
~ 

1. V.Polubarinov 

ON TRANSFORMATION 

объеамкенныи 
ИНСТИТУТ 

- --- ' 
яаерных 

м с c·JI е А о в а н м 1 
АУ б на 

El7-84-413 

OF SUMS IN ISING MODEL '"' 

Submitted to Vl 1 lnternational Conference 
on the ProЫems of Quantum Fie ld Theory 
(Alushta, 19-25 Apri 1 1984). 



1. Introduotion. Тhе Ising mode1 has а 1ong history (see 
rcfs./1-247--~~~her references therein). One rigorous method for 
а 1att1oe on а 2-dimensional torus (the transfer matr1x method) has 
Ъееn deve1oped Ъу Onsager, Kaufman, Yang and others/1-4,10, 111 and 

/18 19/ reoent1y it hаз been oonsideraЫy s1mp11f1ed Ъу Va1uev ' .Other 
ways due to Нurst and Green avoid the matrix formu1at1on and d1reot1y 
introduoe а repre sentation of partition funot1ons via Fermi oreation 
and ann1h11at1on operatorв or Gra,smann variaЪles/8 , 9 , 13-161 • А 
method of Fradkin and Steingradt 15/ (they emp1oy Graвsmann var1ab-
1es) is вe1f-oons1stent a nd еврео1а11у s1mp1e. А oalou1at1on of thc 
part1t1on funotion 1n the 2-d1mens1ona1 Is1ng mode1 aocording to th1з 
method seems to Ъе moet cono1se. Тhе method exc1udes а oomp11oated 
oomb1nator1a1 analye1s, oar~1ed out ear11er /б-9/ • 

Бе1оw we trans1ate the Fradk1n and Ste1ngradt method oomp1ete1y 
into terms of oreat1on and ann1h11at1on operators that prov1des w1th 
eome add1t1ona1 freedom (a1though both the 1anguages are equ1va1ent 
a s а who1e, see Appendix ). In these terms, e.g., there 1s no need 
1n "externa1" C11fford var1aЪles 1; t h used 1n ref / 15/. Instead we 
us e the "1nter1or 11 operator Vl_ :::: С-1) , whez·e N 1в an operator of 
number of 11part1o1e s 11 • After expoв1ng 1n seots. 2 and J the 1-d1men-
s 1ona1 Ising model w1thout and w1th а magnet1c f1e1d (in both 
the савеs ровв1Ъlе s1mp11f1oat1ons are 1nd1oated ) we turn in 
sect.4 to the 2-d1mens1ona1 mode1. It 1s demonstrated that the Frad
k1n-Ste1ngradttransformat1on (F.-S.tranвformat1on) is r1gorous for а 
2-d1mens1 ona1 reotangu1ar bounded 1att1ce Cas in f1g.1, not on а to~ 
or а cy11nder) and 1n fa ct for bounded 1att1oes of any d1mens1ona11ty. 
Fradkin a nd St e1ngradt thems elve s вtarted w1th а 2-dimensional 1att1-
ce on а t orus , f or wh1 ch t he1r transformat1on 1s not rigorous (however, 
j ust1f1aЬle 1n а thermodynam1o 11m1t). 

F1na11y, 1t i s 1nt erest1 ng to repr esent v1a the creat1on and 
ann1h11at 1on operators part1t1on funo tions 1n unвo1ved proЬlems: the 
2-d1mens1ona1 I sing m_od el w1th а magne t1 o f 1e1d and J-d1mens 1ona1 
Ising mod e1 w1 t hout and with а magnet 1o f 1e1d . ТЬаt 1s per fo rmed 1n 
sec t в. 5-7. 

ТЬе part 1t1on funct i on for t he Ising model on а 2-d1mens1onal 
rectangu1ar bounded latt1oe (f1g.1) 1s known to Ье repre s entaЪle as 
fo1lows 19 , 13 , 141 
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N М 
Z=ь(о\:11 Т1 {1-+~Цt1 a.+(vn-1,n.)~+(m,n..-1)+~t'it1Ck(m,n)g~,n.)+ 

h:1 м:.i 

+[.Jt1 cx.+(м-1 1 tt)+Jt1g+(m,~-1)][Ji1 сt(т,~) +Jt~ g(m, n) 1+ 
+ t1 t,_ ~+(м-1,~) g+("'1, n-1) ctl.~,~) ~(Н1,11) 3 ~ 1 о)= (1 .1. а) 

= Gr <ol: е.~ .. '\ ~1 Д.(m,~): lO), С1 .1 . ъ) 
Al~, n) = ~t1t2. <1.+(~-1,~) g+(m,n-1) + Jt1tt Cl(m,t1)€(m,n..)+ 

+[.Ji. Q.+ (м-1 7 "-)+~1 g+(m,n-1)] [Гt1 <1.(m1 n)+J-[1 €(m,n)J , 
where ОС- , а.+ , в , and е+ are the Fermi annih11ation and orвa-
tion operators with the oommutation re1at1ons 

{ ct.<..m,.,), a.+(1t1\n.')j =Ъм~' Ъ., 11 • 7 {. €(m,n),g+c~',.,')}=ь111n:~м'} С1 .2) 
{ 1 means 1the antioommutator, other antioommutators equa1 zer o. 
For the ooeffioient fr see eq. (4.10) Ъе1оw . Her e and i n wha t f ol-
1ows i i means anti-N-ordering (for the definiti on see Appendix ). 
An origina1 expression for the partit ion funo t ion ( s ee eq. (4.1) Ъe-
1ow) . oan Ъе represented in the form 19 ,lJ/ 

• С>О k.f-
.l:: ~ L C.MN (k,t)t1 t~ , (1.J) 

k t-o 1 -
where ~~N(k,t) has а oombinatoria1 sense of the number of different 
p ossiЪle positions of one or severa1 a11owed o1osed po1ygons (havi ng 
two- or four-tai1 vertices, see fiв.J), oonsisti ng together of ~ 
hor1zonta1 Ъounds and е, vertical Ъonds С k. and t are even integer). 
Each position contributes to C.MN(k,t) addend +1. In part1ou1ar, eaoh 
so1itary po1ygon (one po1ygon on the who1e 1att1ce) contributes +1 
(we oall it the weight of po1ygon in what follows). Expression С1.1.а) 
is also representaЪ1e in form (l.J) and has the same comЪinatorial 
meaning and therefore equals to eq. 54.1). Ear11er this statement _was 
proved Ъу combinatorial methods/9 , 13 • It is almost evident from the 
oonstruotion of eq. (1.1.а) (see figs. J and 4), except for the 
proЪlem on parity of po1ygons19 ,13/: Is there exo1uded suoh а situa
tion that some po1ygons have weight +1, wh11e others -1? 
- Fradkin and Steingradt/15/ have given а direct algebraic transfor-
mation of the or1g1na1 expression (4.1) into а fo rm of type (1.1) 
(in terms of the Grassmann variaЪles), and t he oomb1natoria1 ana1ys1s 
of the above kind Ъeoomes abso1ute1y need1ess. However, for а torus, 
whioh Fradkin and Steingradt started with, their transformation is on-
1y approxirnate unlike the Ъounded 1attioe (see Sect.4). 
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Fig.4. Seven possib1e vertices at the point mn aocording to eq . (1.1) • 
In the case of the Ising model on а rectangu1ar J-d1ruens1ona1 

boUnded 1att1ce an or1gina1 partition function (see eq. (6.1) Ъе1оw) 
a1so is а generating function for numbers of possiЪ1e positions of 
a11owed c1osed po1ygons on the space 1att1ce. It seems easy to guess 
its ana1og in terms of Fermi creation and annihi1ation operators,e.g. 

N М L 
Z = &1 (о\:Тf ТТ ТТ [1 + -t.1o..+(t-1 1 "' 1 n)щt,~,n)} 

tt•i twt:1 (:'( 

[1 +t!. в+ct,n~-~,n) g (t, ~,и~] [1 + t:!:> с.+ се, m, и-1) c..(t,m,l'\)] 

t 1 +~t1t1 [a..+(t-1,м,n)+; a.tt,m,n)][€•lt,m-1,и)+ €(e,1"1,~)]j 

{.1+ Jtt-t'!.[в•ce, .. н,.,)-+ gc! ,m,l'\)] [ ~+<_~,w.,n-1)+~le,"',и)]j 

11 + Jt~t 1 [с. +(e,rи,n.-1) +c..(.et m,n) ][a.+(e-1,м,n)+a.(e,m,n)]j: \0)._ (1. 4) 

Тhе expansion of the six factors of the general term of the product 
in eq. (1.4) Ъears 1 p1us а sum of J1 poss1Ьle vertices at а point 
tмn. of the 1attice. Тhis expression generates weightз +1 for some 
c1osed po1ygons and -1 for others (what is demonstrated Ъу s1mp1eзt 
examples) instead of correct +1 for all po1ygons acoording to eq. 
(6.1). Тhere is no poss1Ъ111ty of saving the situation Ьу changing 
signs of the аЪоvе JJ. terms. For зоmе answer how to correct eq. (1 . 4) 
see Sec t. б . 
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Note that expressions (1.1.а) andCl.4) are rigorous for the 
2- and J-dimensional bound ed 1att1oes and f or 1att1ces on tori, if 
et., а..+, g, В~ с and С..+ are the Возе iшn1h1lat1on and oreation ole
rators and &2. "'- [~ dt (j;f.1) c..h(f->t.1)]t-HJ , (J3 :[2.~(J!.'<-1)c.h(f>Ч)c1(~f:o.)} MN 
for the tori . For the bounded 1att1oes eqs. (1 . 1.а) and (1.4) are 
a1so rigorous with Pau11 operator s а. , g , and С (for Pau11 o}'J era
to r s see Appendix ). Тhe se ·statement s are a1most evi dent and sha11 
beoome o1 ear from oonsiderations of seots. 4 and б. Unf ort una te1y, no 
furthe r advaпce is pos s1Ыe. 

2. ~~::!!;!Ш~s1!1_Вa1_!.§blH~дQ!!~Lwith2ut_Цill:,. I.et us oons ider а 
one-d1mens iona1 ohain to 111ustrate the Fradkin-Steingr adt method/151, 
trans1ated int o t erms of the oreation and annih11ation opera tors . As 
usua1 , we a s sume the cha in t o Ье o1osed into а ring, апd oonsider t he 
t wo 

ТЬ.е 

oases 
А) бо =6111 (periodioity oonditi on) 
В) 6 0 =-бN (aпtip.eriodioity oondition) . 

partition funotion is transformed а з fo11ows 
N 

~i..!: 6~\-1~ 
е. 1'1=1 ( 2.1) 2=!: .... !:, 

6'\-:.±.1 бN-=-±1 . N 

:[c.h(f>E-)}111 k: • .. !:_ 1i (1+tб.,-16n) = 
6"=-±-t 6н=-±1 n=1N 

(2.2) 

:(c.h(f.f.))N L: ... !:_ (o\Л'(1+t6tH6h)\O)= (2.J ) 
б :. ±1 бN::.1:1 tt:i 

1 + \ 
=[ c.h(~E.)] N !: ... !: (o/u+fi що)6~~~+~ ctto)61)(1+# CYJ1)6~~+Ra.~)~, 

б,=±i 6 111=±1 
( 1 +,stek(9.)б9.)(1+Гt о!(i)б~) ... (1+~ a..(tH)бw-1)~+~ a..+(IJ-1) бм)\О)=-(2 . 4) 

:.[i.~~f..)]N{<o\(1+ta.+{O)Cili))(1+ta..+(1)a.('2.)). . .(1+tet.._(t.J-t)O..(N-·фO)±. 

i:t(O\C1.l0)(1+t~+lo)a.t~~H-t: cx.+l1)Cl(i~ · · · (1+t~(~-1)<1(W-1))a.+(N-1)\0~::. 
N (2 . 5) 

=[~d,(f.E..)]N[1±t ]
7 

( 2.6) 

where t::: th.(f>E.) • Here we start with t he s t andard expres sion ( 2.1) 
and (2.2), put in eq. (2.J) vacua <O\ апd IO> and split ea oh faot or 
betwe en them as fo11ows 

1 +i бn_1 6"' ..-. (1 +Jt C1.(V~-1)61'1-1 )(:\+~ а..+(и.:-t)б"') , ( 2. 7) 
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where OL(n-1) апd 4..+ (t\..-1) are annihi1at1on and creation operatorз, 
thuз obtaining eq. (2.4) . То prove the identity of eq. (2.4) with eq. 
(2.J), 1et us consider the expaпsion of some pair of the factors in 
eq. (2.4) say, entering into the r.h. s. of eq. (2. 7). Linear in C((Vt-i) 
and ct"{n:--1) terms vanish, because the se operators сап Ье traпsferred 
to vaoua \0) and <О\ , respect1ve1y. Тhе produot a...(n-1)a..+(n-1) 
сап Ье free1y transferred to any of tl1e vaoua and converted into 1. 
Тhus, we return to (1+t6"'_1 6 n.. ). One can traпsform а11 pairз of 
faotors in eq. (2.4) ana1ogous1y, thus returning to eq.(2.J).)In eq. 
(2.4) one oan eaзily oarry out the summations over each 6., х , using 
the re1at1on 

L бk = { 2 for even integer k c2.s) 
б ~-1,+1 О for odd integer k ' 

and we are 1ed to eq. (2.5). In faot, eaoh of two terms of (2.5) oan 
Ъе tr1via1Ly oalou1ated. On1y term 1 and termз with pairs OL(VI)OL+(n:,J 
and without unpaired а or а+ oontribute into vaouum expeotations. 
After the expanзion of the faotors in the first vacuum expeotation 
we find that only 1 oontributes, other terms 1nevttab1y oontain un
paired operators. In the зeoond vaouum expectation the only term 
oontr1Ъutes, whioh iз proportiona1 to tN and oontaines а11 pairз 
s1mu1taneous1y 

±. tN <о} а.(о)а.+(о)а.. (1)С1.+(1) ... а..(м-1)а..+(~-1)\О> = ±. t N (2.9) 

Тhus, we f1nd expreaaions (2.6)х) • 
In this der1тation there was aЪsolutely irrelevant whether 

C1(W~), et..+-(n.) are Fe:rmi, Вове or Pauli operatorв (for the 1atter 
see A.ppendix ). 

81noe in eqs. (2.4) and (2.5) eaoh annih11at1on operator stands 
to the left of its oreation operator. theвe expresвions are anti-N
ordered ones. Due to this faot we oan put the ant1-N-order1ng symbo1 

i (for the anti-N-ordering see Appendix ) 

l=- [2.~Ср.'Сс)] N<ol {: (1+tcfw)a.(1))(нta.+(1)Щ.t))· .. ('\+t С1.t(.н)Щtн)):± 
±.-t:: щo)(i+ta..+(o)aь))(1+ta.t(1)a.tt)) ~ .. 6+ta.+tN-t)a.{N-1))a..t(N-1): 1 0)=(2. 5 •) 

-.[i.ck(J'>E-)]tJ(o\:(1± taLo)a.t(~-1))~+ta.+(o)ct(1~···(Ht~+(~-t)dOH~~\O)= 
't ~1 a..+-(~-1)ёt.(V1) ~ t. a..+(N-1) OL(O) ( 2 • 10) 

: (О\: е мсi N . ; \О> _::: (2.11) 
t; ]: а..+ (и-1)aln) • 

.,... (O\t е V1:1 ~{о), С2.12) 

а.. (N)::. + OL(.O) . (2.1J) 

xJ О! oourse this oan Ье done eas1ly in eq.(l.2) thus giving eqs. 
(1.6) immediately. 5 



In eqs. (2.~ and (2. 10) a1so Fermi,Вos e , and Pauli operators are 
suitaЫe. However, the exponentia1 form (2.11) and (2.12) is possiЫe 
only with the Fermi operatorв. Each factor of eq. (2.10) can Ъе writ
ten as е. -t a..+(l1- 1)ct.(l'\.) , and under i : we с~ jo1n them into one 

exponentia1 function of eq. (2.11) (see Appendix ) . 
Тhе exponentia1 representation gives one more way to ca1cu1at e 

Z (Ъeing, ho1vever, too comp11cate for this oase). Тhе Ъilinear form 
i n the exponent of eq. (2.12) can Ъе diagona11zed using the Fourier 
transformations N · 

N i !.1Т11 ( .i.:) -i- '11nl (р+ .i:) + 
a.(.n)=--1 !_е.. -;;гP+Ick.(p), a.+Crt)=-~Le.. N ~ t((p{ 2.14) 
. -.IN f=-1 \IN р=1 

N · 9:пn. N ;_ i~n. р 
щ_n)=-..i.!:.Q.,_ N rc((r), a.+-(p)=~l:e.- c::l..~Cp) с 2. 1 5 ) 

.JN р =1 '4 N J>=-1 
i n the cases А) and В), respective1y. As а resu1t, we obtain for ~ 

w 
N . !:. ~ J+(p)d..(t) 

Z-=[~e..kLr.-~)1 (оН~ r•1 r · :lo:>= (2.16) 

N ~ d._+(p)d.(t=>) 
= ['-e...kCr-t.)]N'ТТ <оН е r ~ \ 0 >:::: С 2 .11) 

N r=1 N 

= [2.c..h{,.t.)]NТТ (о\1- ~,..dip)c(+Cr)lo> = [1e.-k~)]tJТТ(1-'tt-)=( 2 .1 s ) 
р=1 1'=1 

= c~~Cf<i.)1N [1± t~J i-\f<r+t) ( 2. 19) 

with the upper sign in oase А), when 'i; р =-е.. N , and with the 
1ower sign in case В), when Z:r: е. i 9.Т.::f:>/N. . 

J. Eцe~цsiona1 Ising m2g~l_!ц_~-~~g~t1Q_fie1d_H. Let us 
consider once more the chain c1osed into а ring, and restriot our
se1ves only Ъу periodicity condition А). Un11ke Fradkin and Stein
gradt/1 5/ we transfo rm the partition function abso1ute1y in the same 
ma.nne r as in the oase of Н=О: 

N N 

l == !: ... !: е f>E-~1 б•нб"' + r--H :;..1бn.. = 
(J.1) 

(!):.1'{ б.,=-±1 
1 N ~ 

=[~( .. f..)~~H)]N r: ... k П(1-+t611_16"')(1-+:tб .. )= (J.2) 
б ::.±.1 6.,=±1 11:1 

1 ~ N 

=( th.(f:><ё.)~(.~H)]N .r. ·· · L (ol11 (1+-\:6n.-16n)(1+'t6~\0)= 
6 ... 1'1.:1 

е~,=-1:1 "'::.>..1 (J.J) 
о 
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.~ 

1 

=[~(~~) ~(f.>H))"' !:. .. · !::. (о\(1+# ~o16o)(1+.ftoc(o)61)(1+tб.,). 
6:±-i 6,,=±1 

1 " ' 

(1+-Ita.(j)~1')(1+fta.+(1)б~(1+t6'l) ... (1+~cЦt\l-1)6~-~~+~a..•(N.:t)6"')~+t6~)to>= 
~-1 (J. 4) 

= [2.c.~(~tt.)~(f'Н)YJ {<оiП [1+t.Jt(a.;'(n-~+a(~))](1+t. tt~--t)Щ.n)]\0)+ 
N-i )\:1 

+"i ~ <o\a.lo)n [1+~~(cx.+(n-1)+a..(i1))1[1+td+(и-1)a.Ln.5] lo> + 
1'\:1 

+ 1 ~ <oln [н t:Jt(.a.+(v\-1)+ct("))1[1+ t С1.+("-1)1Х(и)1а.+сtо~-1)~о>+ 
\'\=-~ 

+t(o\<t.to)ftt [1+t~(cx.+Oи)+C1Ln.))1[1+tC1.t(и-1)a..lи))ct+(tJ-1)\0)}= 
~~1 ( J .5) 

· N-1 
=[1.~(f>~)с..~Ц;н)У" <оНП [1+t~(a.!(n-1)+<t(n.))1[1+ta.Чn-1)<Чn.)):+ 

~ "'=~ t-1-, 
+t~ :<t(o) 1'1 [1+l~ (а.+(•н)-+d.(и))][1+ t e1.+{_n-1)Щn)): + 

N-1 W~-=-t 
+~ ~: ТТ [1+t.ft(ct..+Q\-1)+tЧ.n.))](1+t C1.+(\'\-1)a.tn.)!Ol+(N-1)~ + 

t\=1 
N-1 

+t :QtO) П [1+l~(ct+(и-1)+C1{)\))][1+ ta._+(11-1)C1L\'\))ct+(N-1): 'о> 
\'1-: 1 . ( . ) 

Не ~ - -t.h(o. Н) u ) J.б re - r- • р to eq. (J. 4 we fo11ow exact1y t he above 
way for Н•О. Additiona1 c-number faoto r s ( 1 + t: 611-) manifest 

. th emse1 ves only in the cour s e of зwnmation over б '5 to give the re
su1t 

1 + t .Я (a.+(n.-1)+a{~))+ t a..+(tH)a.(rt) = [1+'iJ:i(a.+(к-1)+a.<.и)\)(.1tt.a.~(м-1)~, 
where the first factor iз due to the fie1d Н and the 1atter iз the 
o1d one. Тhе 11near factors make situation more comp11cated. Нow
ever one can transform them into Ы11near оnез in the fo11owing ways 

(о\ (1+LL1)(1+ц~.) ... (1+ц,N )lo> = 
N . 

=<о\ТТ (1+С.:_1 Lt"'+lc.;_1+t.tn)c."J(1+c.'t)l~>= 
~-=1 

N 
=<.О\ С.о n [H·C.t-1 LLh+lc.~_., +u.h)c.иl(нc.~)\0)::: 

(J.7.a) 

(J.7.Ъ) 

и~-t N 

= (o\l1+C.~ ТТ [ 1 + c.~_1Lln. ~(c.t--t+Ll~"1 \о>= 
h=1 

(J.7.c) 
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N 
=-(о ll1+C-o) ТТ [ 1+~~-1 U.11 +(c.;_-t+u..,)c.~t)c.~ \О>=- Сз. 7 . d) 

~=1 -
м 

=t(ol(i+c~Тi [1+C.~-1u..~+(c.t-1+и.и)L"'1('нc.t)lo>, Сз.7. е ) 
t\ "<1 

where I..L\1\ ar e linear in the creation and annihilation operatorв, 1n 
our сазе Lln.=:tJt(a.+(t\-1)+«.(.n)) • We 1mply that in (J.7) all factorв 
are arranged in the aвcending or der of h.. from the left to the right. 
Procedure of вuch а k ind f or Graзsmann Ыnom1a1s has been 1nvented Ьу 
Fradkin and Steingradt115/, but their original der1vat1on зееmз comp-
1icated and contains воmе artifi cial tricks. We demonstrate rel ations 
(J. 7) in the following simple way. Ву the pairing of С N with С.~ 
in (J.7.a) we get 

t.Н 

С:э. 7 .а) =(о\ТТ [ 1+ C.~-1t.tn+(c.~-'\+u.и)c.n] (1+c.+N-1)(1+U.N )\о> · 
n=1 · + Тhen after the pairing of C..N-1 with C.N_1 we obtain 
tJ-2. 

Сз. 7.а) = (о\11 [1+C.\_,u.~ +(с.~_, +u.l-\)c."'](1+c..+N-2.)(1+~AtJ-~(i+uN)Io) 
~\ + 

and во on till after the pairing of с.1 and Ct., we find f inally 
N '"' 

(J.7.a) =(о\(1+~.t)ТТ {1+Llи)lo'> =<.о\ ТТ CHu.и)lo>. 
1'1:1 ~=1 

Тhе заmе steps 1n саве (J.7.b) 1ead to 
111 N 

Сз.1.ь) =(o\c.ol1+C:.:)n (·\+U.и)\о') =(о\1'! (Hu.l\)\o). 
1'\=1 "'-1 

Analogous1y in сазез (J.7.c) and (J.7.d). Вut now we must move from 
t he 1eft t o the right Ьу the pairingв of С.о wi th ~;t , then С.1 with 
е.~ and зо on. Expression (J. 7. е) may Ье obtained Ьу comЫning the 

preoeding expreзsionз or 1ts validity can Ье checked 1n an;r of the 
аЬоте ways. In eqs. (J . 7) Ыnomia.lв ( 1 + LLn. ) cou1d alternate with 
an;r factorз, wh1ch commut e with operatorв с. Вез1dез al1 t his 1s va
~1d under the symbol: i of anti-N-ordering. 

Si nce 1n eq. (J.4) and ( J.5) each annih11at1on operator в tands 

t o t he 1eft of 1ts creat1on operat or , t hese ехрrеввiоnв are anti-R
ordered ones and one can put the symbol i i to obtain eq. (J.б) . 
Let uв tranвfom t he 11near factors 11ke 1n e,q. (J.7. e). Under ! 
extreme factorз can Ье coll ected ав f ollows 

(1+c.lo))(.1+c.tttJ-1))+~-Jt Щo)(1+t<.~)(1н:.+(t.Hb+~Ji(1+c{o))(i+c.+(N-1))a.+(tJ..~t 

+ -i: «.(.о)(1+ с.(.о))(1 +c.+(Ы-1))a.t(N'-·1)= 

8 

= {_ 1 + "f JF[ a..+Ы-i)+.:t.(o)] +t:CO)+c.+(tJ-1) +i(i1..1)t oc(.o)cx.+(tJ-t)[c..+(~.н)+Qo)~ 

х{_1+ I Jf c.+(N-1)[ tt.t(N-t) -ctLo)]-[c.. "'tN-1)+ lJt(a..+(~H)-cЦo))]c:{o~ [\+te((l))('Lt{N-1)]. 

(J. 8 ) 

Тhе val idity of the l a tt er decompo s i tion 1nto three f a ot or s can Ъе 
easily ohecked. Тhе part1 t1on f unct ion t akes the fo r m 

2-=1: [~ c-k(f>~)~(fH)1N(o\: ~ 1+tSt [а_1-(~Н)+а.(о))+ 
+ с..+(('.(-!)+с..(о) + i (~i-1)t cx.(o)a.+<.N-1) [c..+(N'-1)+c.(o))3 

tJ 
Тi ~ 1 +~ Jt с.+(~-1) [а..+(и-t)+ lt(VI)]+[c..+(и-t)+tJt(d.+(k-~Щ~~]c:.(~)J 

t\=-i 

[ 1+t ~+c.n-1)a.m)1: !о>~ с:э.9) 
- N 

=.i. [1.d,((!> z.)c.h (f.> H)] N(o\: ТТ { 1+ l Jt c..+(n- 1) [а.Ч.и-1)+tХ-(V1)]+ 
~ t\=1 

+ [ c.+tи-t) +'f ~(a.+th-1)+a.(и~]c.(V1)~ [H-t: ~+(n-1)ct(и)J Но)~ сэ~ 10) 
N 
!: f\(VIJ 

= t_ \)-~(f-'f..)~(,. \-\)]W (о\: е. ~1 ~\о> , Сэ . н) 

· where 

1\(.r.) =- i ~ t..+(n-1) [о..+ U.--t)+a.(и)] + (с.+си-~+~~(оt+(к-1)-+щи)))Щi)+ 

+t a..+(l\-1) o . .l~) 
1 

<:tlO) =• a..(N) 
1 

с.(о) =- С.(~). 

(J.l2) 

(J.lJ) 

Expresзion (J.9) differs f rom the oorreвponding one in r ef./15/in form 
of the operator tеrшз of the firвt facto r . Нowever, these tеrшз, being 
odd 1n number of operatorsrdo not contribute to the vacuum expectation, 

зince other termв are even. One can demonstrate th1s, representing 
\o>=~\O)with ~={-1)N , N=-L(OL+a.+c+t.), transferring ~ to<O\ 

and taking halfвum of the origi nal and new expreввions. Тherefore, we 
are led to еqв. (J.lO) and (J.l1). Тhе Ыlinear form 1n the exponent 
of (J.l1) can Ье "d1agona11zed" through Fourier transformationв of 
type (2.14), wh1oh 1mply the ant1per1odic1ty relat1onв Gt(I'\+N)=-Gt(~ 
С.(~+N)::.-С.(и..) , and tЬerefore enвure oonditio~s (J.lJ). 

Further one obtainв а wel1-known expresзion for ~ in the 1-dimenвio-
nal Iвing. model 1n the wagnetic f 1e1d Н Свее ret.1151). -
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4. ~o::!Ц!!!~~Q!Н:!,l_Is~вв.1!!.2~L'!Hhзut_fie1d~H=O). Let us 
oonsider the 2-a1mensiona1 f1at reotangu1ar Ъounded 1attioe (fig.1). 
Тhе partition funotion oan Ъе transformed as fo11 ows 

. М N 

~ ~~'\ ~1.(€..'\ б'm-"\n 6tnn + 't..i бt>\h-1 б,..n) z = '- е. = (4.1) 

{6 :±11 
l. "'~ 3 N М 

=F L 11 Т\ (~+t'\61"\-1n.~n~")(1+t2.бmn-16..,"')= (4.2) 
{6,.."::±11"=1 n~=1 

N М 

::F .L <о1Т1Тi ( 1+ t 1610нncS..,.,)(1+ t.~ ~ 6'mn.-1omn.J\0) = (4.J) 
\6 : ±1\ 11=1 11\~1 

"'" N М 
= r r:. (о\ 11{11 [1 +~1 щ'I0\-1,f'l)6"'_ 1111 tн .rt1 a..""c"'-1 1 r~) б.., J. 

{б.,.,.=± 1! 11=1 m =1 . · 11 

[ 1 t-fti., ~(m, rн)6m .,_1] [1+ ~ g+(~, n-1)6..,n]}lo)= 
~ (4.4) 

=F k. <oi[1+Jt.!l.,gl1 10)6101[1-+Гtt.~~(t,o)б2} ••. [1+~i1€(t-t,o)бw01· 
~6 ..... =±11 

М-1 М-1 

1}~[1+-ft,cx.(o,n)б0n1!!~(1-+Jip.\*-1,t~~6 ... J[1+f~~€("',"X.J~ ... i4€+chi,"-~ ... Jб+~~a( ... ,!\)G .. ~ 

L1+ Гt,О-+(Н-<n)6м" 1 [1+{tt~g(t-t,~)6Mh][1+.Jt! g+(м,~н)омn1 
М-1 

[1 t-Jl
1
a.(91N)60 NJ11 {(1+~1a.+(111-1 1H)6..,N] [1-+ ~€+("~1Н-1)б"'N](Н .rt, <t(l\'l 1 14)бmNJ ~ 

~~ . 
(Н-.ft1 ~(М-1 ,N)бMN ][1 + ..ff'l g+(~ 1N-1)6мN1\o):: (4. 5) 

N М · 
: r .[ (о\11 {ТТ [ 1+ft,a..+cм-1,n)бm .. 1[1+.ff, ~S(м , ~)б,..,J · 

\6 . ... ±11 t\=1 rw~:t . l 
'""' [ н.rt2.~+(m 1t~-1)бh\..,1(1+•H: 1 a..(wм,~)б""n]j\0) = С4. 6) 

N М 

= & <.о\}3 {!li 1+~t1t1a.+(~t~-1,t~)~+(to~,~ -1) +~1t,_1 g(~,h)O-("')n)+ 

+[.К, <1+(~-11 r~)+{t1 8+(~,t'1-1))[.ff1 a..( ... 1n)+~t, ~{м,tt)1+ 

+t1 t 2 o..+(\00\--t)\<\)~ g(~ 1n) ~+( ... ,vн) сt(К~ 1и)~) \О'>:::: (4.7) 
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1. 

" 

~ 

t-J м 

= (:r<.D\ :П Т1 { 1 +Jt1t'lcx.+( ... -1,1-1)e,i( ... ,1'1-1)+~,_t(IЧ 1 1'\)ctL._. 1n)+ 
1\::1м=1 

+ [.Jf1 a.+(I\H111) +~t t+(м 1и-1)][Jt'1 O..(h\ 1V1) -~2. е(К1 1 \11)]-

- t~tt о..+( ... -1 1 11)~+(м,n-1)а..(~,и)ес~,~~~)i: Jo>= С4.в) 
N М 

1: ~ Д(11-1,r~). \0:\. 
=C:r(O\~ е .. "1 ... ~1 ~ /' (4.9) 

where t. 1 = i.~((H. 1) 1 t!. = tLt(!;i.f.') 
1 

~: 1Mt-Jp :'l.~-tN [c.~~z1)1N(I•H) [ck(f>t:i.)JM{N-1\ (4.10) 

.l\(11>\ 1 1'\):::~t1i:1 а:.Чм-1,~)€+(\\\,Уt-'\)- ~t.1t2.a..(tt~ 1 t\) €(&м 1 11)+ 

-t [#1 а.+(м-1 '"' )+~tg+c~,tн)J[ «1 a..(m,r~)- ~2. t(м,n) J , (4.11) 

surnma tions are over 6" ,...n with m=1, ••• , М; n=1, ••• , N, oorres pon
ding to points of the 1attioe of fig .1. \Ve put equa1 to zero other 

6's encountered in eqs. ( 4.1)-(4.5) and drawn in fig.2 

боh=бмо=О (m=1, ... ,M;I'1..",1, ... ,t..f) (4.12) 

for the Ъounded l at tioe, as propo s ed. Тhе faotors ( 1 +i:.16...,._1YI 6,...,) 
and С 1 + t.i бiМn-1 ~mn) oorrespond to the 11 Ъits" , - and 

I 
mn 101-1n ..,., , 
llll\-1 on the 1attioe, respeotive1y. Exponent s of c.h(r-~1) and d.(f~.tl 

equa1 the numЪers of these Ъits. 
Often (in partiou1ar, in ref./15/) the l a ttioe is oonsidered on 

а torus 

б - б • , б = б.. (т= 1 ... 1 Ц i n ::: 1, · .. ) N ) С ) 
мо- 1'1N 1 on """' > 4.1J 

(see fig.2). In this case eqs. (4.4) and (4.5) are a1so valid wi th 

&==!MNI==[ic.h(fLE1)d.~~t)]MN. Нowever, we oould not aohieve eq. 
(4.6). Тhat is why we oonsider the Ъounded 1attioe (fig.1). For oЪ

taining the poss1Ъ11ity of transfering in what fo11ows some faotors 

into othe r р1аоев, we insert 1nto eq. (4. J) the operator ., 
М N М n 

h=(-1)1-1 ~==1-l(L+N&' Na.~:!: ka.+(м,.,)a{114,t'\),NE,:!: 1;tltщ,ч)~114,"), 
'L ) "'-s1 t\.,.i f\1-::.'\ 1\-i 

(4.14) 
{~a..}.=t~a.·!~\~g!={~€+!=0. (4.15) 

Бetween (0\ and \О) we oan sp11tt usi ng oreation and ann1hilation 

operators, the fa~tors ( 1 +t, о.,.-1 n бм") and (1+'1:2. \'[бми-16,...,) 
into :faotors 11near in б", tt: 
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1 + t1 бм_1 ~б~'>~~_., [ 1 +Jf1 ct(m-1 1 V1)6ж-1nl[1+1[[1 a.+(м-1 1~)610111] с4 .1б,а) 
' ) 

1 +t2. ~ 6"' ~-161И\'1_"[ 1+~i ~ ~(m,n-1)61Y\t1-11[1+~1 вttм,n-1)6~.,l*c4.16, ь) 
Since the factors between vacua in eq. (4.4) do not commute in genera1 
we arrange them in the fo11owing v1ay, Тhе produot is subdivided into 
N segments, "11nes 11 (n is the number of а 11ne, n=1, 2, .. , ,N )

1 
with М 

terms in each line ( tn. is the number of а term, m=1, 2, ••• ,М), Тhе 
nterm" is а product of 4 factors written in eq. (4,4), Тhе terms are 
supposed to Ье arranged in the ascendi ng order of n and т from the 
1eft to the right. 

То check the identity of eq, (4.4) with eq. (4.J) let us consi

der the expansion of а pair of factors, say, those entering into the 
r,h,s. of eq. (4.16.а). Тhе linear ina.(м-i 1 n..), and a.+(101-1,n..) terms 

vanish,because these operators can Ье transferred to IO) and<OI , 
respecti ve1y, Тhis is due t ,o the fact that these operators are not 

met anywhere e1se (except in , t( ). Тhе product «.(tn.-1
1
n..)a.+(m-1

1
1-\...) 

can free1y Ье transferred to any of the vacua and 6onverted into 1, 

Тhus, we return to ( 1 + t.1 бм-1 n. ·бмn) • А similar transform~-
tion of а11 other pairs of brackets turns us back to eq. (4, J J . 

Each 6.., 11 enters into four factors of the product of eq, (4.4). 
We wish to co11ect such factors together, Тi11 now the genera1 term 
of the product contained on1y two such factors. One more is near-Ъy: 
1t is the first factor [1+..f[1<X.(m,~)б""..,] of the 11ext 

(m+1)th term. Тhе fourth factor (1+.ft:~.yZ~(m 1 "-)6,.,..,} is precise1y 
one 11ne Ъе1оw (on (n+1)th 11ne) of its ana1og in eq, (4.4). We in-

c1ude the factor [1+..fi1 ct.(.m 1 и)6 11111 ] of (m+1)th term into mth 
term, the first term .of which Ъeing inc1uded into (m-1)th term, etc, 

All the fact ors [1+ .rt"~,~ ~(W1 1 ~)6...,"'] oan Ъе simultaneous1y 
extracted and transferred exact1y on one 1ine up (to the 1eft) ' with
out changing their mutua1 order. Along their ways they commute with 
а1~ encountered factors due to the operator 12. anticommttting wi th any 

creation and annihi1ation operator (see eqs, (4.15)), Тhus, we come 
to eq. (4.5), 

ExPression (4.5) is va11d for а 1attice on а torus too (see egs.) 
(4.1J))**) However, summations over б's shou1d Ъеаr in this case а 
rather oomp1icated resu1t instead of eqs, (4.7) and (4,8), 

For the bounded 1attice, eq, (4.5) equa1s eq. (4.6) where the 
genera1 term contains on1y б,.," , Note, that the factors [1+Jt1 11(o,~)60J 
И) . 

One can a1so sp11t without the rad~ca1s, e. g., 
1+t1 6м_1 .., 6,.. 11 - [i + а..(м--t,n..)б,.ни 1[1+t1 a..+(m-1

1 
1'1..)6..,;, ]. 

iiii) Some knovm expressions 19 •13 •14/ correspond to the 1a tter. 
And also for а 1attice with free ends, 

12 

~1 

at the Ъeginning of each 11ne and the factors [ 1 + ~'l ~ S(m10) б.." 0] 
pushed from 1th 1ine into а s pace between <О\ and 1th 1ine, have Ъееn 
missed out in eq. (4,6) as compared to eq. (4,5), Вut а11 these fac
tors equa1 1 due to е q. (4.12). Бesides, the additiona1 factors 

[1+ J't1 а..(М,и)6м 11
) at the end of each line (n = 1, ... , N ) 

and [1+.rr!l.~ g<.~,~)бмNJ (~t~= -t, ... 1 М) at the 1ast line have Ъееn 
inserted into е q. (4, б) as compared to е q, (4, 5), Тhese factors equa1 
to 1 too, due to the аЪзеnсе Ъetween vacua the mate operaters а.+(М 1 11) 
a.nd t•(~t~ 1 f'.l) (except possiЪly in 1 ). In eq.(4,6) it is easy 

to compute sum av er each 6 11111 • Тhе expansion of the four factors 

af tьа general term in eq. (4,6) gives с,~ + Clt1 +С~ = 8 addends 
with етеn powers of б101 п. and С.~+С.~ = S addends with odd ones. Using 
eq,(2,8), we obtain eq,(4.7), Here the operator 't commutes with each 
term о! the product in eq,(4.7). Тherefore, each t in eq.(4.7) can 

Ъе transferred to a;ny of vacua and converted into 1 thus giving eq, 
(4,8) 'lfithout i !, We can put the symbo1 of anti-N-ordering : :, 

s1nce in the expression obtained each annihi1ation operator stands to 
.the 1eft of its creation operator (this is valid from eq,(4.4) to eq, 
(4,7) too, if one ignores ~ ), Each term of the product in eq.(4,8) 
can Ъе represent,ed as еД(м, n..) with no matter : : stands or not, 
Ъut only UIXl er i i all е, Д(m,n) can Ъе Ъrought together 1nto one 

exponentia1 funct1on of eq. (4,9), (See Appendix), 

lor oomp1eteness 1et us accomp11sh calcu1ation of the partit1on 
funotion along one о! staDdard ways (cf,, е. g,, ref / 1 J/ ) 1 Neg1eoting 

о! influence of sоше extreme terшs, we rep1aoe now the Ыlinear form 
2.~~(m,n) Ъ;r а new one L~ 1>: (m,n), where ct,+(o,n) and в+'Сm,О) are 
ident1!1ed with <L+(м,n) and &+Сш,N), respectivel;r (а !orm on а 
torus). Тhis 1s justi!ied 1n the thermodynamioa1 111111t (see, e.g,, 
refs/9 ,lJ/ ). The Ыlinear form LL~ (ш,n) can Ъе 8diagonalized 8 

Ъ;r the P'ourier transformation х) J 

М N t ·(~+М) 
a.(m "-) = Ь L, I: е"" м N . r:{,f ... ;~) 

' -l ~N r:c1 '\=-t ч-,-, ' 
М N t ·(~+!:!::1) 

в (WI 1 n.) • ~ !: I:_ е. "'- М _ N f!>(\','\), 
чМ~ t•1 '\:i 

М t 1n' (~+!!.!..\ 
а.\"'''"'-)=~ L е.- '" М N lct.+(p,'\), 

~мк p:o:t 1.t 
~ N '1 ·(~+-ifl) g+(м1 и) = Ь. 2,_ !:, е:- :1\'\. М ~+(р,'\), 

..,.мы 1'=• '\""t 
(4.17) 

~~;:;!orsation of type (2,14) is also suitaЪle. 
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which incorporates the periodicity conditions 

сх. (..m.+ M7n.. ~ = ct{m., n..+N) = <Цm,n) (4.18) 

and s1m11ar ones for other operators. When transforming, the comp1e

teness re1ations 

1 ~ -~(~-\'')т 
М~~ М =Ьь'' 

\0\::1 1 " 

( 4.19а) 

м ±!l.r..\. ( 1 
1 ~ м \'+Р )m- _с- , 
-~е. -ОрН-р 
м n\=1 

(4.19Ь) 

are used , with 1' р ~М and 1~ р1!!!; М ( f an.d р1 are integer). They 
f o11 o.w from the more genera1 re1ation 

1 м tti (Р-1'')~ оо 
м.!:. С2 м = ~ ър'р+kМ ,_ 

~-:1 k.=-oo 
(4. 20) 

which is V{i11d for all posttive and negative integer ~ and р' , ' k. 
runs over al1 these va1ues. Aft er the Fourier transformation one ob
tains 

М N М N 
!: !: f\1(м,")= L. ~ BCr,'\), 
"1::1 '1::1 t:-=1 '\=1 

В Су,,) = ?1 ?~ J..+cp,'\)f->+ t-r,-1\) ± Jt.,tt J.(~-,") ~с-р,-1) + 

+ [11J.+(p,'1) + '!t f.>+(p,<t) 1f.Jt1d-.(\',l\') ± rt~. ~(~,'\) 1 1 

(4. 21) 

9:'JLi.f.. .. • .1.. ( 4 . 22) .u м - ... т..'\. 
}1:21(p)='t'·1e_ ' г~='2_t('\)=.rt'te N, 

wh ere uppe r and 1ow er si gns corre spond to eqs . (1.1.Ь) and (4.9), 
r espective1y . A1though eqs . (1.1) and (4 . 9) equa1 each other (see 
Ъе1оw), their approximate expressions with exponents (4.21) ; (4. 22) 
do not (see eq. (4.27) be1ow). Тhе equa11ty wil1 Ье restored only in 
the thermodynamica1 11mit ( Бе е eq. (4.28.Ь) be1ow). Further we have 

М N F>{ i\ М N i\ i. 
z~C:r<oi;Т\Тle "'~ 1 :\о)=&П 'П<o(:eB<r,q)+B(-~,-11 Ho>2. C4.2J) 

1'="~ ч=1 f=1 <t=1 
due to sp11tting of thc transformed product into ind ependent fa ctors: 
:е. ~(\'J'\)+BC.-p,-q) ~ (with no common operator s), whi ch commut e 

with each other , so that their va cuum exp e ctation va1ue s can Ье ca1-
cu1ated separate1y. Each of these factors can Ъе ordered exp11cit1y 
as fo11ov1s 
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1 
i 

f 

\ 

1( 

1 

:е &Cp,<t)+B(:-p,-tt); = 

= е...± ~t., t1. d.C\',q) Н-\',-'\)± ~t1t2. J...t-y,-'\)\'>C\'1'\) 

: е C~1J..+(\','\J + Ъ. ~ +(\>,'\)1(~1J(p,'\) ± ~2. ~{t>,'\)]: 

~ е [zt J.+t-r)-'\)+ 1~ \?+С:-р,-'\)1(~1 J...(:-r,-'\) ±~t ~{-t,-'\)1: 
е 1-, }; J...+(\'J'\) 1!>+(-r,-•\) + ~.f z2. c:k+(-p, -q) ~+с\','\)= 

=\.. 1 ± ~t1t,.J..(t>,q)~H,-;)± ~t" t'i.d.t-r,-")f><\'A') +t"-t:.,_J.!p,")f>C-r,-'\Wr,--1)f<r,cQj 

\ 1-(~1 cl(~,C\) ± ~ f>(p,~) 1 r.~,J-+(\','\)+ }2. ~+(р,'\)1~ 
{1-[ Jt1ttt-\'г'\~±~1 f>t-p,-'\)1[ 2~ d.+C:-y,--'\)+ fi ~+t-p,-'\)3 

{ 1 + 2, z; J:(f,")t>+t-v,-'\ )+ ~fl,_J..+t-y,-'\)f>+Cf,'\)+ 111 1'-lz~~.l~f(м)f>\r,-<\)c:(+t-r,-'\)f'"'Cr,,\)1 . 
(4.24) 

Remove the Ъraces of the first and f ourth f a ctors . Amonf, 16 terms 
thus oЪtained on1y 6 wi th equa1 numЪers of creation and annihi1ation 
oper ators can contriЪttte to the vacuum ю:pectation . In the second and 
third factors we take into account . on1y th e re1ations J...'- =J.+!. = 
= f.> t. = f-> + 't =0 • Тhen in tl1e notation 

с[(+) =6..(\','t)' d.(-) =J.l-1',-'\), !!>(+) =~(\','\) 7 ~(-)= f>{-p,-'{), 
' а . . L . '\ 

1.:' ' ... т.'\. м . 11\'\.1f 
Z 1 =1J't:- 1 21 =t1 e, , :~.=~2.}t.=t.~e , (4.25) 

one oЪtains for thc аЪоvе 6 terms 

<ol: eE>lt>,'\)+ Y,(-r,-"\ \а> = 

::.(o\{1-[Jt1d.t+)±Jt,_\H~)1[}1J.+c+)+ },_f>+E+-)1~\1-[.Jt1<li:-)±.ft"2f><.-Я[~~~(-)+{t ~+t-)]} 'f 
+ z-1~ J..(.+) [1 :р~1 f>l+)~(+)]<t+t+) f;>(-)[1-: i!.~ dJ.-)J..+(-)) f>+(-) ± 

± ~~lt<ll+)[н: }1Jttf>l+)ct+(+)1~+l+)~)[1 + I;Jt1 cf(-)~\-)}crc-)± 
± ~1~~ f!l+)[1 - Z1~1 d..C+)f'<.+'>1~l+) M-)t1 + lf Jti~(:-)J..+<:-)1~+(-) =t 
+с~ ~1 ~c.+)[1-i!.,&..l+)J..+c+))f->+C+)~(-)(1+ lif>l-)f>+c-)1J..+c-) + 
+ \'l 1 \ 1 1 ~tl !.с((+) f->(+ )d._+(+) f>+(+) ~(-) c:((-)~\-)J..+(-) \О)= 
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= (1-i1 ~eo<J..)(1-i:.f+~t) + ~1 ~:-(1 +1:~.)(1-ef)+ le.1 \ t. \'i:2.\2. + 
+\r:,\2.1"4\t =t ~.r~2.(1-~1)(1+cf) +\~1\t.\~i.\2..= 

= 1-1.1-1:~ +L?:.t+~t) + 11:.112. +\ c2.lt. ±.1~1\1(~'i.+c~)+l~il\e.1н~)+\e.1\211:,{ 
Hence, t h e partition fu nction equals (4 . 26) 

М N ~ 

l ~&11 'П fC1+t~)(1+t~)-2:t1~-ti)c.o~1~f' :p.:t. 1(1-t;)c.o~ ~1]1 С4. 27) 
r~1~ ~ N 

For t h e thermodynamical potent i a l we obtain the f amous Onsager 
result 

Ф=-1'и~~оо ~N t"-Z=-'r ttm~N {мNen.2. +N(M-1)e~Jtц;~)+M(W-1~c.h~) 
1 

М N 

+!!. r: tn..[(i+t})(1+t~)-2_t1 ~-ti)CD!.i~~ :;2.t9.~-t~)C.Of. 2~1]1= 
P=1q~1 . ~~ ~ ~ 

{ 
n 1 (4.28 .а) =-i' en.2. + t.n.[c.."(f.~)c1(r--e.t.)]+ 

~ i~ 

+ g~j Jd~1~J~!. ett[(1+t~)(нti)-2.t'\~-tt.,_)c.oslf1 .:.2.t9.(1-t~)c.o';)~i11.(4 . 28. ъ) 
wher~ passage to the int egral i s per formed Ъу setting ~ 1 ::: i1'Ч• , 
<CI 2.':JL.1 1 tD !1~ 1 i:~ ) м 
""t. = N ' ct., 1 ==М > "~1. = N . In eq. (4. 28. Ъ the dej) endence on 
sign disappears: Тhе signs Ъef'ore сов 1f 

1 
and с о в ~!!. can Ъе al tered 

Ъу changing variaЪles. For the same reason eq. (4.28,Ь) depends only 
on \t.1\ and lttl , i. е., on \Е.1 1 and IE.t.\ • Тhе ugument of the loga

r1thm ta.kes miniшum value кц~) =(1+1t1\+l~l-\i:.1tt.l)i. at ~1 = 
• '9t. .. о, and а critical point 1s def'1ned froш ::К(fос.) =0, 

Remarks, (1) It was зhown that the P',-S, transf'ormation is r1-
gorous f'or the bounded lattice. 

2) !xpression (4.8) dif'fers from eq, (l.l.a) 1n the change of 
all В (m,n) Ъу- -t (m,n)(wliile g+ (ш, n), O.(m,n) and a•cm,n) re
шain unchanged), In spite of thia, eqs. (4,8) and (l.l,a) equal each 
othtr s1nce eaoh allowed polygon on the lattice contains even nuшbers 
of' the vert1 cal and ho.risontal bonds and theref'ore 1s repreзented b;r 
а product of even numbers of' а,а+,Ъ and Ъ+ separately. 

J) If' we split 

(Ht.t~б~t\-16~.._)- [H-!ttg(wt,tt-1)6~~1(1+ Jt1 ~+(м,tt.-i)~ в.,."1,с.~.29) 
put the f'ac t ors [1+-It't.. tltt\ 1 ~-1)6~"'_1) on their plaoes. (on one line 
Ъасk), then split fac t ors (1+t.1 6.w--tnб~n) , as above, we again 
colleot four f'actors with бм.._ as а general term. SUIDID&tion over 
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each 5мr\. leads to 
N N 

Z=&(oln 1 Т1 {1+~t1t1 a.\m-1,h)g"{m,tt-~~ +~t1-t,_ ~(m,n..)a.{.m,n.)+ l\t111r1 ... 1 

+ ($1a.+(m-1,n.) +Jt2 ~\м,n.-1)~t_][~1 ct(m 1 t1) +Гt2. ~(m,~)1 + 
+t1 t.,tO....,(m.-1,tt ') €(m 1и) g+(WI 1n-1) ~ a.lm,n.)~} \О)= 

N М 

=G-(oiiJJТJJ 1 +~t1t1 a..+(wt-1,~)g+(m,~-1)+ ~t1tt g(1У11 и)Щщ 1n )+ 

+ [St1 ct+(m-1 ,n.)-..It1S+(WI,tt.-1) 1[~1 С1(м,n..) +.J-t'1 km,n.)) +-
+ t 1 t~. ct+(m-1, n.) g+(m,n.-1) €(W~,~) ct.(wt·7 ~) 1} 10). С 4 . зо) 
ТЬ.is differs from (4.7) in signs of the vertices 

a..+(W\-1
1 
~) g(W\

1
Vt) and g+(h1 1n.-1)(j,.(m,tt.). (4. Jl) 

Nevertheless the equal ity of eqs. (4.7) and (4.JO) is ensured Ьу the 
derivation. We can account for t he situat1on Ъу the fact that each 
allowed polygon contains equal numbers of t he vert1ces (4,Jl) (зее 

figв. J and 4). N 
4) One could ta.ke the operator rts =(-1) r. instead of ~ , thus 

oъtaining expresвions of' the fom (4. 7) wi th tz 11 вuЪstituted for tz. • 
Нowever, now one could not remove ~в • . . 

5) We ~ould fo l low Fradkin and Steingradt/15/ more closely, Тhen 
instead of the above vacua (О\ and lo> we should take the "va cua• 

't''Т'(О\ and lo>~ , where lf=(~) ~d 't'"'=(O, 1) ar e auxiliary зpinors~ 
ТЬ.еn us1ng Pauli matrices 't:i. (Clifford variaЪles) we might split 
Ъetween the new "va cua" аз follows 

( 1 +t.16m-1116h-'ltt )( 1+t. i, б.., .,_1 6.,_, 11)~(1+t 16tt~-1~б'мn)~+t1~36'"~16101~ 
~ [1 +Jf1 1:1 C1..(WI-i,n)6."_1 n ][1 +~1 'L1 а..+(м-1,11...)6""'"' 1 

[1 - iJri-ct. €(tn.1n.-1)6ttt.n.-1][1 +~i.'L1 g+(m, n.-1)6~n.1 (4. J2) 

and convert like abov e the _gene r al t er m of t h e pr oduct t o t he fo rm 

[1 + ~ 't:" 1 a..+(m.-1
1 

n.. )бmn ][1--1. ft~,'t't. ~(ttt 1 n)б...,n] 

[1+ ~ 't'1 g+(rn., n..-1) 5 tиn 1[1 + .ft11:'-1 OC.(.mJn.) бmr\.] ' ( 4 . JJ) 

thus obtaining e q, (4 . 8) again. Note t hat now we have anti- N-ordering 
at all stages , what permits uз to reformulat e this approach complet e
ly in terms of -Grassmann variaЪle s (see Appendix ), u в ed 1n -zef / 151. 
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б) In the cases of Воsе and Pau11 operators there are no prob-
1erns with co11 ect1ng together factors wit h the sаше бn~n. • We have 
no need to insert factors 11ke ~ , and expres sio ns (4 . 4) - (4 . 7) are 
va11d with ~ = 1 for the Ъounded 1att1ce. Under ! ! t hey are 
valid for the 1a tt1ce on а t or us . 

5 . ~-;:di!!!~Sio!ЦЦ__l sing_!!!.Q !!~L:!;hth magnetic field Н. We can 
transform the partition function in this case in the ваше manner as 
for н-о: м w 
z = L_ е ~ ~1~1(e..16to~-1t'\ +Е..tбnнн+ Н) о"" О\. = 

tбмn= :tЧ 
N М 

(5 . 1) 

=\="!: nn (1+-t 16101--t n6.., .,)(1 +t,_6mn-16to~n)(1+t. б.,.\l'\\ = (5.2) 
\_6,..1'\= i1\ "-=11t1=i •) 

N М 

=F .[, (О\\1 П (1 +t16~'~_1n6totn)U+t116101n_1б"'.:){j+t.б"""'JIO)= (5 . з) 
{ 61>11\ = t -11 1-1=1 ltl=i 

м., м 
= r L: <olтt;, n [1 +Гt" a..(m- -\ , n.)бW\_1 ""1l1+Гt1~(m-1,1't.)61\'\ .,1 

\_б :::±1\ "'"1 
"'"'

1 + 1 - :l "'" . [1+~2~elm,n-1)б~>tn-11l1+St1g (m.,l't.-1)бмri1+t6"'~Jio)= 
н {м (5 4) 

: F !:, (O\il :П L~+Jt1a..+(m-1 ,"--)бmn1[1+ft~~~lm,n.)бмn1 • 
\9 -±1~ 1\:&1 "'"1 ,) """- [1+~g+(м,n.-1)бмn1[1+~1 C1Lm,n.)6 101 nl(1+tб~nl'1)jlo)= 

N j~ ~ 5) 
= ~(01!}JГ:-t{ 1 + lГt1 l<1.+(m-1,n)H:tlm,n.)1-t l~1[~+<_m,n-~ +~~(m.,n.)J) 

\_1 + ~t:1t1 ~lWI-1 1rt)~+(m ,n.-1)+~t1tt tt_ g(m,n.)ct.(m.. , n.) + 

+ l.It1 a..+l~-1 1 n.)+~t t+(m.,n.-1)1[-Гt1 Cl.(m,n.)+ Гt"t ~ ~lm ,t41 + 

+ t 1ti. a.+<..m-1 1 n)~ ~(.m 1 n.) ~+(m,n.-1)a.(r'l,"')1 \ \0) ' (5 . б) 

wher e l -= t..\ot.(f> Н) , and 

(,.. = 2.~N-'F = ~N[c..h.(f.>t1)1(M-'\)t'<l (~~f.t.))M(W-'\) [c.k(fo\-\)]1--iN . (5 . 7) 

L1ke 1n the one-dimensi onal шodel with а fi eld, here a1so there 
appear facto r s 11near in cr eat i on and annihi lati on op erators due to 
the f i eld. Тhеу do not p erш1t us t o remove the operat or a ~ • One 
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oan try to oonvert the 11near factors into Ъ111near ones according 
to eq. (J.7). However, the presenoe of ~ in the Ъ111near factors 
of eq. (5.б) prevents this poss1Ъ111ty(wh11e ~'s in the 11near terms 
do not interfere). 

б. !hr~-d!~~!L~'L.!§.ing_щod~L!!:!Jd!.Qut..J:ieИ• Let us consider 
а Ъounded J-dimens1ona1 rectangu1ar 1att1ce and transform the parti
tion function in terms of annihilation and creation operators in the 
ваше rnanner аз in the 1-d1mens1ona1 and 2-d1rnens1ona1 cases above . 

1 t М N 

z = 2: e~t;1 ~t ~1(t.1 6 t-1mи+t~ 6't~>t-1h+ t~ бtм h-~бе,.,\1= . 

\ б'tm .. -==± i~ , (б.1) 
L М N 

=F' r. Т1е. t'П n(1+t16t-1~t~n6tm~~+ti~lh-il1бel1\l\)(1+t:!>6• "1h \ = 
{ -+il' " "'""~1'1=1 '-"'- "1.11tnl 
бt~>tr~-- \oi м L (б . 2) 

~r !:=±i~oi.!J :П~1(i+t,1 6 f-1 "'.,
6e ... ~(1+t!~ 6tlh-1n6e ... ~+t:..l бtмn-1бt ... ~lo): 

1: tmn S 
~ М L ~.~ 

= F.!: 1<о\ТJ Т'! ТJ [1-tft1 l' a.(t-1,~n,n)6e_ 1 ..... 1 [1+.[t1 a.+(~-1,~t~1n.) ~ ''бt'"n1 
f б :. xi n-i 11\-1 L-1 
l' t..... [ 1 о :\ IJ+ 

1+.ft1~ t~(~ 1m-1 111.Jбt.""-tn] [ 1+~1 t> (f1m-11~}"бe111 n] 
[1+ft.:ic.(f,m,n.-1)бttotn-t1[t+ftзc.+(f1m,•H)X''бt .., 11 ] IO)= 

N М L (б . 4) 

= r!. <о1Т1Т1 n [1+[t1a..+l(-1,m,n)~· бt..,h ][1+ ~\ glt,~t~-1,~6e"'-1 n.] 
\_6 -+1} 1\='\M:if.: j 

tmn-- [1+ft..t_€+(e,"'-1111.);"6c..,.J [1+Jt.3l' c..(t,"",11-1) бt..,h-1] 
[1+[t3c..+(.( 11\1 1 n.-1)X''бe..,J[1+.J't1~

1a..(t,м, 11)бt..,~'~] jo) = 
N М L (б.5) 

= F L (О\ ППn [1+[t1<1+(E-1,m,~)~"6t ..... 1 [1+ Jt~, ~ g(t. , ... ,и)Gь.,.,] 
{6 -±i) n=1 ~>< =\ 2=1 
\: ь...,- [н~е+(t,~-1,~)~"бt..,.,)[н~~хц.е ,м,~-1)бt~ .... 1] 

[1+ft'~c.+~1 ... ,n-~l"6e.-. •. J[1+J[1 ~'ct(e,m,11)бe.., 11]10)= 
N м L (б.б) 

= F 1: <о1Т1Пil [1 +Чi1 ~~{E-1,m,11)1"бt..,.J[1+Ft.~'ece,IO\,I'L)бe."'~l 
[б ::±11 11=1 lolc1 f:1 ' 

t"'" · [1+~1~~(t,l'n.-1 1 1't.)~'бe..,.J[1+{t3x.'c(.f1m,11.)6tto~..J 

(1+Гt~c.+(f ,m,n.-1)X''бt~o~•J[1+.Jt1 ~'cU.e,Wt.,n.)бt"'n.llo)= 
(б . 7) 
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N N L 
=~<о\Т1 П 11 {1 + t 1 a.+(t-1,m,n.)z''~ 1Cl(i,m,n)+t'l.~'8(t,м.,11)B+(t,wн 1 ~-t)~'' + 

и:1 м:-( l~t 
1 

+t:!>X: c.(f,wt,Yl)'\f,m, n.-1) '/....11 + 
+~t1 t2. a.+(t-i,Wt,Yl) 2rr [€+(~,w1-1,11.. )~rr +\' 8(t,m,tt.) ]+ 
+ ~t1ti [~+(tlм-1,n)~"-+ >1 все. ,"' ,tt.)] 1' oc.(t,I'YI,h..) + 
+ ~t9..t~ [g+(e,m-1 111.)}11 +~' B(t,m,n.)) [c.+a,m.,rt.--t)X' +.~ 1 ctf,щ,t~)]+ 

+ ~t1 t:!> a..+ (t-i,~t~,tt)}" E:+(t 1m1n.-1)'X.' +l'c. ([,m1rt.)}+ 

+ ~t1t3- [c.+(t1Wt..1tt- i)X1
' + X1c.(f. 1m,к)} }1 (1.(t7m,n.) + 

+ t 1t.t. ct+(~-i,m , и)}''~' B (e,m, и) g+"(f ,~t~-1 , n.)~" ~~ а.Д,m,и)+ 

-f tJ.. t~ ",1 ~(t11И 1 и) ~+а,~-11\'1)~11 Х {.(~71tt1 11.)c.+(f 1m 1 м-1)l" + 
+ t~ t 1 a.+lf-1,m.,n.)}"X: c.(t,~,11.)c.+(f,m,n.-i)x' г' a.(f,m,и..)+ 

+ t1~t1-t~ а!~-1'"'' ~'~)z''[&+ (f,~tt-i ~~~ 11 + ~ 1 ~ (~m,n.)i.+c.fft1 1"-~X'+ X'c.(f,tt~1n)]} 1 a.l t,и.,и)+ 

H:1ft:;t:;{a.+<f.-1 1~t~,и.)1";1 g(t,м,~ S'\f 7 ~t~.-1 1tt)~11 [c.+(f.,m7n-i)l" +I c.((r,")) + 

+~ t(t1m1 t1)g+(Ч'1-i 1~~~1 1f.+(f1~tt 1 n-1)X''-+X'c.t~,""'")) ~· c1.(f.,m,и.~ 
+t:;~t1~{a.+a-1,~t~,~~"l8+(t,'"'-t,и.)}"+''~l~~tt,t~))rc.tt,m~c.+(t,m,•н))."+ 

+[~~t,m-17rt.~"+~'S(t, ... ,l1) )l1c.(f, ... ,11) c.+(f,~,.-.-i}r ~ 'щ.(,m,n)J + 
+t

1
tt-t3a.+lt-t,WI,k)i' ~в(l,"'"')в+(t,m-ч")~"l'c.tt~и)c.-t<_f,..,,~~._~X" }'c1(t,~,~ ]1о~ с б. 8) 

where t.i. = th..(f>~t..) ( i.-= 1,1 ;~) 1 

(т::~ LMN F ::2. LMN [c.k.(f>~1))(L.-1)MN[~(f>t.~)11.(1+1)N[c.\цf>~)1LM(N-1\б.9) 
In eq. (6.1) summations are over 6е~ 11 with f • 1, ••• ,L; m .. 1 , ••• ,м; 
-n • 1, ••• ,N, and superf1uous variaЪles 6 0 ..,", бton .,беmо , 
encountered in eqs. (6.1)-(6.4),are zero for the Ъounded 1att1oe 

бOWJn= 6eon-:::: бt~о =О ( t::: 1, ... 'L:, m::.1, ... ,M; n= i, ... ,N) .(б.10) 
In eq. (б.J) operators ":\ =. '}

1J" '3,=-\1 ~" X.=l'I.'' are inserted to ' ) ) . 
faci1itate transferring some faotors -in what fo11ows. It is suppoaed 

h 1 1) 1 н "V f "V" )"" t at } , 7 , ~ 1 '\ 1 А , А are some produots of operators ~а.::(-1 ''4. 
~i =. (-1) М~ and ~с.:: (-1)Nc. • Тhе operators ~4., ~g , and '1.:: , 
antioommute with re1ative operators and commute with others, e.g., 

l ~4.. 0..1 =: t ~а.. а.+ 1:: [~CL~1=[~«. ~+]: (~a_t_] : [ ~<Lt_+]:O • (б.ll) 
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Expression (б.4) is oЪtained Ъу evident sp1itting of the factors 
entering into eq. (б.J). New faotors do not commute, and we arrange 
them in the fo11owing order. Тhе product is suЪdivided into N "pages" 
(n i s the numЪer of а page, n=1, ••• ,N), each page is suЪdivided into 
М ~ines" (m is the numЪer of а 1ine, m=1, ••• ,м) with L "terms" in 
each 1ine (е_ is the numЪer of а term in а 1ine, f, =1 1 • •. ,L) •. Тhе term 
is the product of 6 factors, written in eq. (б.4). Тhе terms are 
a rranged in the ascending order of n, m, and е from the 1eft to the 
r i ght. We wish to collect together al1 б factors with бtWin • Тill now 
the general term of the product contained only three such factors. One 
mor e is near-Ъy: it is the first factor [1+.Jt'1 }

1a.(e,m,n)6f...,n] of the · 
next С t+l)th term. Тhе fifth factor[H,ff2 ~8(.f,m 1 n)6t ... nlis precise1y 
one 1ine Ъе1оw (on (m+1)th 11ne) of its analog in the genera1 term of 
eq. (б.4). Тhе sixth factor [ 1 + ~:!>l' c.(e,rn,n)бt~n ]is precise1y one 
page Ъе1оw (on (n+1)th page) of its оору in the general term of еq.(б.4). 

То oЪtain eq. (б. 5), we ino1ude the factor [ 1+ ~1 } 1 oc.(t 1m,tt)бe ... и] 
i nto the general term, joining the first its factor to preceding term, 
etc. Тhе factors [1+.ff1 ?' a.(01m11'1) 6 0 .._, 11 ] at the Ъegj_nning of each 
line are missed out and the factors [ 1 + '1\1'1 7' a.(L 7m1 и) бL m n] are 
i noerted into eq. (б.5) as oompared to eq. (б.4). However the equality 
r emains, sinoe al1 these factors equal 1, the first ones due to eq. 
( б.10), and the 1atter due to the аЪвеnсе of the mate operators 
a+(L,m,n) Ъetween the vacua (except possiЪly in ~ ). Тhen we extract 
al1 the factors [1+J't1 i) g(f1 щ 1 n) 6tмn) and transfer them simulta
neous1y on one 11ne up (to the 1eft) without ohanging their mutual 
order. Тhе factors [ 1 + ~t ~~ g (t 10111)6ton] pushed into эрасев 
Ъetween the pages are mi.ssed out, and the factors [1+Jf~ ~ g(е,м,~бе.м 11] 
at the 1ast 1ine of each page are incerted in eq. (б.б) as compared to 
eq. (6.5). Нowever, al1 these factors equal 1 due to eq. (6.10) and 
the absenoe of the mate operators ъ+( t,м,n) Ъetween the vacua. 
Fina11y, we extract al1 the faotors [1+Jr:!:.x.'c.Ct,..,,и)6tж 11] and 
transfer them simultaneous1y on one page Ъасk (to the 1eft) without 
ohanging their mutual order. Тhе faotors [1+~:;l1c.(.f 1 М1 10)6e ... o1 
pushed into а spaoe between <О\ and the first page, are missed out, 
and t he factorз [ 1 + JТ!> 1...1 с. (~,n-.,~) б е.., N] on the :f:ast page are 
i noert ed in eq. (б.7) as oompared to eq. (б.б). Again а11 these 
faotorз equal 1 due to eq. (б.10) and the аЪвеnсе of the mate opera
tors o+(~ 1m,N) Ъetween the vaoua. In eq. (6.7), wher e each term 
depends only on one f!5 t ... 11 , one oan eas11y oarry out summations over 
al1 6' t...,n. • Тhе expansion of б factors of the general term oontains 
C~+C~+C~+C~=J2 addends with even .powers of 6t..,." and C~+C~+C~'"J2 
addends with odd ones. Using eq. (2.8), we oЪtain eq. (б.8). 
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When transferring the factors we suggested tac1t1y that they com
mute with а11 encountered factors along their way due to an appropri-

t 11 .,, 11 v' v" ate choic e of ~, l , 7 , S , л..., л. • So, one can choose 

?'=?"=1, ~'='1.ж.~t='1~с..,о;,''=1, X'==~4-~t~c.=~,X"=~«-I'!.t==~l'l.c..· (6.12) 

Тhе operator 1 = 1'/..ж.tz{!tz(. can Ъе removed 11ke in the 2-dimensional 
case, and vre get . 

N М L 
z =&<.o1I}1 Ili'UJ 1 + ч)l .. +(t-1,'",n.)ct(f,м,n.)+t1 ~(. g(t,"', tl~ к~-tt,м--t,t\.) + 

+ t~ с.(t 1т1 n.)c.+(f 7m, n-1)~c. + 
+~t1 t 1 ct+(e-1,tтч·t)[€•(l,m-1,n.)- ~с. g (e,m, n.)) + 

+ ~t1t2 [&+(e,rn-1, ~-t-)+ '1<:. €(eJm)n.)} ct.(t, m, n.)+ 
+~ttt3 [g+(t,rn-i 

1
tt)+ ~~ ~ (~,~, tt)][t+(~ 1m 1 n-1)~c.- с. (f ,m, n.)) + 

+~-t 1t~ a.Ч(--t 1m 1 ~) [с.+(~ ,m ,n.-~~c <:((,W11n)) + 
+ ~t1t~ [-c+(f 1 tv~ 1 1'HJ~c. + <:(_t 1 tv~ 1 n)}ct(!,tv~ 1 tt.)-
-t1 t 1 а.+ (t--t ,m,n.) Yl_c_ ~ lt,m

1
n) g+(t,tv~-1 1 n) Q(t,m1n) + 

+ t1. t> ~ (t,m,n' ~+(~,m-1, n) с (~ 1 t't1 1 n.) c.+(t, m,~н) + 
+ t~-t 1 Cl+(f-i,m,n) с (f 1rn 11"1)c+(t,m ,n-1) ~'- a.(t ,m,и)+ 

+t1 ~~ tJ a.+(e-1,m ,n)[&\t,."-1 ,n) -1с вte,m,n)1[-c.+(Q,m,11-1) ~+с( t,m,n)) a.(f ,т,n)+ 

+t-
1 
{t1 t3\-ct•(e-1,m1~1c. g(t 1m11\)KЧ~,m-1 1n.)[ c.+(f,trt ,n.-i)~c.- c.{f,m,n))+ 

+~c.~lt,м.,11-)S•(e,."_1, n)[-c.+(t, m-1,n)'1c. +c((,m ,tt)]ct(f, tt~ ,n.)} + 

+~~~1~{ Q.+(t-~,m,n')[8+(!,м-i 1t1)-~c. ~(f 1tt~ 1h)] с (t 1\t\ 1 n)c.+(~,.",n-1) ~с.+-
+ r~·(e,m--1,t1)+~c. ~(t,m,~1c (~,.",n)c. +(t ,.", n-1) 1с. ct (f ,w.,tt)1-

-i1t1t:!.a.+(t-1,m,.t} g(t '"''")B\t,m-171'1) ci,tt~,n')c+(e ,м, 11-1) o •. {f 1rt~,~} \О). С б .1J) 

It is just the operator ~'k which ensures for each polygon on the 
space 1att1ce now to contribute +1, Нowever,~~ prevents further 
advance.' Other poss1Ъ111t1es for choice ~~;~", ... ,:t" are, e.g., 

f " 1 i 1/ -yl Yl " - ( ) } =:} : f, = ' 'i, ::::А. = ~"- ~ f,:::: 'L ttc. 7 Х = ~/.L ~& t'lc. = tt 7 6.14 

?'=г"=1, ~/==~~, 7,"=1, I'==~c~c ') 1"=~", (6.15) 

z 1 =-1"=~1 =1, ~"=I~=~t, l"==~f/lc· (6,16) 
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\qhen sp11tt1ng there are needed at 1east two of the operators ~a.,l'l_e,, 
~с , but one cannot remove а11 of them -at the end, In the 1ast two 
cases (6.15) and (6.16) two operators remain un11ke the choices (6,12) 
and ( 6,14). One more way (ana1ogous to the Fradkin and Steingradt one 
for the 11-d1mens1ona1 case) is to rep1ace the vacua (0\ and IO> Ьу 
т т . 

'1' <..о\ and IO>ЧI with 't' =(1 О О О) and to use the 4х4 Di1•ac 
, -ylf matrices for ] 

1 
... , А. 

7;(-"1,.1/ ,_ '"{ /( 'l х' ·v xw 
l- с ="6~ , ~ __ ,_ 01, } = Oi, :::-t о3, =~s, 

~=I 1 ~=-i~1152.=[~~ ~J, l=-i.Y~~5 =[~!» -~J, (6.17) 

[ . о -i6") r r о l { о -1) 
where ~~~.== i.бlc. 0 (k-=<1 11 )~), ~~t=lo _1 , 'tS5=t-I 0 . 

Тhе choice is not unique, In any case, however, the (S -matrices do not 
fa11 out comp1ete1y. Note that now expression Ъetween(o\ and \О). 
occurs to Ье anti-N-ordered. 

7.,1-dimeill!±QМ.Lis,!цg_!!!g_!!~l.з!Ц!Lmagne!ic_f!_~1d!:!_!k_ Due to the 
fie1d the factors ( 1 + 'f бfmrt.) appear in the partition function, 
\Ve 1eave them to Ье c-number. Other factors are transformed prec1se1y 
as above. Now after summati.on over а11 бtmrt one obtains а product 
with а genera1 term, which contains 64 addends and fa1ls into а 11near 
in а. ,В,с:.,а_+,~~с+ factor with i. and o1d b111near factor (such as 
in eq . (6,8) ). 

8. Let us give some a1ternat1ve representations of partition 
func tions in the Ising mode1. Тhus, in terms of transfe.r matrices 

- they can in 1-, 2- and J-d1mens1ona1 cases (on rectangu1ar 1att1ces) 
Ье represented as fo1lows 

б+ б- Н х ]N! l_ :: (2. c.k(Y,f..)}N i"t { l (th_(f>E)) MN N е б N ' (8.1) 

L6"+6- б" 6" ]N} 
:Z=[ic.h(f>Et)]MN-t'tП(t\щ>e.;i)"'•t ... w "'Ne\'>f-,..,:i "'-1N tnN , (8.2) 

L м L М , 

l:[2.c.h~E~1LM\"-{kth.{f>EJ)Ь~f~мб~:N :f;1 ~~€16~-1мн+~6ttt14~J ]' (8.J~ 
where б+ , б- ,. (о 1) (О О) and б are the 2х2 matrices о о 7 1 О and (~ ~), 
labe1led Ъу some indices, and periodicity conditions are taken into 
account . For deriv,tion of eqs. (8,1) and (8,2) and further transfor
mations see paper 11/ьу Schu1tz, Mattis and Lieb, We obtain expres
sion (8,J) for the J-d1mens1ona1 case analogous1y; 

Note, that other approaches ·are poss1Ыe for sp11tting of fac
tors instead of the way used in Secs.2-6 • For examp1e, one can use 
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6- or 'Ь -matrices instead of the creation and annihilation 
operators, and the trace, instead of taking the vacuum expectation. ' 
One more ро зsibility for sp1itting is uзing variab1 es б(~t~1n)a.nd ~(m,tt) 
(or ~(t,nt.,n.), б (t,m,n) a.nd ~(.t,m,n) i n the J-dimensiona1 оазе ) of the 
same nature (i. е., having the values ::!;1) as origina1 variab1e s 6

111 11 
(or бtmi'L ). In the 1-dimenзional case expression (2. 2) passes 
mere1y into itse1f. In 2- and J-dimenзiona1 cases we obtain 

1 + t~ б m--t \'\ бmn. = ~ L [1 + ~б(m-1,t\)6..,_1 J/1)[1+~ 6("'-1,t1:)6"'"1, 
б(m-t,~)=t1 . 

·\ + -t.'t б,.. ,.._1 о101 " =-i I: [ 1 +~ 't(~t~,n-1) б""n.-11~-\-ff"t't(m.,n.--i)б .... , .. ], 
't" (m7n.-1)=i:1 М N (8.4) 

l =[i C:.k(j!>f-i)c.h.{f>~)]MN k !: ТТ rr 
tбt"',n)=±1~ t'LL~'~,ti)=±1\ "'=1 n.:=1 

[ 1 + t 1 б(m-11 1\)б(m,r\-) 1[ 1 +t1 't" (m 1\'\-1)'t{."t
1
t'\ )] 

{1 + Jt;t; [б(m-1,1'L)+ б(m,t1))[-t(m,\1.-1)+'L(I\.\,и)]}; . С8.5) 
(1+t")(1+~) 

~ +-t 6 6 =.i.!:, (1+~ S'(f-i,м,t~)бf-1 mnl&+ft:1~(f-t,m,~6tм~1, 
1 1 (-'\МIHI f.lt\J/1 i 

.9 (.t-1 '"', 1\)::. ±~ 

1 +t бt ti. _j_ ~ [1+{t16~,м-11n.)6tм__.l\l(1+~t. 6(t,мt-1,1~бlmn1 , 
t: м-1n. t.мn.- 1. "- -, 

o{.t,•-t,J~~)=t1 

H·t. бt бt :.i.. ~ r1+~!. 't(.t,мt,~-~бtmn-'\lt1 +~'t'(t,"'-,"-~бt"'"1' ~ Ml\-1 \0\J/1 1. ~ L.: 

~(l,h\7 J11-t)=i:.1 (8. 6) 

l = (-t c:.k(f>t.1)clt(f'~)c.~(f>~~))L М\11 !:. L 2:. 
· {9 (t,м,n )=i:.11{.6 (f.1~rt 1")=t11{'\: (t,W~,,\)=t-t} 

1.. М N n Т1 n [1+t1 ~tt-1,"',\'\) fte,~,rЧ1l1+t26' ct, .... -1,_,)o(e,w.,t1)1&+t;t(t,..,,t\ .... i)'t~, ... ,t1)] 
t=1 "'"1n:o:1 . 

{1 + ( ~11. ) [~~-i,~t~,tt')+ ~(t,"'1")J[б(f,м-11n)+6(t1~,~)]+ 1+t1 1 +'tt 

+ ~ [бt!,~-1,n)+ б(~, щ, ")J['t (е,)\\,)'\-~+ '<7(t, m,..q 1+ 
U+t~~+t~ ~ 

+ ~~ ['t(f,ht,n.-~+~(f,~,n)1(~(t-1,"',"')+ _s>(t,~,rt)15 . Св. 7) 
L'\+t-1)(-Ht?.) 
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App1ying the procedure of Schultz, Mattiз and Lieb to theзe expres
зions we obtain 

~N N f·M 
l = [1 c.k(f->~1)~(ff'Z.)] t"t. Т\ {П [~lh1'rC~) + ~t 1-t1. б~(n·y~'\~)Jl б(n) ""'1 m:1 S 

h 
~()\,\' (8.8) 

w ere ., 

5(h)=[-tk~i.~]6\~)6-c")=[~1 ~1~, 1'(~'=[t~(f;t1.)1't+t!1yt-~\{~t ~) .... , 
N М 1.. (8.9) 

1..::. (~ e.k(~<ё.1)c1(f->~,_)4(f>e.:!>)) LMN Vt. }J ti!J~1 

[R(m,n)5(~1 tt)'\(t,,Y1) + ~t1t~ ~~(~,") 6)((t1\t\) Т (~ 1~)+ 

+ ~i:1t.~ 'R(I\\ 1\'\)б"(~ 1~)~'\t,~)+~t1t.'!o ~х&ч,V\) ~ (f,~) l:x(t,m)]}}, 
where (8.10) 

R(~W~,n) = R(L,~,tt)= ["=.k({!>e.")] 9+(L,...,,n)9-lL,m ,n),={~1 ~1 1 

Lмn 

$(e,n.)=.S(t,M ,n.)-::. [~h.(!>~t.)} б+(t,м,")б-(t,N,h) -=Jt.t. 01 
Lo 1 tM11' 

'fle,~) =.1' (t
1
m, ~) = [tktf>e.'!>)]'t+(.f,Y'I,N)~-~J>\o\\lt-1) -= ft.3 о} 

Lo 1 tмbl' 
(8.11) 

Тhе ll&tr1oea б(Jt);a6(M,n.)an4 't(m);:"C(m,N) ooDIIDute mutual17, and ео 
1s for §>(L,m,п), 6'(~ 1 1--\ 1 \'\.) and 1:-(~,m, N). Тhе factore ( 1 of the 
produota 1n eq. (8.8) and (8.10) are arranged 11ke above, but 1n the 
desoending order of n an4 m (or n , 111 and 1 ) from the 1eft to the 

r1ght. 

!~~~ Тhе anti-N-product may Ье defined аз that in which 
each annihilation operator зtands to the 1eft from itз creation ope
rator. Propertieз of the anti-N-ordered ехрrеззiоnз are: 

а) Under anti-N-ordering symbol i : the creation and annihi1a
tion operators can Ье transferred as pure1y commuting quantities 
(1ikec-numbers) in the Возе саве, and as purely antioommuting quan
tities (like Graззmann variab1es) in the Fermi case. Тhе situation is 
зimi1ar to thoзe with т- and N-ordering з (and with зоmе other order-

ings). 
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Ь) An ana1og of the Wick theor em is va11d for а decomposit ion 
of the anti-N- product into N-products wi t h t he pairings 

CЦ_n.) OI.+(n.)::.1 a.\n) a..(n.)={ 1 in Бове cas e (А, 1) 
~ 7 ~ -1 i n Fenni case 

Other pairing equals zero . 

In the Fermi case under : : t he square of any combination 11ne
ar in the creation and annih11at1on operators equa1s zero, e.g., 

( ctln.)) i.::: [ cx.+(rt ) ] i ::: [d... Ol+(m-1, h. )+ f-> В (_m,n...)] i =О 

[c:LCL+(~ , n) + f-' a..(m,n)]t =О (А, 2) 

(while without ordering (.,/.а. + t~ 1 n) +!!» a..<.м, n)] 'l. =: J:~{ ct(ж,~)a.+(W1 1t1)1=cl.~). 
If there are no ordering one cannot bring together two factors еАС~) 
and ~Д.(rt+1) into one exponentia1 function e_ Д (rt)+ д.(rt+ 1 ) since the 
exponent contain noncommuting operat ors (for A(n) see,e.g.,eq,(J.12)). 
However this is poss1Ьle under i i C1ike under Т- or N-ordering 
symbo1s). 

Pau11 operators are defined as creation and annih11ation opera
to rs , which оЬеу the mixed set of commutation-anticommutation ru1es 

{a.n,Ci.n~~{a..+~,a..+.,_1=0, {_a. n ,a.+n1= 1 (no summation) 

[a.m,'-'-n] =[ct.~ ,а..~] :::.[сt.м,а.~] = О for ~Фt'L. (A,J) 
Тhе Pau1i operators can Ье represented through 2х2 mat r ices 

а. .,~ 1~Н9 · .. @ 1 @ (~ g)~1~ · · ·@i, а..+ 1\. =1~iФ .. ·@1Ф(~ ~)~1е · .. @1, (А. 4) 
where 1=(t ~ ) , and (f 8) and (g Ь) are n th factors. Vacuum is 
IO> = (~)Ф (~ )Ф ... @ (~). For the Pauli operators one сап a1so 
define anti-N-ordering Cand N- and T-orde r ings too) with pure anti
commutation of operat ors with the same numbers and commutation of 
operators with di fferent numbers. 

Let us , demonstrate the equiva1ence of the Grassmann-variaЬle 
forma11sm with the opera1or one. Let an and а~ Ье at first the Bose 
operators . Any operator F may Ье written in Ы-ordered, symmetrized 
and anti-N-ordered forms 

F =: ~ (а., а.+): = S'}wt lF'i.(a.,a.+) :::- : Fз(а., а..+); . (А. 5) 
We are interested in the 1atter. Let lck.> = 1 ~ 1 ,J. ,_

1 
... J. f!J> Ье cohe

rent states 

a.n\cl)=c:l..n\d.), <cJ..\0..~ =d.~<cL.I , ~=1, ... ,111, (А.б) 
where cl1 , &..'1., ••• 1 J..w are comp1ex eig enva1ue s . Тhen the fo11oWing 
re1at1ons are valid (see, e.g., reff25{ Appendix ) 

<d-.1: f'з (а. , а.+): \d..) = N·<.J..I ~ n:;. (а. , а.+): IJ> = /\!. F~ c~, J..~ =(А, 7.а) 

=(~)N ~ i!~Jd.'n J~~ \(с(\~'>\ 1 F3 (~1,J!*) , (А, 7. ь) 
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where ., ~ '".\ ')_ _ ~ \J. -~~\i 
_,_ .... ~ lf 1 2. .._ 1'1 

Л=~~ о&..,~~"', I<J..I~>I =е . (А,8) 

Note that СА.7.а) and (А.7.Ь) are two poзsiole representationз of the 
Gausз tr.ansformation. From eq. (А, 7) there fo11owз for the vacuum ex
pectation of the operator 

(о\! ~(а.. ; а..+): \О)= f\1 ~ (J.)J..11-) \J..=ci._*'=O = 

=(i )''J ~ ll
1 
JJ.'I\cl~': \<olc~._'>l'- F3 (J..',ct' .. ), 

2:_d!*J..' 
to>:=IJ...>\d.::o J l<olc!.'>l2.= е- " " 

(А.9.а) 

(А.9, ь) 

(А.10) 

Let now an and а~ Ье Ferm1 oper ators, then а11 these oonstruc
tions are va1id with d.. and J! being Grassmann variaЬles ( Feynman, 
Schwinger, Вeres1~131). In their treatments of the Ising mode1 

/1)/ . /15/ Beresin used expression (А.9.Ъ), and Fradkin and Steingradt 
exploited mainly expression (А.9.а), 

We s'tress that the above Gauss transformation per forms N-order 
ing to compute expectationP. (А.7) and (А.9). Operators simi1ar to 
Л'!. were 1ntroduced Ъу Horf 26/ in quantum e1ectrodynamics for N
ordering of T-products of Bose and Fermi fie1ds. 

Note that the above Grassmann variaЬle formalism corresponds 
on1y to operators, given 1n an anti-11-ordered form. Нowever the 
forma11sm of creation and annih11ation operators is more genera1 and 
f1 exib1e, since it permits operators 1n any form, e.g., inc1uding 
operators ~ =: (-1) N which destroy anti.-N-ordered form. 
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