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An exact eo1ution of the two-dimeneiona1 Ising mode1 in а zero 
шagnetic fie1d has been given firвt Ьу Onsager in hie famoue paper11~ 
Later on а certain eimp1ification of Oneager•e eo1ution hae been 
achieved (вее, in particular, refв./ 2-121). However, the avai1aЬle 
methods continue to Ье re1atively comp1icated and usua11y invo1ve one 
or another nonforшa1 coneideration. in the preeent note а new 
approach is propoeed, which givee а very еiшр1е so1ution of the aode1. 
The method may Ье of intereet а1во for eome other Ieing-1ike proЬlemв. 

We sha11 uee the Graвsmann anticoamuting variaЬleв. Graesmann va
riaЬles have a1ready been app1ied to the Ieing mode1 in refs./5 -121 
(for further c.omments в ее at the end of the art ic1e). 

The шоdе1 describes а rectangu1ar equare 1attice of spin variaЬlee 
X~n = ±.1. disposed at sitee (m,n), 1 ~m.n. t.. L,and interacting 

with the neareet neghboure. L_ ie the 1ength of the 1attice side, 
N = L 2 is the tota1 number of spine. Let ue consider the gene

ra1 саве of inhoaogeneoue interaction. The Hamil"tonian ie written as 

Н = - ~ (;]~~и, Х n111 Хм-r1п + J~~-t 1 х...," ><ttнн 1 ) • 

The partition function, up to а numerical factor, iв given Ьу 

Q ::::: [;р [ П ( 1-+ t~~ 1 ,. Хмп Xrn-t 111 )(1-t t~~~ Х.,,..~ Хмм1)] <1> 
(х) 1'11~ ' 

where 

Sp [ ... ] = 
(х) 

;N z= [ ... J' 
{Xmn = ±1}. 

f}p [1]= 1, 
(Х) 

(1а) 

with t (1) = t), (Jf") /е) t {2.) = th (J12.) /е) 
m.., """ , м 11 ~"~"~"' , 

д= k~ being the teшperature (for etandard detai1ee еее, for in-
etance, refs.13 •41 ). 

Let ue bring into correspondence to the lattice eites 211 paire of 
the conjugated anticommuting Grassmann variaЬles/б/: 

{ ctmn ~ а. *"rnn; c"tt\11' g ~n } • (2) 

~ ' 1 

8~.\. '• ·i. .,;t: I~ 

if~ 



А11 the variaЬles complete1y anticoEmute (to zero); their squares 
are zeros. Introduce a1so for every pair an integral with the gaus-
sian weight: п Q lt-

j *' ! ""tl!~ "'" gp [" • ] = d Q.. Mfl J a~n е [.,, J , (За) 
(Gtmn) 

and ana1ogous1y for g ~n > g ~n • Introduce the tota1 integra1 
over а11 pairs: 

п ~р ~р [ ... ] . 
rnn (ам..,) (Bmn) Sp [ ... J = 

(o.,g) 
(ЗЬ) 

We use here the atandard integra1s (аее 1 e.g., ref./б,S/). Бавiс re
lat iona for one varialle а are: J d а. . 1 = С>) J d а. . Gt. = 1.. (note 
that а. 2.. = О ) ; а11 the variaЬlea and integra1 вуаЬоlв ant icommute 
with each other; every pair of Grass.ann symboles coDIIIIutes with any 
other symbo1. The averaging (ЗЬ) is oomp1etely determined Ьу the 
averaging over aeparate pairs (За) according to the rules: 

Sp [а.а:*] =- Sp [а*"а] = 1, 
(а.) ( ~) 

Sp [tt*] == Sp [aJ = о, 

Sp[1]=1, 
(а.) 

(0.) (а.) 
where а > Q. ._. is one of the conjugated paira (2). 

Our aim is to раав from discrete variaЬles 'j mn = ± 1. with 
averaging (1а) to Grasaaann variaЬles (2) with averaging (3). 

(4) 

It is convenient to assUIIe the free boundary conditions in the 
initia1 fors (1). Let us а1во introduce, in addition to the boundary 

terms {1-t t["J.m 'iu1 'iL+H? ), (1+ t~~-+ 1 XmL Хтt..+ 1 )> a1ready 
preaent in (1), ana1ogous terms on the opposite sides of the 1attice, 

( 1+ t ~~ Xon X1n), ( 1 + t ~~ Х то Х ~1 ), with the corresponcling 
extenaion of а set { Х rnn S and variaЬlea (2). 

Introduce now Graasmann factors: 

~ t {1) ~ А тп = 1+ l')tn а m-tn Xm", А rnn = 1 + а.~., X"'n, 

Bmn = 1-+ Cmn Xmn, в ~ t (2.) tJ 1f=. (5) .."., = 1+ mn б mn-1 X~t~n · 
Indicea (т, Yl) here are in а correspondence to those of Xm 11 
Making use of the selection rules (4), we аау represent the terms 
occurring in (1) in а factorized form: 

-t (1) у. х -
1 + m+1t1 "',., tn+m -

2 

S р А rnn А :+1YI , 
{Clm") 

(ба) 

.., 

*" 
1+ t~~+1 Xmn Хтм1 = fg~n) Brnn Bmn+ 1 (бЬ) 

Ву making use of (б) , we shall sum over Х rn n in ( 1) • То get t his 
end it ie neceeeary to achieve а epecia1 ordering of the Graeemann 
factors to obtain four factors with given Xmn eituated near 
each other . 

Ueing step Ьу etep factorization (бЬ), we may write down the fo1-
1owing repreeentation: 

111 111 
L L~L~

1 П ( 1 + t ~2~+ 1 Х ~r~n Xrnr11.1 ) = S Р { П Btrm · П в:п+ 1 <7 > 
m=1 (g) /1'1=1 rn:1 ' 

~ 

where the products of Bmn, Bmn+1 are ordered with i'n= 1~ ... , L 
increasing in opposite directions; here (and in ana1ogous савее 
be1ow) Sp is taken over the paire occurri ng in the r. h.s . only. 

Further, Ьу the ordering multip1ication of quantitiee (7) withrt 
going from 1eft to right we obtain: 

L L (2..) 

П П ( 1 + t т n+1 )( t)! n ')(т n+1 ) -
n==o Wl-=1 

(Ва) 

...., m т 

{ L~ SP п (€) h1 = 1Вто 
L L~L~ L~1 

I]
1 
r f:/=

1
B:n ·m~1Bmи J !l/~~н1j ~ВЬ) 

In (ВЬ) we have rearranged the product Ьу joining neighbouring terms 
with the eame index n.. • Since the boundary terms Brno, В ~L+ 1 
become unity after averaging over Х ;nо J Х IYIL+ 1, we вhа11 omit 
them be1ow. 

Now we are аЬlе to introduce Ьу an appropriate way the remaining 
terme from (1) in grвeamannized form (ба). So, we write: 

Q = Sp [ П ( 1+ t~~1,., Хт,., 'Xrn+м){1+t~~+1 Xrnn Xrnnн)]=(ga) 
(х) lnl\ 

I'YI L~ • 

_ Sp .~ р { rl Гдоn А~11 n B~h Атn A:+1n· Г] Brnп]} =(9b) 
(х) (а,С) n=1L' m=1 т rn-1 

L~ 
L [ L *" * ]1 - S р .S р { П П А mn Bmn Аmп · П Bl'hn .) . <9с> 

(х) (а, €) n=1 rrt==1 rn=1 

In (9с) we have rearranged the т -producte joining together the 
terms with the ваше i ndex ~ (in an ana1ogy wi th (ВЬ) ) and have 
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omitted the boundary ter ms А оп, A!+1n which become unity after 
averaging over Хоn, Х L+1 У1 • 

Now we are аЬlе to e1iminate Х т 11. • It is easi1y seen that 
the task reduces to the independent summing over every given Х mn : 

Sp А~11 B~n Arnn Втп -
(Xm'l) (10а) 

- ~ L [(1 + t ~~ а ~-1n Xrnn )(1 + t ~~ g ;n-1 Xl11n )· (1<1й) 
Xm'l = t 1 

· (1+ сtтп Хтп)(1+ gmn Xmn)] = 

(1 + t~~ t~~ a~-1n e~n-1)(1+ aml'\ Втп) + (10с) 
+ ( t ~ ~ а )t-m-1n + t ~~ g: 11 - 1 ) (а т n + g т n ) -

~м [ t (1) -L ( 2.) )#- О !t- О - ._.,,. р mn [.., 1'1'111 а m-111 б mn-1 + атп {:) mn + (10d) 

+ ( t ~~ а. ~ -111 + t(;;/п g t:;n-1 )( Qmn + Crn11)] . 
Indeed, for gi ven n. at the "junct ion" of the т -products in 
(9с) there are four neigbouring factors with the same Х mn (т= L ). 
Summing over Х т= L, 11 , one obtains the tota11y commuting term 
{ 10с) that may Ье taken "out ot brakets". There upon the procedure 
зhou1d Ье repeated for Wl = L -1:. L- 2, .. . 1 ::1.. with а given Vl. , and 
а11 over again for other YL • The equiva1ence of (10с) and (10d) 
can Ье checked Ьу а series expansion of the exponentia1. 

Ав а result one comes to а pure1y Grassmann representation for 
the partition function of the two- dimensiona1 Ising mode1 with inho
mogeneous interaction and in а zero fie1d ав the product of factors 
{10d) averaging Ьу the ru1e (ЗЬ): 

Q =}·П da.~n darn", dC:, 11 d €rn., €1xp{L. [a.rnna.~п+ 
т 11 rnn 

1} n*" л -t(1) .L{2) п* p}l-+ Oml'lt5mn --t- al'»l1 f>mn + 1'1'\n 1..-rnn \4.111-1n Cmn- 1 --t-

(t (1) а. *' t {2.) о. )( tJ )] 1 (11) + mn rn-11? + ,..,., б Y>!n-1 а. т., + Ь mn { . 

Thiз iз а Gaus sian i ntegra1 over Grassmann variaЬleз, which can Ье 
expressed gener a11y t hrough the determinant of t he quadratic form i n 
t he exponentia116 •81 • 
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In the homogeneous i nte.r action case, t ~~ = t1, t"~~ а t .2, , 

the ca1culation of integra1 (11) is а simp1e t echnica1 task. After 
passing to the momentum врасе {Fourier- transformation) the i ntegr a1 
can Ье eva1uated exp1ic i t1y, yie1ding t he famous Onsager reвult f or 
the free energy in the limit of i nfinite 1attice N:: L .2 ---7 С>о .Jt-): 

IJ, 1 21r 21С f = um ( N ~ Q) = .i. j 41f, j41flz. ~ [1-t tit -t-
N~ t>o 2 о 2.1[ о 27t 1 

+t;-t-t;t~- 2t1(1-t:)cь5 <f1 - 2t2 (1-t;)~.s'Ji] {12) 

(for technical details see, e.g., refs./6 •8/), 
The genera1ized representation (11) can Ье uзed a1so to ca1cu1ate 

t he corre1ation functions. 
Grassmann representation i n the homogeneous саве has first been 

directly derived Ьу а formiddaЫe combinatoria1 met hod Ьу Вerezin in 
rer.161• The ваше resu1t can Ье obtained Ьу grasвmannizat ion of the 
f ermionic representat i on Ьу Green and Hurst/7/ (вее а1во/5/), An i m
proved version of the combinatoria1 approach has been developed Ьу 
Popovf81, А factorization c1ose1y re1ated to that of (6), invo1ving 
t he Graasmann different i ation, has been applied to the two-dimenзion

a1 Ising model Ьу Fradkin and Shteingradt i n ref./9/ (among other 
approaches the method of the present paper iв moвt с1ове t o t hat of 
ref,/91), Some indirect snalogs of the factorization can Ье found 
a1so in ref,/З/ (see , i n particular, р. р. 158, 165 therein). I n re
cent years the Grassmann representat i ons i n the Ising mode1 have 
been discussed in а context of the fie1d-theoretica1 proЬlems in 
refs./10- 121. Such representations have been derived here Ьу tradi
tiona1 a1gebraic or combinatoria1 methods. 

The t wo basic pointз of the present method are the f ac t orization 
(6) and "mirror" ordering of the arising Graвsmann factors (7)-(9), 
Except the eva1uation of the part i tion funct i on (free energy), the 
method can Ье used to dea1 with other quest i ons i n the two-dimension
a1 Ising model. However, it may Ье more i mport ant t hat due to itв ve
r y simp1ic i ty it may provide grounds to make eaS[y firвt вteps in 
try i ng to ana~yse unso1ved mode1s like the mode1 i n а f i e1d and t he 

• ) The eva1uation of the i ntegral requi res s ome approx imations in 
the boundary terms of the Graвsmann quadrat i c form, t his does not 
matter ав N ~ оо 161 • А1во we wou1d 1ike t o note that а s1ight-
1y modified above met hod provides an exact so1uti on f or finiteл/, 
ав we1l, both for the fre e and periodica1 boundary cond i tions ; 
the deta i1s wi 11 Ье g iven e1sewhere. 
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three-dimeneiona1 Ising mode1. In theee савев, however, the proЬleme 

arieing ~rom the noncoщmutativity о~ the Graeemann ~actors eeem to 

Ье much more difficu1t, and etright~orward attempte yie1d nongaueei
an "four-partic1e" termв in the exponentia1, arieing а1во under the 
combinatoria1 ana1yeie/3 ,5,10-12/, 
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