.,(2.) in a f act orized f orm (12a) 

i n t 0 t he t hiJ'd te r m of (13 ) a nd r earranging t he produc t 4 ) : 

L-1 (z.) _ L-1 . (2.)[ L 

[ ':2 -1 ~ ] 1fI.Y = !:L!.21~~ ] '4fr = (14 a ) 

L:1~ 
= Jl* . jS ~. [ n A Lh ~( 2. ) J AL L • ~L = (l4b ) 

~ "~1 __~h~~ 

~~ , ~". [n ALYl -16 ;~:H J 'ALL' ~L = (l4c ) 
-1 n = 1 .... 

= ~: . [n ~: AL~ ~h. ] • (l4 d ) 
1'1=1 

In (14 d ) we have rearranged the pr od uct joining together the ne ighbo 

ur i n g t erms wi t h t he s a me i ndex n. 
We may i nt r oduce now the rema ining Bolt zmann weight s ~~1) in 

fact or i z ed f orn, (6c ) into t he ordere d prod ucts ~ ~ ( s e e (l2 b» 

occurring in (14d). It will be sui t abl e t o c ons i der a t once the comp

lex ~ ~ A LI'!. • So , we writ e : 

L '1 tr (1) ...n '1 WI Yl • ~ '" AL VI = (lSa ) 
'no=: 1 L - 1 .... ) .. 'Ifn B~I<) [ A.." ... A m+-1n j . 13 J.11 Au, = ( l Sb ) 

m = 1 L .... ~ 

= R)f... A1Vl [ !J A ~ 11 B~ ... Am .., 1 (15c ) 
1 2 

as us ual . we have joint e d together n e ighbouring terms wi t h the same 
index mn . 

Inse r ting (10c ) into (14d) and tak i ng int o account the explicit 

f or m of "U1"" and -::l6 n, we f ind : 
L 	 L - 1 L -1 L (1.)(-1) 

[ 	 n n ~n ]- [n n ~.., J .~ := (16s ) 
h :'1 m =\ 11. "=- 1 m = 1 ,..,

L 
.., y'l n {~ [L. I#- ~ , l"-'K")
-vt 'l . P'1h A1... n A m .. Em" A I'V1I1 1 ~h J = (16b ) 

"=1 	 .... = 2
L. ~ L ~ L WI ~ L B:':] } (1 6 )

,{J A1~' D1 { B1~ A1n [ Q~~!1t B:'~ Amn·,!Jz."''' It, ., . c 
1 

4 ) 	 A basic t endency in furthe r t r ansformat ions i s to comb i ne factor s 

with t he Bame index rn n. ( i . e •• t he Bame variable Xrn ., ) t hat 

i s needed bel ow when eliminating a p i n var iables . 
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In t he square br ackets of (15a ) all the inne r Boltzmann we i g hts are m = L ). These four factors are the only ones that invoLve the 

re presented. while tlle prod uc t of the boundary Bolt zma nn we ights is variable (Xmn )m= L' Summing over (Xrnn )m=L' in a ccordance with 
related t o 'lJIY thr ough e qs . (ll) . So , we obt a in for tlle t otal pro e qs . (18 ) we obtain totally commuting Grassma nn term (lSd) , with the 

duc t of tlle Bolt zmann weight s : 
L L

rt.V -= n n (i-t t" X"'11 XItI 1"111 ) ( 1+ tz. 'I""," Xm l1-t1 ) = (l7a) 
1-t\"' 1 n= ~ 

~ [cp If1 + CP jf + <Plfi - cP Ir.,l I 
2 (l7b) 

wi t h { I'l. h- WI L WIL~ L ~ L >J- ~ ~ 
P =:0 ~~ nA:.," n b'~n A1., [ nA:'11 B,., .. A"'l1·nB",., ] B (l7c)1 n } 

(a , € ) ""'1 n=-1 ~:'2. />1 = 2. , 

a nd wi th the boundary c ondit ions r"1 r2., r3 ) 14 given by (l I e) . In 

(J.7c) we have wr it ten again explic i t l y t he symbol of Grassma nn aver 

agin g (4 ). 

The produc t of the Bolt zmann weig ht s ~ is t he Gi bb s den s i ty 

mstrix of t lle t wo- d imensi onal Ising mode l on a t orus i n t he absence 

of an external fi eld. l 'he parti t i on fUnc t. i on 6l. may be found by 

averaging \f" ove r spi n variables ( eq . (2». Note tha t eq . (17 ) is 

the exac t mathemat i c a l i d ent ity d erived without any a p pr ox i ma t ions. 

The dens ity matrix i s r epresented in (1 7 ) in a s pe cial factoriz 

ed form sui table f or s umm i ng ov e r { Xm 11 1. As we sha ll now see, t he 

t a sk reduces to t he independent s umm i ng ove r 3epar at e XtY}>t. a s 
5'follows ': 

S? [A ~11 B~ ~ A~~ 8m., 1 = 
(lC m ., ) (1Sa) 

= 1- L; [ (1-d:1 a':n-fl1 'Iml1)(1+td:',,~ 'Im.,)(1+ altlnXIII I1 ){1+t"'tl x"" .. h 
2 \I - :t (lSb ) .11,.. .. - 1 

=(1-+ t ,f2. a !-'111 t!-'l){1-ta""l1 Cm",)+(t., a."'M-ll1 + t2. i!t1-1 )(a.., + (ISc) 
I, Gwo", }", 

= &xp [i-1t2.a~-1l1t!,"- 1 + (). W1~/IM YI -t- (lSd) 

+(t;1a~_'n + -t2.g'tm\-1)(aW1~ -t- ~ "m ~) J=Grrnn" 
Refl. Lly, consider t he ex pr e ss i on in s q uared br ackets of eq . (17c ) f or 

g i ven fi xed YL 5 ). At t he .. junc t i on" of t he m - pr oduc t s ther e are 

four neighb ouring f a ctors (18a) wit h t he saUle index m rt (g i ven n, 

corre spond ing index , tha t may be t. a ken " out of bracke ts " . 'r h ereupon 

the procedur e should be repeated for /')1 = L-'1, L- 2 , . .. , 11-1= 2
with a g i v e n VL , a nd a llover again for other vt . All the squar

ed brackets will then disappear in (l7c) , y i e Id ing the product of 

fact or,s( lSd ) over m= 2.3 •... •L a nd n =1.2 • ••• L . The remainder will be : 
L ~- L n.. )

S p f n A1~ • n B1~ A1VI B1 Yl } , (19 ) 
(Q) t) n ==1 1'1=1 

a nd the same method of ave raging over {X1n 1 yield s the product of 

factor8 ( l Bd) ove r m = 1, n = 1, 2, 3~ . . . ? L 
We thus obt ain thE foLlowing exact purely Grassmann repre s entation 

for the partit ion function: 

Q 1[G7 Ir" -t- G 112. -r G k~ GI ry J , (20a) 

wi t h L 

~ == fJ; {cpr (f~j{!21!21{;~~1L 
L L {..f=, "'" r * (20b)=j n n oItl!l1~a""ncAB~", cA~m n·-€/r.p :;i~1~1LaHl .. o.",.,--t 

""=1 ... '" 1 

; {)'f -+- (). 0 -t t1iJ..,a.'!.-1nt!, n-1 +- (/;,,0-.*',.. -1'" ++ b1'>11'1 0 1't'1 11 1't'11I1 /lm ., 


+ tz. ~ '*Jit1 "-1 )(llWl >'l -t- two .... ) ] } , 

lind with the boundary conditions r1 ,11.)IJ } r'i g i ven by (l1c). 

As i s s e en , the partition f unction appears t o be a sum of four 

Gaussian integrals over Grass mann variables. In a c c ordance with a 

g e nera l theory (see , e.g., refs ./S • 7/ ) every int egral is expresse d 

as the deter minant of the mat.rix of t he quadrat ic form i n the expo

nential. Boundary conditions ( llc) s ay that the ma trix in a ll cases 

is t he exa c t l y cyclic or anticyclic block ma t rix. a nd hence it can 

be brought i nto t he block-diagonal t'orm by the F our ier transf ormation. 

It mlily be noted t hat the problem is r e duced to the diagona lization of 

1 9 7
such matrices in all t he other appr oaches to the model a s well/ - / ). 

So , t he e valuat i on of integral s (20 ) i s a s tandard t ac hnica l task 

(for analogous calculations see , e. g ., ref. / D,7/ ) . We s hall not he r e 

5) EquivaLence of (ISc ) and (18d ) can be c hecked by 8 lIer i ea expansi  reproduc e these simple and standard manipulat iona in d e t ail. restrict 
5 

on of the exponent ial. ing ourse l ves only noting a ome their pe culiarities/ , 7/ . The Fourie r 

,I5 ) I n a ll f our terms of (l7b ) a ummi n g over Xm h. is perfor med in 
7) For an e xact. s olut i on in the case ot' N finite see refs /2 , 7, 9/ 

t he same ma nner , inde pendently of t he boundary cond i t ions. 

and refs /4 ,5/ 
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transfor~tion mbY be realized by going to the momentum space fo r 

Grassmann varia bles. For the sake of symmetry of the transformation 
it is convenient to conside r fir s t t he s quared integrals , paying 
lat e r on at t ention to the correc t choice of s i g n of their square 
roots . The transfor~bt ion should be performe d in agreement with t he 
boundar y conditions (llc) . Fi nally, when d oing all t hes e i t i s s ui t 
able , for technicbl r easons , t o enumerat.e the discr ete indice s frt , l'l.. 

and their momentum counter/par ts P,1 by numb ers 0,1 , 2 , ... ,(L- 1) 

( ins tead of 1 , 2, ••. ,L) . and for the squared int egrals by numbers 
~ O . ~l . ~2 ..... ~(1.-1 ). 

'l'he operation of " shifting" indices , 111 -7 WI - 1,}1-+ 1'/ --1.. ~ in 

the momentum space i s replaced by the phase fac t ors like exp ( ±i 2nP/L), 
exp(± 1 2:1T,\ / L) • ensuring the f!1ctorization of the (squar ed ) inte
gra ls into the product s of t he same-type integrals of l ow dimens i on
ali t y which W!1y be easily eva luated . As a result. we obta i n the foll 
owing explicit expression for the par tition function of t he t wo-di

mens iolllU Ising mode l on a t orus i n a ze r o external field : 


-1 L-1 L-1 	 2.7r P + 'n 2.'1r'l +7r J-l
Q = L n n [AD - /.1 ('o S L -)2. w~ L t (21a)

P=o q=o 

-1 L-1 L-1 [ 	 QTP-+7f ~.i..l.1-t 2: n n ~ 0 - 'A 1 GUS L - ~2- c.DS L 2. + 
1'=0 ~=o 

i-1 L-1 .of 

-t inn [ Ao - :A 1 60 5 '2...~ ~2. wszrr'l~1(J"i_ 
/'=-o '1== 0 

L-1 L-1 [ Z-7rP "\ 
- Si n (~). 2. n n /lo - /\ 1 wJ -r - A'l. LO.\ 2111 J-z.

eC. 2 "=-0 a-o 	 L !)werh e 	 , - , 

I\c ~ {1+t~X1it~), ~1 = ~t1 (1-t~), A'L = 2 t2. (1--t~ J. (21 b) 

The four terms in eq. (21a ) dif f er from each other only by t he quasi 
di screte arguments of the cos i ne s . These di f ferences are in a corres 
pondence to different. bound !1l'Y conditions in ( 20a ) and vanis h a s 
/II~ oo . The sign fact or be f or e t he las t t e r m i s +1 f or e ""? 8 c a nd 
-1 f or e.c 9 c., e being t he temperature of t he sy stenl, e c being 
t he cr i t ic a l tempera t ure given by the we l l-known relat~on : 

.of - t z.
t.1 	 ( ~ lc )

-1 + t2.. 
Thia sign f ac tor ar i ses according to the sta ndard r easonings whe n 
extracting the squar e root of (G, Ir.. ) !. 12,7. 9/. 

Pas sing in (21) to the limit of an i nf inite lattice, N =L"L--?oo, 
one obtains the famous Onsager expre s sion for the f r ee energy/ l /:z.-. 2."1f

f = $ ~ Q IN~ I>O = 1j'!.~ Jd,,-~ #, [) O - ~1 w!.1f1 - A2.. W!, lfz- J,(22) 
" 0 0 
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whence t he re fo l low the kn own propert ies of the model . i n par t i c ular 
the phase t ransi tion at poin t (21c) with the logarithmic singularity 

i n s pec ific he at. 
'l'he method of the present pa per can be applied a l s o to comput e 

the cor r e lation f unctions , t. o solve t h e mode l on a t riangular l a tt i ce , 
et c. 8) 

i n 1211 the canonical approac hes to 1.he t.w o-dimens ional I.sing mo
de l the Jnl2 i n and mos t labour -c onsumi ng pa r t of t he s ol ut i on is to 
reduce the problem to evalua t ion of t he dete r minant of a cyc lic-t.vpe 
mat r i x or tbe c or r espond i ng Ga us sian i ntegral. I n the pr es ent me t hod 
the bl2s ic part of solution is t he deri va tion of r epre sent ation (20 ) 
f or Q. This r e presentation is obtained her e i n a very s i mpl e and ele
me nt ary manner on the basis of t he s elect ion r ules g iven by eqs. (5). 

wi t hout us ing a ny auxiliar y mathemat ica~ t ool a. The main point s of 
t he s ol uti on are the Grassma nn fact or i zati on of t he " Bo lt zmann we i ght s 

and t he pr inc iple of mirror order ing of t he Grossma nn f ac tors. rhe 
third bae ic point of t he met hod , needed i n t he cons idered caae of 8 

f init e lattic e on a t orus , is the un i ve rsa l i dent ity for Grass mann 
f unc t ions (A. 3 ) . 

Gr a s smann representations similar to (20) have been der ived ear
lier by several a uthor s in r efs .16 - 81 .t!owe ver . t he met hods proposed 
i n t hese pa per!] wer e more c ompl ica t ed . Ber e zin/ 51 has used t he di rect 
comb i na t orial a pproach (an analog of t he class ica l cou~ inat orial me
thod/ 3/ , closely related als o t o t he f e r mionic approac h by Green and 

61 forHurst /4/ ) . The solut ion wa s given in ref .l t he cas e N--) oo,and 

the prob l e lO of gener alization of' the s olut ion to the Cliae N+ 00 was 
pointed out by Berez i n as a diff icul t t ask. An exact combinatorial 
solution for a finit e l at ti ce on a torus ha s bee n g i ver. by Popov in 
hi s b ook /7 / • Such a solution i ndeed invol ve s sOlIle nontrivial topol o
g i ca l c on j ec t ures bbout clos ed pa t h on a grassmalmized t orus. Another 

8) 	The computat i on o~ the correlat ion ~unct ion can be reduced t o the 
evalustion of t he partit i on func t ion i n a particular caae of in

homogeneous int e r acti on. In the most general lnhomogeneous case 
the Boltzmann .eights in t he or i ginal spin representatlon for GL 
(see eq. (2a» are : 1 + tC:;+1n Xl"flnXmHn~ 1+ t~~+1Xrn"XrnMt, 
where in vie. of eqe. (2c ) t (-1) == t (f) t (~) 1 == t (2.)L+1n -1 11., mL+ m1 • 
One can t hen obtain the corresponding Grassmann representat i on 
f or Q by replac i ng in the intermediate t ransformat i ons and final 

eXfreseion (20) the complexes t1 a.+rn-111 , t2. g"'~n-~ ,by 
t(1 a*" t ctJ o*' 1101 t'I1" 1'I'\ - 1n , mn fimn-1(sae a18 0 ref. ). 
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approach WIl B J>ro)Josed by Frad k in a nd Shte ing r a dt in ref.181 , wh ose 

first ste ps are very s imila r to the fret hoa of the present paper . ;'s a 

s tarting p01nt there was ' used a vari ant of t he fac t orization , involv 

ing the Gra ssmann dif ferentiation , closely r e lat ed i n i t s sense to 

factori zat i on (Oc). Howe ver , the rerr.aining part of the solution was 

r e alized he re in a d ifferent way, by introducing auxil iary Cli.ffor d 

va riable s in orde r t o rearr a nge ari s i ng Grassmann fact ors. In r ef /81 

the solution ws s given for t he case /I.f ~ 00 • 

It may be noted tha t t he g enera l ization of t he me t hod working for 

/11-'700 to the ctl s e tV-=/: 00 usua l ly makes the solution much more 

c Ollpl ic ated . ;. s ubtle nat ur e of t h e exact soluti on in the case IV"" DO 

man I fe sts it s e l f out wa rdly in a characteristic expand i ng of Gl i nto 

four ter~ s ( c f. eqs . ( 20), (21)) . In the algebr ai c appr oach (see , e . g ., 

r efs . / 2 ,9/ ) such an expansion arises f rom the analysis of eigenvalues 

of the transfer-matrix, in t he comb i nator ial approa ch (se e , e . g ., 

reL / ?!) th i s follows from the ana lysis of the topology of c l osed 

paths . It is interesting to note that in the present solution the 

four terms in Gl arise as a man ifestation of a simple and q uite ge

neral property of the Orassmann functiona given by t he identity ( ,\. 3) 

ln conclusion let us muke s ome remarks c oncerning the problen, in 

a n onzero fiel d a nd the three-dimensional Ising model. One can apply 

the 	factorization pr inciples in t hese c ase s as we ll. Howe ver , diffic

ulties arise here with an appropriute ord e ring of the Grassmann fac 

t ors , and straightforward attempt s lead to non-Ga ussian represent a 

tions wi th "four-part icle " terlUs i n the exponent ialj such re pr e senta 

ti on s are not exactly s olvable (in t h1 sense that there are no reg ul

ar calculational methods) . We ma y note that i n approaching nonsolved 

problems one may try to exploit a s a star ting point t he ex a ct facto

ri zed represe ntation for the density ruat r ix ( 17 ). 

The author regards it as his pleasent duty t o thank Prof. N. N . Bo 

golubov,Jr., Prof . B.N.Valuev , and Dr. V. B.Prie zzhev for val uable 

disc uss ion s on the the or y of the Isi ng Q,od el. 
Appe nd ix A 

He r e we prove s ome uni v e r sal identity for GrnssmHnn functio ns, 


whose particular cas e i s used in the tex t . 


Cons i de r a s et of a nt i commuting Grussmann va ria b l es; 


{a 1 ., a ~ ?a 3 ' ''' ... , 0t~-1,aRl . (A. l) 

Since t he second and highe r orders of these var iable s a re ze ros, eny 

nat ura l f unction defi ned on a set (A . ll (a ny " a nalytic " function ) 
will be a finite poly nomial wi th numerical coeff icient s . Consider 

t wo 	 such functions ; f=f (a 1,''' 'o. ll.. ) and ~=fj(a 1, ,, ., af/.). Every 
functi on may involve in fact not al l but only a subset of t he vari 
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ab l es. Let us a lso introduce the funct ions arising fr om f, d by cha

nging the signs of the vari a blea: a1 ~ - a 1 , •• • , aR ~ - t{ P
I t is convenient to i ntroduce the s hort notation: 

f± = J (±Cl1 ' ... , ±tJ1<), ;}:t= ~ (Ia1" " J TaR). (A.G ) 

Our 	statement i s that the followi ng identity holds : 

-f -t- 31- = ~ [ CJ T f -r+ ~ -tf --+ ~ -J -r- 3 - f - J. (A. 3 ) 

Re a lly, we may write: f = A + Cf , ~ =: ~3 + Ca' where /,f, ~g
J 

are BumS of the od d t erms of t he p o l ynomial s ( t he t e rms involv ing 


produc t s of an odd numbe r of the variables ) , and Cf , Cg a r e sums 


of e ven terms. Evidently, we may writ e : 


f:t. ~f ±Cf. ~± = A:J ± C 3 . ( ,1 .4) 

On the other hand, we may note that Cj and Ca will a ntic ommute 

with each ot her, while A-f and 'A;J will cOllm;ute with e ach other 

and 	with Cf, C~ 

SO, we may write : 


f+3+= Of+ Cf){? ,+ C3)-= (Aa+ (a)A.f-+ {?ta-Ca)C f = 

(1\ C ) ('>..; -+ Cf) -+ (A f - C.f. ) 
- ~ -+ ~ L + 	 (A.5) 

+ ('>\~-. Ca) (?'f+ Cf)- ( '), f -Cf) 

~ ~+ (J -+-t- -F-) + £~ - (-J -+ - + - ) ~ 
where the last line proves the ident i t y (A. 3) . 

Keeping in mind applications to the Ising mode l, let us consider, 

for 	instance , the following expressions : 
t-1 	 IVAI = n (1:t:dv., ) B:t:= n ( 1± fn ) (A. 5)

1JJ=1 1 n= 1 ~ 
whe re 0<. I'Yl ;>.7' '' are a ome linear superpositions of t he variables 

(A.!), and the p rod uc ts are assumed to be ordered in one or another 

fix ed mode . I dentity (A.3 ) t hen y ields the relst i on: 


M N 
n 	(1+ tXWI ) ' n (11-,,8..,)= (A. ? ) 

Wl=1 "= 1 	 M 
/1/ M N 

= i [ nfJ (/7+ f., )· MfJ ( 1+ Ii .,,)T h~1 C"+ p~).!!/1-0/ ~) + 
1 1 

N ~ 	 /II M \l 
+ rtr:Y (t1-/ ,,) .!2,/ 1-+- ri".,.) - hf]/"-I")' l:! /1-~n-t)J ,

1 
where t he products on the r . h.s . are order ed j ust in t he ~ame man ner 

as t he produc ts on t he l.h . s . The ident ity has be en used in the t-ext 

when paasing ~rom eq . (9) t o eq. (11). 
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