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l • INТRODUCТION 

In our previous papers 11-4/ the dynamics of а one-photon pro­
cesses in а macroscopic two-level system was examined, and on 
the basi<> of Bogolubov's method 151 and exact hierarhy was con­
s:tructed. Th,is hierarchy permits one to investi gate а radiation 
intensity and some other characteristics of the superradiation 
process. 

It is known, however, that multiphoton processes are reali­
zed in а two-level system, for а number of physically important 
cases. Such а situation occurs when there is а dipole-forbidden 
transition in the system. Another example is the soтcalled com­
bination scattering process. 

So, we shall here examine the kinetic proЬlem f or the case 
of two-photon processes in а macroscopic two-level system. Let 
such а system contain N two-level emitters in volume Vc• and 
each emi tter is described Ьу the opera tors: rf = (аjж±~~) /2, 
r jz = ajz / 2, where а ja is an а -th component of the Paul1 spin 
operator and j is the "number" of an emitter in the system. 
It was shown in papers 16 -9 1 that the interaction of т photons 
with а two-level system for the case of а cascade-type process 
can Ье presented Ьу the followin g operator 

+ -m / 2 (m ) - m + + m 
Н ln t = nN I g (r 1 П а r + r . П а t ) , 

f = 1 J f= 1 

where а+, а are photon operators and g<m ) is а coupling constant. 
In а particular case of а two-photon-cascade-type process (fig. 1) 
we shall examine an interaction of the form 

... ... ... 
Н~с) = tN-1 II ' Ig_.e i(k + kь)жJa_.Ьr+{J.t) + 

ID ~ j k k k j 

-l(k + kь); . + + _ 
+ g * е J а Ь r . (/L ) 1 

k k J 

( 1) 

, -
Here ;j is the radius- vector of j-th emitter, the· photon mode 
kь is singled out, the summation I' is extended to а complete 

k ... 
set of modes with t he exception of the mode kь and r1(/L) = r;+ILrj, 
IL ~ R. The total Hamiltonian f or the two-photon-cascade-type 
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Fig.1. Cascade-type process in а two-level 
system. 

' 

Fig.2. Comhination scattering process for 
the Stokes component radiati on (а) and for 
the' anti-Stokes component radiation ·(Ь) • ...... 

/ 
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а) 

process in the macroscopic two-level system is 
~ 

Ь) 

Н (с) = Н + Н + Н (с) ' ' (2) 
F Е int ' 1 

Here HF describes а free field Н = I, fiыka~, and НЕ is the 
F k k lt 

energy of free emitters НЕ= f fioj rjz , where . 'fin j . is the diffe-

rence in level energies of j-th emitter. 
For the combination scattering process the op,erator of the 

emitter-photon interaction _has the form 7 

Н =1iN-(m+n) / 2 I. g(m,n){r- ll a+mttn а + r+ ll а mlln а+\ 
int · . J- r f · r f 

J f= 1 f= m+1 J f= 1 f=·m+1 

In а particular case for the two-photon(Raman) scattering pro­
cess, presented in fig.2a, we shall 'consider the following form 
of an interaction Hamiltonian 

2 

,, 

* 

, 

_" ..... .... -+ _" · ... 

(в) .._ __ -1N _ ' l i(k-kь)xj +- * -i(k""kь)xJ + +\ 
Н in t = nN I, I, g ,.,е , af r J + g ... е а .. ь r J , 

j=1 k k k k 
(З) 

where k ь is а wave-vector of а pumping mode for the Stokes-com­
ponent radiation (fig.2a). Then the suitaЬle total Hamiltonian 
is 

(в} (в} 
Н =HF+HE+Hint' ,(4) 

The present paper has the following structure. In Sec.2 we 
begin Ьу considering а model of the cascade-type process with 
Hamiltonian (2). An exact hierarchy .will Ье derived Ьу the me­
tho~ of partial elimination of the boson variaЬles. The Markof­
fian equation for the two-photon cascade-type precess will Ье 
examined in Sес.З. Results for the emission and absorption pro­
cesses are obtained here Ьу solving а radiation equation. 
Sect.4 will Ье devoted to the construction of hierarchy for the 
combina~ion scattering process with Harniltonian (4). The spon­
taneous radiation of the Stokes cornponent and its angular dist­
ribution will Ье exarnined. Here we shall consider also the in­
duced Stokes radiation together with the purnping arnplification 
effect • Qualitative discussions and conclusive rernarks will Ье 
given in the final section. 

2. ЕХАСТ HIERARCHY FOR А CASCADE-TYPE SYSTEM (2) 

Let us present Harniltonian (2) in the following rnanner 
(с) (с) 

н = н ;>t +н_ + н int 
~ · Е 1i + 1i + ·where Н- = I,' ыk &,:.'&,., Н-= НЕ+ ыь Ь Ь · 

F k k k Е 

(5) 

Let Dt Ье the statistical operator for systern (5). Then . 

... д [ (с) ] 1n-D t = Н , D t , , 1~: ' (б) 
дt 

and we shall consider the following forrn of initial conditions 

. - \ -
Qt

0 
= D(E) €1 D(F) , (7) 

where D(Ё)' is the :;tatistical operator for free ernitters and 
the· purnping rnode, D(F) is the one for а free. ·field ,.in equilib­
riurn: D(F) = ехр(-I.Ш -) / Tr ехр(-~ н .:. ). 

F (F} F 
Let is define Ьу е an arbitrary operator. acting on the vari-

- . + 
aЬles only of E-subsystem. It can Ье . rja' Ь , Ь or

1 
sorne combi-

'nat ion of these operato_rs. Тhе equation of rnotion for б in the 
Heisenberg representation is 

3 



Ji дд' б(t) = [б (t), н(с)]. "" 
t . . 

For the dynamica1 average we have / 1,4,6/ · 

<б(t) > = Tr бDt = Tr б(t) Dt • 
(E,F) (E,F) о 

The equation of motion · for tЦе variaЬles ai{ is 
... -+ ... 

-4- д ~ t · -1 -l(k+k. )х . + -
ih-a = hwk а,..+ N I. g*e t1 J Ь r . (/L), 
-дt ir k j ~ J 

and its forma1 so1ution can Ье represented in the form 

-iw (t- t ) 
a ... (t) = а ... (t 0 ) е k 0 

k k 

- iN-1 g_: I. е -i(k + ~ )~ t -iw k(t-т) 
k . r е 

J 

ь+(т)r:-(J.L, r)dт. 
J 

to 

(8) 

(9) 

+ 
Substituting now ak(t) and ak(t) into equatio.n (8), averaging, 
and eliminating the variaЬles a:t(t 0) , a ... (t 0 ) in compi.iance with. 
Bogo1ubov's methos l б/ (see a1sok / 1,41) о~е can ~btain in the 
limit t 0-+-oo that 

.А..<б{t) > +.L<[ б (t), lL. (t)] > = 
dt h Е ..... 

t + ' 
= I. J dт\D(;,~';t,т) <[R ... (t) b(t), б(t)]R:, (~)Ь +(т)>+ 

-+ ~ v v v, 11 -оо 

....,. ..... 1 + - \ + 
+ N(v,v'; t,т)<[[R ... (t)b(t), б(t)], R,..(т)Ь (т)]> + 

v . v' 

2 ... ... - "' + + +/L D(-v,-v';t,r)<[R-+(t)Ь(t), v(t)]R ... ,(т)b (т)>+ 
' v v 

+ 1-1 2 N(-v, -t'; t, т) <[[R :(t) b(t) , б{t)], R_;, (r) Ь \т)]> + 
v v 

... ..., + "' + + 
+/LD(v,-v ;t,т)<[R ... (t)b(t),v(t)]R ... , (т)Ь (т)> + 

v v 
... -+, + "' + . + + 1-1N(v,-v ; t,т)<[[R_.(t) Ь(t), v(t)], R ... , (r)b (т)] > + 

v v 

+ pD(-;, ~'; t,т ) <[ R:(t) b(t) , б(t)] R :, (т) ь'+ (т)> + 
v v 

...... , i - "' ] . - + 1 + 1-1N (-v, v ; t, т)< [ [ R ,..(t) Ь(t)., u(t) , R ... , (r) Ь (т)]> + h. С. 
v v ...... 

н R± · 11 · + + ± lv х j ere ... ~s а со ect~ve operator R~ = I. r-:- е 
v v .. ' J 

(10) 
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and 1~1 corresponds to N modes on the vo1ume Vc ~ = (va) , 
21(Da . 

Уа=--, a = x,y,z,, D=1,2, ... ,Vc=ПLa• Thefunct~ons 
La , а 

D(·) апd N(·) are 

,.. -+ -2 2 -+ -+ -+ -+ -+ ' -+, -lw (t- т) 
D (v, v '; t, т ) = N I. 1 g ... 1 ф (k + k ь - v ) ф * (k + k ь - v ) е k , 

k k 

-+ -+ ... ... ... ... -lw k ( t- т ) 
N(v,v';t,т) = N-2 I. fg ... \2 N ф(k+k -v)ф*(k+ k -v')e 

-+ k k ь ь 
k ...... 

-+ -1 IK Х J '1 + / · 1 ) where ф(к) = N I. е , Nk = exp(- 2~nwk). 2 sшh(y-/Зhw k. 
j 

Expressio~ (10) is an exact hierarchi of the kinetic equati­
ons for the E·- subsystem in the cascade-type system with Hamil­
tonian (5) 

If there is on1y weak interaction between the emitters and 
field in (1) : one can use the following representation (zero 
approximation).· 

\ . 
R.:(r);:; R~(t) e+iil(t-т) е-(t-т)/2т, b(r):; b(t) е iwь<t , r) , 

v v 

where О and Т are parameters of the Lorentz inhomogeneous broa­
dening / 101: О is а central frequency in the Lorentz distribution 
and Т is the life-time of oscil1ators. Now ignoring in (10) the 
contribution from high-frequency oscillating collect'ive terms 
R+R~ R-R- and from factors D(·) , N(·) at v f,. v' one can obtain 

-~ < e<t> > + J- < [ e(t). н _(t)J > 
~ n Е 

1 - + + = - I. \Г < [ R .. (t) b(t) , e(t) ]R- (t) Ь (t) > + 
2N iJ v v i! 

- + - + 2 + - !О + + (11) 
+ N ... < [ [ R ... (t) Ь(t), б(t) 1, R ... (t) Ь (t)] > + IL Г <[ R .. (t) Ь(t) , v(t) ]R .. (t) Ь (t)> + 

v v v ~ v v 

+ 1-1 2 N +<ПR:(t) Ь(t), e(t)], R~t) ь+(t)] > + h.c.l. 
i! v v . 

+ + + 
Here Г.; = у::; - iQ::;, 

v у v 
..... ... ..... 2 

+ 4TV -+ l gkф(k + kь±v)\ 
у - = r dk ----=----·---

.1 (2tr) 3N . 1+4T 2 (wk+ ,wь ±0) 2 
/ 

sт2v .. .... ... 2 w 1r. + wь ± n 
~ --- fdk \g ... Ф(k + kь ± YJ I 

(2tr) 3 N . k 1 + 4T 2 (w + w ±0)2 
k ь 

+ 
Q~ 
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·' 
. <l'.i' 

+ + . ± 
N:.=nif-1Кv• 

v 

+ 
n~ 

v 

± 
к ... 
v 

..... _.....,. -+ 2 
4TV .... lgkф(k + kь± v) l 

- --_-fdkNk · , 
(211) 3 N 1 + 4Т 2 (ы k + с.ъ± О/ 
8T2v .... .... .... - .... 2 ыk + ы +О = f dkN lg ... ф(k + k ± v)l · ь-

(211) з N k k ь 1 + .4Т 2(ыk + ы ь ± Щ 2 

One can consider equation (11) as а Мarkoffian one for the two­
photon-cascade-type process in the macroscopic two-level system 
(5). Below we shall examine some consequences from (11) 

3. RADIATION AND AВSORPTION PROCESSES IN ТНЕ SYSTEM (5) 

· лt first let us consider the· simplest case of 11. = О (the 
rotating wave approximation 1 101 ). Then, due to the commutation 

· rules [R , R~] = + &1 [R~, R~] = 2R • For the case of tJ (t) = 
i. v - У' v v z 

= R (t) trom ( 1'1) one can obtain 
z 

d - 1 1 - + - + - + +а- 1 - < Rz > = - N I Y_-.<R ... R_-.bb > + n_-.<2Rzb Ь+ R ...... >· 
dt ... v v v v v v 

у ' 

Fur ther for tJ(t) = ь\~) b(t) we get 

~<b+(t)b(t) > =- ~<R (t) > . 
dt dt z 

(12) 

(13) 

It is known that the radiation intensity can Ье defined as 1101 

I(t) = - to ~ < R (t) > •· 
. dt z 

( 14) 

When 'l(t) > О, the radiation process takes place in the system. 
On the contrary, f~r .I(t) < О there is an absorption in the sys-
tem. 

Let us consider some new operator 

s ... = 
v 

I 
j, j' 

(j ·;o{ j :> 

... .... .... 
+ _ iY(xj-X · ') 

r r . е J 
j j r • 

< + . + 
Тhen ~ R-.7 = Sy++ N/ 2 ± Rz. 

Now f rom equation (12) we obtain 

д_ <R (t)> =- N-1 I I<(S ... +.l!)(y _:ьь + + n:) > 
dt z v v 2 v _ у . 

' 
+(y:+2n:) < R ьь+ > - n;<R. >1. 

У v _z v z 
6 

+ 
( 15) 

'• 

:_( 

...... 

+ 
From expression (13) we have that < Rz(t)> + < Ь (t) b(t) > = const = М 
where М is defined Ьу the initial conditions (7). Let us sup­
pose the correlations to Ье weak between the emitters and cohe­
rent pumping field. Then 

<Sjfbb+ > ;;; <SiJ><bb+ > = < Sy+> (M+l-<Rz >), 
... 

< R . ЬЬ + > ;;; <R > < ЬЬ + > = <R > (М + l - < R z>) . z z z 

If at the initial time moment all emitters are excited in the 
so-~alled Bloch state 1101 , then -

< S .... > = 1 Г(~ - ~ 
0

) • _: N - 1\ (N ~/ 4 - <R > 2 ) , 
у z 

... -+ -1 2 
wh.ere Г(v-У0 ) = IN · I expli(Y-Y

0
)x .11 , 

J J 
and vector v0 des-

cribes an initial excited state of the emitter subsystem. So, 
from (t5) we obtain ', 

d -1 ... .... -1 N
2 

2 - -- < R > =-N I IГ(v-Y 0 )-N 1<--<R >)\у (M+l- <R >)+n 1-
dt z v 4 z v . z v 

( 16) 
1 n -1 n 

--у (М + l - < R >) - - - N (у + 2n) < R > (М + 1 - < R >) +- <R >, _2 _ z 2 z z -_ N z 
1 

where у " I r:, n = I n: . То integrate equation ( 16), one ought . ..... ----.. ..... v 
У · v v 

to determine roots of the polynomia1 of the third degrei in its 
right-hand side. For simplicity l ~t us consider the case of ze­
ro temperature ~1 = О and an initia1 state only_with the pum­
ping mode k ь of the field. Then, instead of ( 16) we have 

L<R >= -..2-(<R > -M -т l}( <R > +li}(< R >-li -L) 
dt · z N z z 2 z 2 а ' 

( 17) 

1 

where а= Iy:IJ'(v-v }-N-1\<y. v v о -
It is obvious that 

1 

1 N N · v -1 (<R > - М-1 }( <R > + -}(< 'R > -- - .L..}\ 
_z z 2 z 2 а 

А В с 
--- + - - - - - + ' 

< Rz > -M-1 < R ,>+ li < R >-li-L 
z 2 z 2 а 

• 
h -1 ( N} N у w .ere А = М+ 1 + - (М+ 1 --- -} 

2 2 а ' ' 

. N 
Ir1 = (N + : } (М+ 1 + '2}, 

-1 N С = (N + L }(- + ..Х. - М - 1 } . 
а' 2 а 

7 
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The so1ution of (17) can Ье now represented in the fo11owing 
form 

-a(t-t''/N А N в N у с 
е О' =I<R > -М-11 ·I<R > +-1 · 1< R >----1 z z 2 z 2 а 

( 18) 

Here the va1ue of to , can Ье determined from the initia1 va1ue 
of < Rz > . One can eas i1y see that А+ В+ С = О . Let us choose 

M=l:! +L -1 . Then, from (18) we have 
2 а 

· N (t t )/r -1 N у -2 
< R (t) > = - -

2 
+ (N + L) 11 + е - 0 N 1 , 'N = -(N + -) , z ,11 а а 1 

In this particu1ar case the radiation intensity (14) is 

1ina 3 2 t- ro 
I(t) = --- (N + L) sech ( 2r ) • 

4N а N 
(19) 

Тhе parameter to defines the position of the radiation-intensity 
maximum. For а special case of < R > 0 "' < R (О) > = N/ 2 we have 
- z z 
t 0-= т N ln(Na/y). 

The right-hand s ide of (19) contains the term proport iona1 
to N 2a. Such а term corresponds to the superradiation contri­
bution to the radiation process. 

In а пюrе genera1 case of 13-1~0 instead of (17) from. (16) 
we get 

~<R > =-~ <( R >s + 1a(M+1) ' +!L+ y+2n I<R >2 ~ 
dt z N z N N N z 

1 aN у n 
+ - +- +-

4 2 N 
(у+ 2n)(M + 1 )\<R > _(~+УМ+ 1 +aNM+1 +_щ!), (20) 

N z 2 2 2 4 

-, ... ... -1-
where 71 = I n ... Г (v- v ) - N \. Let Х , Х , Х J v о 1 2 s 
polynomial in the right-hand side of (20). 
can Ье represented in the fo11owing form 

Ье roofs of the 

Тhen, its so1ution 

-a(t- t
0
)/N А 1 А2 Аз 

е =I<Rz > -X
1

1 ·I<Rz > -X2 1 · I< Rz > -X 3 1 • (21) 

-1 ' -1 -1 
Here А 1 = (Х 1 - X2 )(Xi- Х3 ), А 2 = (Х2 - Х 1)(Х2- Х3) , А 3 = (X3-~)(X:J-X2). 

Тhis so1ution (21) describes the radiation or absorption pro­
cesses in dependence on the initia1 state of the system. · 

8 
... 

For examp1e, if М= ~ -1, then from (20) we have 

d а N . 
- < R > =--(<R > --)(<R > -Х )(<R > -Х) 
dt z N z ' 2 z + z - ' 

(22) 

where 

71 + у + 2n ; ·( 71 .t у + 2n 2 N2 71N + yN + 2n 
х± = 2а + 2а ) + 4 + 2а 

N N 
It shou1d Ье noted that Х+ > у > О > Х_ > - Т . On the other hand, 

N N . d О 
- - < <R > < М =- - 1 • So, 1.f < R >о > Х then - < R > < and 

2 z 2 ' z - dt ' z 
equation (22) describes the radiation process with <R > ~ Х • 

1 . d z t..... -
Its intensity I(t) > О. If <Rz>o<X_, then dt<Rz > >О and the-

re is an absorption process in the system under consideration. 
In this cas-e I(t) < О and < R z>-+ Х _ when t. -+ оо. 

Let is now consider the case of JL = 1. Then from ( 11) one 
can obtain for t)= R z 

d -1 N + + - + --<Rz> = -N I <(S ... +-)\bb (у ... -у ... ) + n _ ... -n ... l > 
dt v v 2 v ~ v v v 

(23) 
-1 + + - + - -1 · + -

-N I <R ЬЬ >(y ... +y ... +2n ... +2n ... ) +N I < R >(n ... +n ... ) v z v v v v ~ z v v 

This equation differs from (15) Ьу the so-called ·counter-rota-
tion terms. , ... 

Let us suppose that the fie1d пюdе k ь is so strong in the 
' . + + . + act1. ve vo1ume V с that < Ь Ь>= const. Тhen, <S ilbb . > = < Sil>. < ЬЬ >, 

< Rzbb+ > :: <Rz ><bb+>.Now, from (23) we get 

~<R > 
dt z 

I 'G_ ... (<S ... > + .!!) - Q <R >, 
... v v 2 z 

(24) 
v 

where 

·а ... "' N-1 \<bb+> (y.:;-y~)+ n:-n~l, 
v v v v v 

-1 + - + - + - +) 1 Q "' N ~ 1 < ЬЬ > (yil +у i! + 2ni/ + 2n~) - (n~ + nil . 
v 

r 

As it is to Ье expected, equation (24) coincides ·with the equa­
tion for the intensity of а single-photon process to an approxi­
mation of the coefficients 13,4/. , 

Let the initia1 state of the system Ье the so-called Bloch 
state 11°1 • Тhen <Sv>: {Г(il-i'o )- N~Ч(N 2:!4 -<.Rz> 2

) 

9 
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~-~~ :;;:~·;:: 

"' 
) 

and (24) transforms into the following equation 

d - 2 21 

- < Rz > = - 'G(N / 4- <Rz > ) - Q<Rz > - NU/2, 
dt 

- ... ... -1 
where ·a=I\Г(v-v 0 )-N J·a ... U= I 'G .... 

~ v i1 v 

Its solution is 

<Rz>-Y+ 
1 1 

<:R z> - у-

6 е . aonst, '~ (N 2G2 + 2NGU + Q 2 ) 1 1 ~ у± ~ 

r·t' 

Q ±' 
20 

Because ·а < U < Q, У+> ~ >О~ У_>- ~ . For <Rz>o > У~ solu­

tion of (25) is 
• 

у -у 
+ -< Rz > у + 

1 + е~ (t- to) 

The corresponding intensity is 

I(t) = "to (У -У )' sech2 1 '
2 

(t- t 0 )1 > О 
4 + -

This intensity corresponds to the radiation .process and contains 
the superradiat ion term - N 2 G. For < R~ >0 < У_ we have 

<R > = У -t 
у -у 

+ -
z -

1-e'(t+to) ' 

and the formal expression for the intensity 1s 

to 2 ~ -
I(t) = - - (У ~ У ) ' cosech 1- (t + t 0) 1 . 

4 + - . 2 -
It corresponds to the absorption process. 

4. HIERARCHY FOR А COМВINAТION SCATTERING PROCESS 

In this section we shall consider the case described Ьу Ha­
miltonian (4). Let us suppose that the initial conditions have 
а form (7). Then, the expounded above methos of partial elimi­
nation of the boson variaЬles can Ье used again. So, the hierar­
chy of the kinetic equation can Ье obtained in the same manner 
as in section 2. Instead of (1J) we have now 

10 

( 

d i 
-<б> +~ < [ е,н -J> = 
dt n Е (26) 

1 + -+ + + -+~ + = - I IГ-o < [R ... b , CJR ... b > + N-+ <[.(R ... ь , u ], R-+b] > + h.c •. l. 
2N J v v v v v v 

Here all the . no~ation is 
stitution of ф(i- kь + ;) 
~ь· Ву analogy with (12) 

the same as in section 2 with the sub­
for Ф (k + k ь+ ~\ and of (-~ь) for 

one can get the following equation 

d d + - < R > =- -<Ь Ь > 
dt z ' dt 

(27) 

-1 + - + + + . + - + 1 N Ily ... <R ... R..;b Ь>- n ... <2Rzbb +R ... R ... > 
J •V VV V IIV 

Let u's suppose that at the initial time moment there is only 
the pumping mode of field ' with the wave-vector kь and {3-1 = О. 
Then instead of (27) we . get 

d d + -1 + - . + + - <Rz > =-- <Ь Ь > = N I y ... <R-.R-.b Ь> . (28) 
dt dt ~ v у v 

This equation has an integral of motion < Ь +(t) b(t) > + < R z (t) > 
= const = М. In the case of а weak emitter-fieild correlation 
one can put 

-++ -+ + -+• . 
<R...R_.b Ь > ;;; <R ... R...:> < b b > =<R ... R ... >(M- <Rz >). 

Vll 1111 IIV 

Let us suppose that at the ,initial moment all_ emitters are in 
the Bloch state and that the life-time of oscillators Т is much 
longer than the duration of the p,ro.cess. Then 

- + - ... ... -1 2 2 
<RvRv> = N/2- <Rz> + \Г(v-v 0 )- N \(N /4 -<Rz > ) . 

Here Г(.) is the same as in section 3 and vector v0 characte­
rises initial state of emitters. Now from (28) we obtain 

d R а( N ( N У) - < > =- <R >-М) (<R >--) <R > +- +- , 
dt z N z z 2 z 2 а 

(29) 

+ +t (... ... ) N - 11 where у= I у ... , а = I у_,. Г У- У -
... ' У ... у о v v 

(compare with (17)). 

Тhе solution of equation (29) can Ье represented in the .form 
which coincides wi th ( 18) . ' 

a(t-t)/N А1 ' N В1 N ...}'_ 0 1 
е о = 1< R > - М 1 · 1< R > - - 1 · 1·<R > + - + 1 ' 

z z 2 z 2 а 
(30) 

where К': 1 =(М ~ -t_!. )(М+ _в + L) · В-1= (~ -М) (N + L), СГ1 1=(М+ N2 + L)(N+ l). 
1 ~ 2 а' 1 2 а а а 

· Н 

\ 
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Let at the initial point < R 1 >0 = - N/2 , < Ь +ь > = N • Then 
М = N/ 2, and from (29) one can obtain 

N N +у/ а 
< Rz > =2 -1+expl<t-\))/rн 

-1 -1 2 - Na 
rN = aN (N+y/a) , t 0 = rNln-. 

у 

So the .rate of the pumping alteration is 

d + а у з · 2 t-to 
- < Ь Ь> =- -(N +-) sech (-). 
~ ~ а 2~ 

This result coincides wit~ (19). N 
Let us now analyse another case when М ~>--. It is obvious 

, . + 2 N 
that <R

1 
> --~ as t ... оо and therefore <Ь Ъ>-+ м- 2 ;;; М .Sо<ь"'ъ>;;м 

and in (30) л 1 ,;-о, В 1 ;_ <; ~-IM(N +y/a)l-1 • Тhen, it follows 
from (30) that 

< Rz > "' N/ 2 - N +у/а 
1 + ехр {(t - t ) 1 , 1 

О N 

.-JL<ь+ь> =-....!L(N+L) 2 Msech 2 ( t-to ), 
dt 4N а 2r 

N 

' where rN 1 = a(N + y/ a)M/ N ~ аМ ;;; а< Ь+Ь >. So, if the pumping 
is strong enough the duration of the process r N is ·inversely 
proportional to the pumping intensity. 

Now, we shall consider the case of 13-1 > 0 and of а strong · 
enough, so that <Ь+Ь> ;; const. Тhen, from (26) we obtain 

d 2 N2r 1 NF8 - < R > = - F1 < R > - F2 <R > + (-- + --· ) , 
dt z z z 4 2 

where 

-1 ... .. . -1 + + + 
F

1
= N I. IГ(v-v 0) -N l(y -.<Ь Ь> - n ... ), 

~ v v v 

- 1 1( + + + + 1 .F
2 

= N I. у-.+ 2n -.) < Ь Ь > + n... , 
... Jl v v 
v 

.F = N - 1 I. .1 у~< ь+ Ь> - n :.1 . 
з ... v v 

Jl 
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Тhе solution of (31) is 
-1 

<R >- У -
1 

_ е t / rN • const , 1 z - . (32) 
<R > -у+ z 

\ -1 -F 'f т 
where r;1=v''N2.Ff +2NF1 .F3 + .Fi, У_= 2 N .Let us consider 

+ 2F1 
the following possibilities: 

1. The pumping is strong, so that .F1 >О. 
N N 

So у_<- 2 < у+< 2 . 
If < R z >о > У+ , then one can obtain from (32) 

у_ -У+ 

<Rz > =у++ 1-expl(t+to)/rN 1 

and 

d + d 
- < Ь Ь> = - -< R > = 
dt dt z 

1 2 2 . . 2 2 t+ t о (33) 
= -- (N F 

1 
+ 2NF 

1 
F з + F

2 
) cosech (_ . ) . 

4F 1 2rN 

This expression (33) describes the pumping amplification pro­
cess. If <Rz > 0 < У+, then 

У_- у+ 

< R > =У++ l(t-t )/rNI z 1 + ехр о 
and 

~<Ь+Ь> =- _j_<R > 
dt dt z (34) 

= - 4~ (N2 F: + 2NF t'F 8 + .F: )seoh 21 (t - t 0)/2r N 1 • 
1 

This equation corresponds to the weakening of pumping and to 
the Stok~s-component radiation. 

2. The temperature 13-1 is so high that n-+;, has а large value 
. N N · R у 

and F1 < О . Тhen У;- > 2 > У+ > - 2 . For < z>o > + there is the 

pumping amplification in' the system: 

У_ -У+ 

< R >=У++ l(t-t)/rN\ z 1 + ехр о 

13 
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d + d - <Ь Ь> -= - - <R > 
dt dt z 

f 

-= - 1-(N 2.F: + 2NF1 .F8 + .F :) sech 2{(t- ~)/2r Nl. 
4\F1 \ 

,. 

(35) 

1 

For <R >0 < У there is the Stokes-component radiation and the 
~ + . weaken1ng of pump1ng 

У_- у+ 

<R z > = У+ + 1 _ ехр 1 (t ~ t о) 1 r N 1 

d <b+h> =-~<Rz> 
d;- dt 

=- - 1-(N2 F
1
2 + 2NF .F + F 2

2) cosech 2 ((t+ t 0)/2r 1 
4\F 1\ 1 З N 

('36) 

It shou1d Ье .emphasised that equations (26) (or ( 1 1) in the 
case of cascade two-photon process) permit one to obtain some 
other informat~on inc1uding the wave propagation in matter. 

Here for simp1icity we sha11 consider the case of zero tem­
perature ~-1 = О. It can Ье easi1y shown that 

~~ .... 2 .......... .:2.. . ........ 2 ... ::.. .... 
l\ф(k-kь+v)\ -=1, l\ф(k-kь+v)\ \ф'(v-vJI =Г(k-kь+v 0) ... ... v v 

Тhen 

4TV r dk 
\gk\2 

у= 

(2rr) 8N . ' 1 + 4Т 2(ш k- .ш ь + {}) 2 

.... -+ .... 2 
4TV ... \g'kф(k- kь+ v 0)\ _L 

а == fdk 
(2rr) ЗN 1 + 4Т 2 (ш - ш + Щ 2 · N 

k ь 

Therefore from (29) we obtain 

I(t) d + d 
~-=-- <bh>=-<R > 

... 1 r dk I 'kct ). lffi nO dt dt z 

14 

4TV 

(2rr) ЗN 

... t ... 
f dk k 1 

1 t 4Т 2(C'.tJ k- (t) + щ 2 • N . (< R z > - М) (< R > - -~) ь z 2 • 

. 

where 

2 -+ -+ -+ -1 N 
r ... =\g ... \ll+IГ(k-kь+v0 )-N I(<R >+-Н. 

k k z 2 
(37) 

/ 

Тhе function r k describes the time-dependent angu1ar distri-
bution. ТЪе first term in braces corre~ponds to the ordinary 
radiation process and the second to the coi1ective one. At N-= 1 
the col1ective contribution disappears. Let us consider that 
the emitters are !igid1y fastened at lattice sites and \gk\ 2 

depends only on \k\. For this case the ordinary radiation is 
isotropic, and the collective effects lead to the anisotropy: 
there is max~(t) in the dir.ection k\\kь- ;о . Тhis is the known · 
condition of phase matc'hing 1111 • 

Above we consider only the Stokes-component radia.tion process. 
For the case of anti:-Stokes radiation (fig.2b) instead of (З) 

we have ... ... ... ... ...... 
(as) ~ -1 l(k- kь)lj + + * -i(k-k~xj + _ 

Н -=nN I.I.'Ig.,.e a_.br . +g,.e a.,.br,l. 
int J. k k k . J k k 

Тhе corresponding hierarchy can also Ье obtained in the manner 
described above. 

5 •. SUММARY AND CONCLUS IONS " 

Exact hierarchies describing the two-photon kinetics of а 
two-level macroscopic system have been obtained in this paper. 
For this purpose the method of partial elimination of boson 
variaЬles has been developed on the basis of Bogolubov's appro­
ach. This method consists in the following: First, we exclude 
boson variaЬles for the modes (being initially on the equilib­
rium state) related to one step of the process. Тhus, one can 
obtain an exact hierarchy of kinetic equations for the variab­
les of the subsystem of emitters and separated residual mode 
related to the other step of the process (for instance to pum­
ping). Under а further investigation of the obtained equations 
these residual variaЬles can Ье eliminated at all 'ьу using vari­
ous approximations or conservation laws. 

The dynamies of the two-photon cascade process ~nd of the 
process of the type of combination scattering has been studied 
within this method. Exact hierarchies of equations are fpund, 
and as а consequence, the Мarkovian equations. Different r~gimes 
of radiation and absorption are studied. Expressions for the 
intensity of radiation and absorption are found as well as for 
other characteristics. Angular distribution is obtained. 

Our method can Ье applied fo.r the investigation o.f other 
multi-photon processes. Тhis will Ье а subject of further inves­
tigations. 

/ 15 
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