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2. STRUCTUP~ OF ТНЕ THERМODYNAМIC FUNCTIONS • 
! 

The calculation of the grand potential may Ье based on the 
formula 

l d,\ 
U (lle, llt , Т)= U1d + ~ -Л- <V(Л,Ile •llt )>, (1) 

where lle , llt are the chemical potentials of the electrons and 
ions respectively and V is the potential energy. Ву means of 
the relation Na=-(дU/8/La),a,.e,iand expanding around the ideal 
chemical potentials аа (na, Т)= IL~d /k8 Twhich are assumed to Ье 
known we obtain the chemical potential as а function of the den
sity ( In - Fermi func.tions) 

lla (ne , n 1 , Т)= kв Та а - е; Л~1 I _ '>i (а а) 

1 
з . -1 д d,\ 

+ Ла [ V( 2sa + l)I_'>i (а а)] -д- J -Л- <V( Л,ае ,а 1 )>с • 
аа О 

(2) 

Ву using this formula the chemical potentials may Ье calculated 
at least in principle for any temperature and density value 1231, · 
Since explicite results however are availaЬle only for limiting 
situations let us start with some general assumptions about the 
structure of tl1e thermodynamic functions following from eqs. 
(1-2). As the basic quantity we shall consider the Gibbs poten
tial (free enthalpy) which is represented as 

G=Nelle +Ntllt • /l = k Та + "хс 
а В а ,.. а • а= е ,i. (3) 

The exchange-correlation contribution to the chemical potential 
may still Ье splitted into the Hartree-Fock part and the corre
lation part as to Ье seen from eq.(2). The Hartree-Fock part is 
even exactly known. However due to the strong compensation ef
fects between both contributions (see, e.g., 11911 а unified 
treatment is recommended. For symmetry reasons let us assume 
in the following that the electrons and the ions may Ье repre-
sented Ьу the same dimensionless function · 

IL:c = Ryell(Pe • re •Уе) • IL~c=RYtiL(PI'rl,yl), (4) 

Ry = Ry- m е4 /h2 
е е 

Ry 1 = Ry/y, Ye=y=m /m е 1 • yl = у..:1 

р .. r =(3/4frnaЗ) , р =t !у, r =k8T/Ry=r, r1 =yr. 
е 8 В 1 8 е 

Here n .;. N/V is the atomic density, r the radius of the Wigner 
cell in units of the Bohr radius а8 ~ Due to the large value of 
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the mass r elation the characteris tic dimensionl e s s t emper atures 
and spacing parameters are quite different for electr ons and 
ions. Therefore we need the characteris t ic f unc t ion p. ( p,r , y ) 
in а quite l arge region of t he a r guments. Summar iz ing eqs .(3-4 ) 
we may repre sen~ the exchange- corre l at i on contribution to the 
Gibbs potential per atom Ьу Ry-uni t s Ьу 

Gxc /N == llxc = /J. ( rs • r • у)+ у-1 /J. ( rs !у • yr • у-1 ) • 
(5 ) 

Corresponding t o eqs . (3-5) t he exchange-correlat ion contr ibu
tion to t he free energy pe r ·atom will· be r epresented Ьу 

Fxc /N==Фхс =ф (rs ,r, y)+y- 1 ф(rвly ,yr , y -1). 
(б) 

.; 

3. ТНЕ WIGNER RE GION 

Our a im i s t o find .good appr~ximations for the two functions 
р. and ф Ьу using all the availaЬl e informations for limiting 
situations . I n order t o uni f y the t reatment we introduce t he 
thermodynamic potential: ~ =l р.,ф/ and spec i fy only when giving 
the f unc t ions explicitly. As is we l l known for Т= О the thermo
dynamic potential has the representat i ons / 19-21/ 

а а 

~ ( р , r, у) = - _м_ + 1 + О ( р-2 ) if р ;?: 100 , 
р р 3/2 

а ( 7) 
~(p,r,y)==- Рн +b0 1np-Ь1 +Ь2 plnp if р.$1. 

The constants have the values 
а == 2.38914 (1.79186), а= 3.98586 (2.65724), 
а == 1.22177 (0.91633), Ь = 0.062 18 (0.06218), 
ь = 0.1140 (0.0933), ь = 0 . 018 (0.018) . 
Here the first number always refers to the f ree enthalpy and 
the second one (in brackets) to the f ree energy which is at 
Т ,., О identical to the internal energy. The values for the Hade
lung constant given ~bove correspond to а bcc-lattice. Iц our 
calculat ions we have taken i nto ac coun t tha t in the fluid state 
there is no perf ect latt i ce. Fol l owing the wor k of Baus, Han
sen, Galam and De Witt 112-l41we have replaced t he Madelung con
stant Ьу а func tion of р and r: 

-з/4 -1 г г-11 2 + ам"' 3н+1~ 1о - ~1 1 Г + 1712Г ln + 17 13 1 + (113Г )3 
-3/4 - 1 1 2(p ly ) . 

+1 + г - 17 г - -----. ~14 17
15 16 1+ (р /3у )з 

(8) 
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Here Г == ( ~ рrГ1 is the plasma parameter denoting the strength 

of coupling . Further ан+ 217 10 reptesents the limiting value of 
t he Madelung constant for fluids which is something smaller 
than for lat tices. The second term in the parenthesis in eq.(8) 
denotes the influence of screening Ьу the same kind of charges 
and the last term in eq.(8) describes the screening Ьу the coun
ter-charges . Following the above-m~ntioned authors the values 
of the constants аrё 

17 == 0.58436 (0.43827), 
10 1711 = 3.73469 (3.44741), 

1712 = 0.55513 (0.55513), 
• 

1713 = 3.18102 (2.99597), 

17 = 0.04506 (0.04506), 
14 

17 = 0.56651 (0.75534). 
1б 

1716 = 0.17791 (0.26687), 

Since t he expressions given Ьу Baus, Galam, Hansen and De 
Witt 112-141are justified only at r8 ~3 and Г~V3, we have in
troduced cutting factors. This is an artificial assumption which 
has no t heoretical justification but avoids unrealistic high 
contributions to . the Ma~elung constants in regions where eq.(8) 
is not valid. In order to condense the analytical information 
given so far into one formula w' propose the following Pade ap
proximant valie at small temperatures (Wigner region) 

. 2 
(О)( ) ан 1 77з 'f/ p, r , y = -----71 ln{l+--) · 

р 2 1 р 

~ р + ({ 71 + 1) 1 1/ )2 
. [17(4 2 о 

О 17Р+1 
4 

) 1/ 2 - 17 ( 1 ) 112 J • 
2 1 + р 

The 5 f ree parameters in eq.(9) are given Ьу 

(9) 

17 1 = 2Ь · о. 
- 2а -1 -2 17 2- 1171 17 з • 11

3
"' ехр(Ь/2Ь 0 ), 17 = ( а -а ) ь - 1

17 -2 , 
о м н о 3 

2 -1 
174 -=(~2 +1)[(2Ь/Ь0 )-'f/2 ].((а 017/а 1 )-(172 +1)] . 

Ву expanding eq.(9) with respect to р or р- 1 respectively we 

( 10) 

may show that with the given choice of parameters eqs.(7) are 
satisfied. We note that eq.(9) does not · contain free parameters 
since the constants 17о , 17 1 , 172 , 17 , 174 are given Ьу the 
known coefficients of the expansion ~7). For Т=О the values 
f or the ground state energy given Ьу eq.(9) are in good agree
ment with the Monte-Carlo data of Ceperley and Adler 1221 for one
component plasmas as well as the three-parameter formula given 
in earlier work 

(О) alt 71 (p,r,y)=---~ ln[1+ 
р 1 1 + -1 11 ) • 17 р 2 

о 

(1 1) 
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The simpler Pade formula (11) is of equal accuracy, however, 
it does not represent the coefficients а 1 and ь2 in the ex
pansion (7) in а correct way. Therefore we have used here eq. 
(9). In the region of moderate temperatures but р S 3 and Г~ 1/3 
eqs.(9) or (11) respectively are in good agreement with the 
Monte-Carlo . data for proton fluids / 12-14/ ,We note that eqs. 
(9-10) or (10-11) respectively cover most of the region of the 
degenerate metallic liquid (see Fig.1). In order to describe 
the remaining part too, we have to take into account the Debye 
limiting law with quantum corrections /18,19,281. • 

4. ТНЕ DEBYE REGION 

At higher temperatures, i.e., in the nondegenerate and weak
ly coupled plasma region shown in Fig.1 the Debye law holds. 
This region is characterized Ьу the parameter 

= 3 112гs12 1 11 D 5 • · (12) 

Up to the order · O(/l~) the quantum corrections to the Debye law 
are exactly known 118,19,2il and we have the following represen-
tation (Ry-units) · 

1/(p,r,y) =- \ /lDr{ 1-717/lDr1/2K(~,y)]-716 (/lDr)2 +0(/l~2) • 

11ц =0. 70711 ( 0.47140) • 1'/7 .. 1(0.75). Т/ -0.125 ( 0.0625) • 
6 

(13) 

Again here the first numbers refer to the Gibbs potential and 
the second one (in parenthesis) to the free energy. The so
called virial function К(~.у) is exactly known as an infinite 
convergent series in the parameter 

~=(2/r)1/2 • (14) 

For our purpose the following simple approximation 1181 is suffi
cient 

К(~.у)= (~r/ 2) 
2~ 

~ 2 
+(1+1n 2)(2+ 2у)- 11 2 

+ 1 ехр{ " 112 ] 1.( 15) 
1 3 1/ 2 21n(~/ 3)-2~ ~ +1 1Т ' 

With lower accuracy holds the approximation 

K(f,y) .. --'--~-- (16) 
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We are searching now а Pade fo rmula which combines our know
ledge about the Debye r egi on contained i n the f ormulae (13-15 ) 
with t ha t about t he Wigner region whi ch has been compr essed 
into eqs,(9-10) or ( 11), respective l y . Taki~f i nto accoun t 
earlier experience for the e l ectron fl uid 119 we pr opose the Pade 
f ormula 

2 UТ/(0) ( p ; r,y)-7!5~r - 71g(/lDr) 
1/(p,r,y)= 1 U - R (17) 

+ + 717 

where 

U = c1ii + c2ii2 = c16"-1P-s ,-s + c236~rp-6r -з • 
( 18) 

R= c3 ln[ 1+ с; 1 K(~.y) 11Dr112]. 

Here с 1 , с2 and с 8 are fitting parameters whi ch regulate t he 
smooth transition between t he Debye region, and the Higner re
gion. Taking into account earlier at t empts 118•191we have made 
for our calculations the cho ice 

cl .. 10 • с2 = с8 = 8. ( 19) 

5. DISCUSSION 

The Pade formulae (9) and ( 17) conta in the .e leven constant 
parameters 71

0 
to 717 and с 1 to с 3 • We note t hat eight of 

those constants namely ' to 117 are fixed Ьу our knowledge 
about the limiting behav1our of the thermodynamical functions 
for th~ Wigner region and the Debye region. The . three free pa
rameters с 1 , с2 , с8 have been chosen in such а way that 
а smooth transi t!ion from the Debye region to the Wigner re
gion is obtained. Due t o the lack of reliaЬle Monte-Carlo re
sults for the transition region the question of а proper fit of 
these constants remains open. Si nce howeve r the results are not 
s ensitive with respect to the value of с 1 , с2 , с3 we believe 
that the estimate (19) will give quite reasonaЫe results for 
the transi tion re1gioн. Several values for the exchange-correla
tion contribution to t he thermodynamic functions at 20 density
temperature values calculated Ьу means of eqs.(5),(6),(9),(17) 
have been given in the ТаЬlе. In order to simpli f y interpola
tions we have given б figures, i.e., more than the accuracy of 
the formulae would justi f y. Direct comparison with the results 
of other work is possiЬle only at Т= О , where our formulae are 
not valid strictly speaking ( see Fig.1) . In Fig.2 the result 
of our calculat ions for r = 0.03 ( Т = 4737) and an extrapola-

7 

'"" 

" 



Exchange and correlation contributions to the 
thermo dynamic potentials. (1) free enthalpy per 
(2) free enthalpy per electr on, (З) free energy 
(4) free energy per electron 

Table 

atom, 
per atom, 

------------
No 

1 

2 

.з 

! 
1 

2 

J 

4 

1 

2 

3 

4 

о • .з 

Т=О 

11.79724 

4. 27605 

8.94397 

____ _l:.Шl~ 

1.0 

2.0 

3.74664 

1 • .3601.4 

2.856.34 

1.0.3735 

1.9464.5 . 
0.7141.3 

1.491.31 

0 • .54704 

0.003 

11.74651 

4.27553 

8.89923 

3.Ш10 

.з. 71609 

1 • .35817 

2.8.3168 

1.0.3500 

1.9247.3 

о. 7.106.3 

1.4755.3 

0.54.306 

0.03 

11.57046 

4.27375 

8.74858 

.hlli22 
.з. 626.30 

1 • .35220 

2.76650 

1.02815 

1.87296 

о. 701.02 

1.448j5 

0.5.326.3 

1 1 • .316.31 1. 29613 1.25155 

2 0.49212 0.487.59 0.47598 

.з .з.о 1.00874 ,0.99.371 0.9704.3 

4 0.3778.5 0 • .37286 0 • .36070 -----
1 

2 

J 

4 

10 

0.40406 

0.16556 

о • .30729 ' 

0.127.58 

0.3828.3 

0.15866 

о. 28:8.)6 

0.1 207 .3 

O.JJ7.31 

0.145 2.5 

0.25126 

0.108.31 

------,~--~\---.~ -·------------------·----------------------------------~ 

0.09 

11.35757 

4. 27168 

8.57188 

_l:,QШ 

.3.5.3714 

1 • .34628 

J 2. 71150 

1.02159 

1.8.3796 

0.69252 

1.44678 

о. 52.39.5 

1.22668 

0.46661 

0.97.356 

0 • .3.5167 

0 • .31920 

0.14.32.5 

0.2.3711 

0.10.578 

tion to Т= О are represented. For comparison the ground state 
calculations of Kagan e t al. 141 for solid hydrogen :Gletal, of 
Mon et al . /8/ for liquid hydrogen metal and of Grigoriev et 
al/ 241 for mo1ecular hydrogen are represented, t oo. The resul ts 
for the equation of state, i.e., specific ·volume pressure (note 
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Fig . 2. Equation of state 
and Gibbs potential per 
atom. (FUll line - this 
theory for Т= 473? К; 
dashed line - extrapolation 
of this theory to Т= О; 
dash-dotted line - theory 
of Каgап et al/41 for 
crystals at Т = О; ореп 
circles - equation of state 
at Т = О after Grigoriev 
et al. 124~ full circles -
i sentropic data of the 
вате authors 1 241; crosses 
calculations of Mon e t 
al.

181 
for liquid hydrogen 

at Т= о. 

100 GPa = 1 МЬаr) shows 
agreement in the overall 
shape, the numerical va
lues for the pressure ho
wever, predicted Ьу our 
theory are for given den
sity somewhat lower than 

those predicted Ьу other authors for the ground ~tate. The 
circles in Fig.2 correspond to the density-pressure data ob
tained Ьу Grigoriev et al. 1241 from adiabatic compression expe
riments. The corresponding densities are experimental values 
the pressure values however were estimated Ьу extrapolations 
of the equation of state for solid molecular hydrogen. Looking 
at the curves in Fig.2 it seems that at about 200-400 GPa 
(2-4 Moar) the molecular crystal melts and forms а metallic 
hydrogen fluid. Let us still note that the theoretical equation 
of state for liquid hydrogen crosses the axis р = О at densi
ties of about 0.5-0.7 g/cm 3, i.e., liquid hydrogen could pos
siЬly exist in а metastaЬle modification even at normal pres
sures 121. :Summarizing the results obtained here for the equation 
of state we may state that the Pade approximation technique 
applied here yields reasonaЬle results for the pressure in spite 
of its relative simplicity. The resuits for the Gibbs potential 
seem to Ье somewhat to high comparing with the ground state cal
culations for solid ~drogen metal Ьу Kagan et al. /4/ and Ham
merberg and Ashcroft 7/ as well as with the Т = О calculations 
for liquid metals Ьу Mon et al. ISI.This point therefore needs 
further clarification. One may hope that in near future reliaЬle 
Monte-Carlo calculations for liquid hydrogen metal will Ье avai
laЬle. 
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