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laron in an arbitrary magnetic field. When conducting the cal
culations ' · the authors in /Б,.S/ used an anisotropic quadratic 
trial action, which takes into account an anisotropy introduced 
in the proЬlem Ьу the magnetic field. The result of the calcu
lation in 161 showed that the introduction of this anisotropy 
in ,the tria1 action leads to the conclusion that at definite :: 
values of temperature Т, magnetic field Н and coupling con- .~ 
stant of the electron-phonon interaction а the polaron under
goes а "phase" transi ~ion: its transverse and longitudinal mass, 
magnetization and some other characteristics bec~me, disconti~ 
nuous. It ~eems essential to us that, when using isotropic trial 
quadratic ~ction, phase transitions in 161 didn~t emerge. 

In the present paper а detailed discussion of the question 
of correctness of Feynman~s variational inequality for the po
laron in the magnetic field is given. It is shown that, when 
using an anisotropic trial quadratic action, this inequality 
is not trнe. This allows us to suppose that phase transitions 
predicted in 161 do riot take place in reality ·and that they are 
the result of the incorrect application of Feynman~s ine~uali
ty. (Let~s note that in the exactly solved linear model 1 1 , 

which reproduced .correctly the main properties of the Pekar
Frohlich polaron, there are no any phase transitions in the , 
magnetic field). In conclusion of the work it is shown that 
Feynman~s inequality in the magnetic field is true for the li
ne~r polaron model if the isotropic trial quadratic action is 
used. The former is true for arbitrary а, Н, Т and can Ье 
considered as an argument in favour of correc tions of Feynman~s 
inequality with the isotropic trial quadratic acrion also for 
the Pekar-Frohlich polaron for arbitrary а, Н, Т. 

2. FORМULATION OF FEYNМAN~S VARIATIONAL INEQUALITY 
FOR ТНЕ FREE POLARON AND ITS GENERALIZATION 
ТО ТНЕ МAGNETIC FIELD 

The Pekar-Frohlich polaron model is described Ьу the Hamil
tonian 181 : 

... r;2 + + lk; 2"j2 "а 112 1 
Н = -L- + !. а --а ... + !. с ... (а ... + а ... ) е , С -. = ( ) - ... - , (2) 

2 k k .k k k -k k v lk 1 

where r and р are respectively the electron radius vector and 
momentum operators , а "j; , а k are the creation and ·annihilation 
o~erators for longitud1nal optical phonons with quasi-moment~m 
k, and V is the volume of the . system (in (1) the phonon fre
quency, the conduction electron mass and the Planck constant h 
are taken equal to unity). __ 
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In the framework of the path integral method , t he statisti
cal sum of the proЫem (2 ) can Ье writ t en in the form / 41: 

Z = П 1 f D; е -s[ ~] 
k 1- e-f3 ~(О}= ~({3) 

-+ 1 f3 ~2 f3 r . -+ -+ ... ( 3) 
S( к] =- J dr х (т)- ~ с ~ r d r Г1d lklx(r1)- х(т2 ) \ /1- r2 -(r1 -r2) 

2 о -+ k · 1 r2 е 1 е 1 k о о Q + е~-' - 1 1 - е -{3 ' 

where f3 = 1/kT is t he inverse temperature . The pa th integral in 
(3) can Ье calculated only appr oximately . Taking int o account 
the reality of the "polaron" action S(XJ, we can write for 

~ another arbitrary real ac t ion S'[;] t he following inequality : 

,. · f D ... -s[;] 
хе > 

;(О) = ';({3) -

-+ -s '( ;] ... , ... J Dxe {1"- S[ x)+ S[ x] \ 
; (01 =;({3) 

(4) 

which follows from non-negat i vity of the second ~erivative 1n 
Л from 

Z (Л) = f D i" е -Л s[ ~] - (1 - Л ) s '[ ~ 
;(О}= ; ({3) 

and can Ье used as а start i ng point for the approximate calcu
lat i on of the statistical sum z. Now, if the a c tion S' fX] de
pends on some parameters, the values are to Ье cho sen from the 
requirement tha t the r.h.s. of the inequality (4) ~s maximum~ · 
In part icular, if the action S'[~] has t he f orm S'[ x]= А + S0[x ], 
where А is som.e real number , then the determina t i on of the ma
xiriшm value of r .. h. s . of (4) in parameter А will give 

' 

... J D~ е - s[ ~ > J 
оХ" е -so[ ~ е -<s(i'J- 8o (~>so (5) 

I (0} = Х\{3) ;(О } = 1({3) 

This is the Feynman inequality 1in the polaron theory . If all 
the quantities in the r.h.s. of it can Ье calculated exactly, 
then it permits one to find an approximate expres s ion for the 
statistical sum z. 

In 141 Feynman used the following trial action: 

1 

-+ 1 f3 .:.2 
f3 r w(r1-r2) -w(r1-r2) 

1 ... -+ 2 е е 
J dr1 r dr21x(r1)~(r2)\ 1 ·. + ·\ S 

0 
( х] = - J d r х (r ) + С 

2 о О О ef3w -1 1-e-f3w 

. 

depending on two var i ationa1 ·parameters w and С. Limiting him
self to the consideration of the low tempe.rature case f3-+ оо, 
he obtai ned on the basis of (5) 

1
the estimate for the ground 

state polaron energy Е = lim 1- "Q lnZ 1 which is v·e. ry good in 
{3 ~ оо 1-' ' 

the who1e region of coupling constant а. In 19•101 Feynman' s 
results were generalized also to the case of finite tempera
tures. 

Feynman' s inequali t y was wi dely used at f3 f, оо in 1111, and 
i t fo l lowd one to obtain general f ormulas for the effective 
mass, ground s tate energy and radius of the polaron as well as 
concrete f ormulas for these characteristics in low and high 
temperature limits. 

Unfor t una t ely, til l now, one didn't succeed in obtaini ng 
а val i d generalization of the described above variational method 
to the case of t he polaron in the magnetic field, when Hamilto
nian Н has the form 

-+-+ 
" 1 ... е -+ 2 + + ikr 
Н = -(р--А) + ~ а.,.а.,.+ :I С ... (а.,.+а .,.)е 

2 с k k k k k k -k 
-+ • 

where А is t he vector potent i al of the magnetic fie l d. The 
difficulty here is that the expression for the statistical sum 
of the polaron in the magnetic field includes now imaginary ac
tion S[~] 1 121: 

... tf3 ... f3. 
S ( х] = - f d r Х (r) + iw Г d r х (r) х (r) 

2 о с о 1 2 

2 f3 
- :I С... Г dr1 k k о 

r1 itlx+(r ) -:(т.)\ (тгт2) -(rГr2) 
f dr2 е 1 2 1 е + е 1 
0 е f3- 1 1- е-13 

( с.>с = еН :! с - cyclotron frequency of the free electron ) and 
can't affirm "а priori" the correctness of inequalities (4-5) 
with arbitrary enough choice of trial actions S'['x] , В 0(~] . 
Nevertheless, one can hope that Feynman's inequality will Ье 
true also in the arbitrary magnetic field for some special 
c1ass of actions so['x]. 

In 161 such an assumption was made conformaЬly to the 
В 0 (~ of the Feynman ani sotropic oscillator model: 

-+ 1 13 .:.2 f3 , s
0

(x] = - J d rx (r) + ic.>cf drx 1 (r)x 2 (r) + 

3 

+ :I ct 
i = 1 

2 о о \ 

f3 r1 wi(rгr2) -wi (r1-.r2) 

Jdr1Jdr21xi(r1)-xi(r2)12.1e +е 1 , 
о о ef3"'t -1 ' 1- е -f3wt 
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where, taking into account that the magnetic field Н introdu
ces an anisotropy in t .he z -direction, we suppose that С 1 = 
=С 2 =С ,С 3 =С andw 1 =w 2 =w ,w 3 =w (In 151 the 
assumption was made conformaЬly to the most general anisotro
pic quadratic action 

1 {3 ~2 {3 • 
- J drx (r) + ialc J drx 1 (r)x 2 (r) + 
2 о о 

3 {3 r) . 2 
+ ~ J dr1 J dr2 Ci (r 1-r 2)1x 1 (r 1 )- xl (r2)\ , 

1- 1 о . о 

So(~] 
(б') 

where С1 (r) = С 
1 

(/3 - r ) ; С 
1 
(т) = С2 (r) = С l. (т) , С3 (r) = С 11 (r )) . 

I n the next section it is shown that the Feynman inequality (5) 
is not generally speaking correct under the choice of the trial 
ac t i on S0 [~] in the form (б-б'). 

3. PROOF OF ТНЕ VIOLAT.ION OF ТНЕ FEYNHAN INEQUALITY 
WITH ТНЕ ANISOTROPIC TRIAL QUADRATIC ACTION 
IN ТНЕ МAGNETIC FIELD 

Let us consider the Feynman inequality (5) in the case, when 
the electron-phonon coupling constant а is equal to zero. In 
this case both sides of the inequality (5) can Ье calcul a ted 
exactly, and th'e question of its correctness or incorrec tness 
can Ье verified Ьу direct calculation. For the sake of defini
teness let us take the trial action in (5) in the form (б) and 
consider only the zero temperature case {3 ..... Then, after the 
calculation of the corresponding gaussian path integrals in 
(5) we shall obtain the following estimate for the ground state 

f 
. . f. 1 / 6 / 

energy о an electron 1n а magnet1c 1eld Е= 2cuc : 

1 3 
Е=- I. js 11-wl. 

2 !"' 1 

1 . 2 2 З lsll-wl. (vн-wu)2 
- -(vl.- wl.) l + , (7) 

2 1 = 1 зs 2 _ v 2 + 2cu s 4v 11 1 l. с 1 

where s
1 

are three (real) roots of the equation 

s(s2 -v2) + cu (s 2 -w 2 ) =О l. с .l 

and 

2 4C.l. 2 4CII . 1
-----. j 

v.l. = w.L + --, v 11 = wll + --
~ wu 

of the r.h.s. of the in-Let us calculate Е Ьу minimization 
equality (7) in parameters w.l ' c.l 
Ьу minimization in parameters -w.l, 
It is clear that the optimum value 

Wll, Сн or equivalently 
v.L; w 11 , v 11 (v.L ~w.L, v 11 _:::wu)· 
for v 11 is simply v

11 
>= w-11 • 
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Introducing the new designations f or w.L , v .l , s 1 : w.L .. cuc w.L, 
v .l -+ cuc vl., s 1 -> cucs i and putting v11 = w

11 
, we can r ewri te inequa-

lity (7) in the form ... 
1 3 1 2 2 з Ist 1- w .L 

E_:scucl-
2 

.I. js 1 1-w.L - -
2 

(vl.-wl.) . I. ~ 1, '" (8) 
I=1 1 = 1 3s2-v2+ 2s . 

i .l 1 

where si.z are now the three (real) roots of the equation s(s2-v_Z)+ 
+ (s 2- w.L) =0. The minimization of the r.h.s. of (8) can Ье 
performed only numerically. This numerical calculation gives 
that the minimum value is reached at w.L = О . О8Об4, v.l = 0.4320 
and is equal to 0 . 490529cu 0 • Consequentl y , the estimate Е from 
the inequality (7) lie s approx imately 2% lower than the exac t 

. Е 1 Н . quant1ty = '2cuc, except the case =О. It means the Vlol a -

tion of the Feynman inequality in the conside red example of 
the polaron with а "' О in any, even small, magnetic field. 
Let us note that the obtained conclusion concerning the viola
tion o f the Feynman variationa l inequa lity in the magnetic field 
will Ье complete ly true also for eve ry tri a l action, including 
(б) as а special case, and will Ье true in particular for the 
trial action (б') used in l б l . 

4. PROOF OF ТНЕ CORRECTNESS OF ТНЕ FEYNМAN INEQUALITY 
WITH ТНЕ ISOTROPIC TRIAL QUADRATIC ACTION 
FOR ТНЕ LINEAR POLARON MODEL IN ТНЕ МAGNETIC FIELD 

Let us consider the linear polaron model with the Hamilto
nian: 

А 1 .. е->2 + ... .. .... + 2 
H 1i = -

2 
(р--А) + I w..ta_.a .. +ii.(kr)IЛ(k)a .. - Л*(k)a ... l+yr, 

n. с k' к k k k k k 

where Л(k) and wk > О are spherically symmetric functions of k, 
and theAquantity у is chosen from the condition, that Hamil
tonian Н lln. is translationary invariant: 

1 k .. .. 
у = - I. - Л *(k) Л(k) • 

3 ... w ... 
k k 

The statistical sum of this model can Ье written in terms of 
path integral approach in the follow i ng form 1 131 : 

D;e -slln. [~ 1 z = п I 
-+ {3-+-+-+ 
k 1- е- wk z(O) = z({3) 

... 1 {3 .:. 
S [х] =- fdrx 2 (r) + 

Iln. 2 0 

{3 • 
ial

0 
~ drx

1 
(r)x

2
(r) + 
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w-.(r1-r2 ) -w~rгr2) 
{3 '1 _. _. 2 е k е 

+ ~ В ... f dr f dr21x(r 1) - x(r2)1 1 {3w;! + ----{3.,.-w-_.-k-
-. ko 1 0 е k-1 1-е k 

-+2 k ... _. 
· В_."' -- Л* (k) Л(k) 

k зw2 
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Let us take the tria1 action S'(~] in the fo1lowing general 
enough form: 

S'(~] =А+ S0(;], 

1 fJ ~2 fJ • - r drx (r) + iыс f drxl (r)x2 (r) + 
2 о о 

so[~] 

N fJ r1 
+ ~ С 1 J dr 1 J dr2 

i = 1 о о 
1 

w
1
(r-r.) 

x(r1)-x(r2)121 е 12 ewi(r1-r2) 
fJwi · + 1 е - 1 1 - е -{Jw i ' 

where А, С 1 , w1 ( i = 1, ••• , N ) ·are considered as variatio
nal parameters. Let us show~ that the second derivative inЛ 
of 

... f... Di"е-Л 8нn.[-;з -(1-Л)s'(~] 
х (О} = х({3) 

is always non-negative. For this purpose it is 
an analogous conclusion about the expression: 

enough to make 

f Di" е -Лs нnJ х] - ( 1-Л)s '[ i1 
_. ... ) 

Z(,\) "' х(О) = х ({J 

-+ -l,i :А r ; 2(r ) 
f Dx е о 

;<o>=x<m 
Performing in all integrals in (9) the substitution 

"" "" ; (r) = а о + ~ а cos (<) r + ~ ь sinC<J r ; 
n=1 n n n=l n n 

one can obtain 

21ТП 
C<Jn "'{3 

(9) 

00 ... ... ~ ,Вы~ la~ +tilz + 1...2!А i {3ш la(1) Ь(2) -~2~(1)h(~)A 
n=1 • · n n "11 2 n=l n n n ·n n f 

0
!! 1 da 0 db 0 е 

~= -

" 
00 

f П da
0 

db
0

e 
n= 1 

"" Q,.2 
~ ~~&~+ ь~1 

n=1 4 

\ 

.. 

2Bk N 2С 1 
Z n = 1 + ,\ ~ + (1 - ,\) ~ --- • 

k wk (w}+ ш:) 1=1 w 1 (w~+w~) 

After performing integration in 
... ... 
а 0 ,Ь 0 onehas: 

---е -(1-А}А 
' 

"" 2 "" 
Z(,\) = 1 П _1 1 П 

n=1 Z 0 n=1 

L or Z(Л) =е , where 

(<)~ 
z +~z 

n C<Jn n 

2 
~ ~ ~с 

L = -2 ~ lnZ - ~ ln(Z + --1 -(1-Л)А.-
n=1 n n= 1 '0 2 z 

Taking into account that 

' 2 

Z"(Л) ",_ 1(~!:/ + а Ll eL 

C<Jn n 

"'' 

4 

ал ал2 

and verifying Ьу direct differentiation that а2 ь2' has the form 
ал 

of the sum over n with positive terms, we see that Z"(Л) is 
essentially rnon-negative quantity. Hence, it follows that in 
the example considered the two inequalities of the type (4-5) 
are r eally true: 

... -s Hn. (~] 
( Dx е 

i'(O} "';lfJ) 

> 
_. ~s '( XJ ... ""' f Dxe 11-Внn. (x:] ' +S'(xJI 

;(0,) "' ~({3) 

and (after determination of the maximum value of the r.h.s. of 
the last inequality in А) 

f Dxe -sнn.[~] (
... ... -+ 

-+ -8
0 

х] -< Slin ( х]- s 0( х]> 8 
Dx е х е • о > f 

;(О) = 1({3) 'Х<о> = x(f3) 
; 
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