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Тhе Hamiltonian of the system under consideration has the 
form. 
H = Hл+FF+HAF" ()) 

Here Нл describes the energy of а free three-level emitter 
3 

Н А = _I tn i R ii . The operator R ii = lj> <j 1 describes а filling 
J= l 

of а j -th level / 2- 41, while the operator HF describes the ener
gy of two cascade modes of an electromagnetic field 

2~ + 
HF=In w aa, 

a= l а а а 

where си 1 + lL2 = П 2 - П 1 . For the energy of an emitter-field in
teraction in the dipole and the rotating wave approximations 
w-e have 

HAF= -fugl (al R31- atR\3)- ~g2(a2R23- a;R3-2), 

where ga = const and R ij = li > <j l /
2

- 41 . The operator R ij descri
bes а transition from the state [ j > to the state 1 i > (i f i). 
Such operators R;i are generators of SU(3) group and оЬеу the 
following commutation rules 

[R ij, R kf) = R;f Bkj- Rki D;f , R;i R kf = R;f Bkj . (2) 

The basis states Jp (j= 1,2,3) оЬеу the conditi9ns 
3 -

Н l j > = iП.\ j > , <i\j > .. B; 1- , I \i > < i \ =1. 
А 1 i=l 

It foilows that 
3 
I R .. = 1. 

j= l 11 

(3) 

Let us now consider the equations of motion for the opera
tors Rii (t) in the Heisenber3 representation 

R 11(t) = g 1 1а 1 (t) R31(t) + а1 (t) R 13(t) l• g 1 А 1 (t), 
(4) 

о + 
R22(t) = - g2 la2 (t) ~3 (t) + а2 (t) R32(t) 1 = -g2 А2 (t). 

One can obtain а suitaЬle eзu~tion _.~O..E.,..-.,-. ot ,...., 
Let Na = а~аа. Then 

from ехр. (3). 

Na (t) = ga Аа (t), а = 1,2. 
....... r.t: t : (5) 

"'fLнi._1 ... J rL,tA 
From the equations (4) and (5) it follows that 
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N 1 (t) - R11(t)"' М 1 , N2(t) + R22(t) = М2 + 1, 

where Ма are some time-independent operators. 
The equations of motion for the operators Аа (t) are 

А 1 (t) = i~C 1 (t) + 2~ 1 (М 1 + 1) [1 - 2R 11(t)- R22(t)] + g2 В(t), 

А2 (t) = -i~ с2 (t) - 2g2 (М 2 + 1) [1 - 2R22(t) - R 11 (t)] - g 1 В(t). 

Here ~ is the detuning parameter 

~"'Фз-01)-шl =ш2-Ф2-Оз) 

and 

(б) 

(7) 

B "' a 1 a2 R21+ata~R 12 , С 1 "'a 1R 31 -atR13, C2 "'a2 R23 -a~R 32 · (8) 

The operators В (t) and Са (t) оЬеу the following equations of mo
tion 

B(t) = gl (Ml + 1) A2(t)- g2(M2 + 1) Al (t), 
(9) 

61 (t) = i~ А 1 (t) + g2 D(t), C2 (t) = -i~A2 (t)- g 1 D(t), 

+ + d where D"'a1a2R21 -a1a2 R 12 an 

D(t) = g1 (М 1 + 1) С2 (t)- g2(M 2 + 1) С 1 (t). ( 10) 

The equations (4), (5), (7), (9), . and (10) form а closed 
system and have two following integrals of motion 

g1 g2 B(t) + g: (М 1 + 1) R22(t) + g; (М2 + 1) R11(t) =К, 

g 1 С1 (t) + g2 С2 (t) - i ~ \R 11(t) + R22(t) 1 = Q. 
(\1) 

Here К and Q are time-independent operators. Тhе operators М а , 
К, andQ are commutating with each other. Under the condition 
(11) one can obtain from the equations (4), (5), (7), (9), and 
(10) 

.. 2 2 2 . 2 
R 11(t) = -(ЗЛ: 1 + Л 0) R 11(t) - ЗЛ 1 R22(t) + 1~g 1 С 1 (t) + 2Л 1 +К, 

ii22(t) = -(3~ + ~2 )R 11 (t) '~ (ЗЛ~ +Л~+ ~2)R 2 jt) (12) 

-i~g 1 С 1 (t) + 2л; +К+ i~Q, 

.. . .. . 2 2 2 
g 1 с 1 (t) = 1~а.. (t) + 1~\ IR11(t) + R22(t)l- л0 g 1 с 1 (t) + '\ Q. 

4. 

·') 
\ 

!) 

Here Л а (а = 1, 2) are operators of t ·he Rabi frequency .for the 
transi tion а -+ 3 at the resonance 

л а"" ga ума + 1 ; 

~2----

Ло ""v l л 2 
а • 

a= l 

То solve the system of second-order differential equations (12), 
we ought to determine the eigenvalues of the line~r coefficients 
matrix. This leads to ~he following equation 

• 2 2 2 
Х - (ЗЛ1 + Л0) 

det -(ЗЛ;+ ~2 ) 

2 -ЗЛ 1 

х2-(зл2 + л2 + ~2) 
2 о 

i~ 

-i~ 

iМЛ1 - Х2 ) iM1 Х 2 - л3 
\ 

= Х6 - 2(3Л~ + ~2 )Х4 + (3Л~ + ~2 )Х 2 - ~(4Л~ + ~2 ) =О. 

These eigenvalues are 2.\, Л± , where 

Л"" у Л~ + ~2 /4. л± "" л± М2. 

They are the operators of the frequencies of а nonlinear optical 
oscillation in the three-level system. Now the solution of the 
system (12) can Ье presented in the form 

Rll(t) = Р+ (t) + I: (t) + Л~Р(t) + Rll(O), 

2 
R22(t) = -Р+ (t) - Р_ (t) + Л2 P(t) + &22(0), 

where 

J± (t) = JL± (соsЛ± t - 1) + {3± sinЛ±t, 

P(t) = JL (cos2Лt - 1) + {3 sin2Лt. 

The operator amplitudes JL±, JL, {3±, {3 are 

JL = -liill(O) + f42(0)I (4л3 л2)-I. 

JL± = IA1 ~2 (О) - ~ iill(O) 1 (2Л3 ЛЛ±)- 1 ± igl g2 D(O) (2М~ )-1 • 

. . . 2 -1 {3 = \R 11 (О) + &22(0)1 (2\) Л) , 

{3± = \Л~R 11 (0)- Л~R2iO)I (2Л~Л)- 1 + ig1 g2 D(O) (2М±)- 1 . 

(13) 

In other words, these operator amplitudes are determined Ьу the 
initial conditions only. 
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With the aid of the .conservation laws (3) ·and (б) one can 
obtain from (13) 

R33(t) = -Л~Р(t) + R3з<О), N 1 (t) == Р+ (t) + Р_ (t) + Л~ P(t) + N l (О) ! 

2 
N2 (t) = Р+ (t) + Р_ (t) - Л2 P(t) + N.z (О). 

( 14) 

The expressions ( 1 3.), ( 14) present an exact solution both 
for the operators of the level fillings and for the operators 
of the photon-mode occupation numbers in the cascade-type three
levels system with the Hamiltonian (1). 

Now the observaЬle values of the level fillings and of the 
photon-mode occupation numbers and their time dependence can Ье 
found Ьу averaging over the initial statistical operator р(О} 

< 19(t) > = Sp б(t) р(О). (15) 

Тhis proЬlem will Ье examined elsewhere. 
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