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J· • IN'l'lЩI;>UCТION· 

In tЦis paper w~ present ц 1,шified anc! complete self-consis
tent consideration 9-f the mutual inЦuence of the elect:ron and 
spin subsystems i,~ the s-f щodel of the fe'rromagnetic semicon
ductors Ь.у taki;n_g explicitly into account: damping E;!ffe~;ts and 
fin:i, te lif~times . · А great d~a~ of effort is being made today to 
understang tne physical properties of magnetic semiconduct;ors. 
A,n iщportaцt proЬlem is the relationship be.tween their magnetic 
and eiectrica~ properties. The int;eraction b~tween conduction 
electrons аш~ local:i,zed moments in degenerate ferromagnetic 
semicoцductors is usuaЦy descr:i,b.ed Ьу the s-f mo.del 11 • 21 • The 
many-body proЬlem formulated Ьу the s-f mPdel Hamilt;oпian has 
been discussed in таnу previous calculations for ferromagnetic 
semiconductors. Nol ting / 3,4/ <щd Nol ting and Oles / 6,6/ calcula
ted the electronic excitation spectrum of а ferromagnetic semi
conductor in the strong-coupling limit Ьу an improved moment 
method. Sinkkonnen 171 developed ~ц interme.Цiate.-coupling theory 
for the s-f model using the functional-derivative method. In 
papers / 1- 10/ were calculated the magnon spectrum and Curie tempe
rature, quasi-particle density of states, and edge shifts of 
doped ferromagnet:i,c semiconductors. Allan and Edwards 1 111 in а 
very elegant way investigated the exact nature of the conduction 
band states (retaining а predominant d-charncter of the con
duction electrons) and find tl1e most important effect of the 
electron-magnon interaction. In conriection with the discussion 
about the true quasi~particle spectrum of а ferromagnetic semi
conductor а significant contribution has been made Ьу Edwards 1 12/ , 
who !1as clarified the theoretical situation regarding the struc
ture of the conduction band of а ferromagnetic semiconductor 
such as EuS and а correct explanation of the observed spin
polarization of electrons. А very detailed investigation of the 
spectrum of magnetic excitations for s-f model has been given 
in the random-phase approximation 1 1З/ . These authors give а much 
more detailed description of tl1e rnagnetic excitation spectrurn 
than 1-loolsey and Hhite 1141 , including ~n opt:i,cal branch to the 
ma вnon spectrurn and а Stoner-like continuum of excitations as 
well as the usual a coustic magnons. Unfortunately, the damping 
effects qnd finite lifetimes have not been taken into account. 
The оцlу mechqnism for the dampliцg of the щagnon modes which 
has been considered is the decay of а magnon into an electron
hole pair with а spin-flip. 

r::,. · · - ~~~ :; , . с.f;.;ут 1 
fsa~_!· 11. f r д~!IOB21i1ИI 
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Тhе purpose of our paper is to develop the complete self
consistent theory of electronic and magnetic elementary excita
tions in ferra.agnetic se.iconductors Ьу taking explicitly into 
accmmt ~~agnon-.agnon, electron-magnon~ and electron-electron 
inelastic scattering processes. For this aim ve use the novel 
irreduciЬle Green function aethod (IGF) developed Ьу Plaki
da11~18/ for the self-consistent phonon theory and Вeisenberg 
ferro.agoet and Ьу 1Uze.sky 117/ for the Вubbard model. Тhе IGF 
.ethod ca.pletely descriЬes the quasiparticle inelastic scat
tering processes in а .any-Ьody system and finds quasiparticle 
spectra vith ~ing in а very general vay. From а technical 
..oint of viev the IGF .ethos is а special kind of the projection
operator approach in the theory of t;vo-time Green functions 1 181. 

Introducing "irreduciЬle" parts of the GF (or the "irreducib.;... 
le" parts of the operators, fra. vhich the GF is constructed) 
the equation of 80tion for the GF can Ье exactly transformed 
into а Dyson equation vit:h an exact representation of the 
self-eoergy operator vhich is represented Ьу higher order Green 
funct:ions. In order t:o calculat:e t:he self-energy operator in 
а self-consist:ent: vay, ve have to express it approximatly Ьу 
l011er order Green functions. lЬе IGF met:hod has been .applied 
recent:ly in а nu8Ьer of solid st:ate proЬlems 1191. Christoph et 
al. 1201 generalized t:his .ethod to the calculation of elementa-
ry exci.t:at:ions vit:h ~ing for t:he syst:ems vith а complex 
quasipart:icle spect:ru. such as а generalized RККУ mOdel of mag
net:isa. 1he Jlain p0int: is that: for the syst:em vith the complex 
spect:rua all branches 811St Ье taken into account through per
for.ing ~ing calculations. 

1he paper is organised as follovs: in §З ve deri ve the exact 
Dyson equat:ion for one elect:ron GF Ьу the irreduciЬle GF method. 
1he self-consist:ent approxi.at:e for.alis. for the calculation 
of t:he elect:ron self-energy operator is presented in §4. 
In 15 ve derive the exact Dyson equat:ion for the spin subsystem. 
УЬе self-energy operat:or for this case is calculated in 16. In 
11 ve present: our conclusions and possibilities of further de -
lUe!O)IIIIIeПlt:s. In t:he Appendix ve give а si..ple Ьut useful analysis 
о:Е our t:nmcat:ion procedure on t:he Ьasis of the WJВ~ent: con!ierva-
1ti01111 tteat:mrent:. 

~. JIIМ]]L.'JOOIII][UI OIF 'ПВ1t s-f RIOEL 

1I1hre m1tal lllsaniJLt:Шliaпв. of t:he s-f 80del is given Ьу the fol
]L~ e-.""qpn'Ssi01111 #n.v 

В= B.,*B-*Br *Bs-r• (1) 

z 

~ 

where Не is the operator of kinetic energy of the itinerant 
band electrons 

+ ~ + . ·- . (2) 
Н = У.. t ij а ·а а ja = ., f k а ka а ka· -

е ija 1 ka 

-1 --t ...,. -Jo 

Here fk = N tT exp[(-ik(R 1 - Rj)] is the band energy. Although 

the itinerant electrons (2) are predominantly d-electrons they 
are usually treated as s-electrons for mathematical simplicity . 
However, the retaining predominant d -character of the itinerant 
electrons may he very important for describin~ the heavy rare
earch metals and magnetic semiconductors 1 11"20 • For tight-binding 
electrons the band energy is given Ьу · 

ck = I t(Rк) cos(\~R к) (З) 

к 

for the lattices with the center of inversion. Нее describes 
the Coнlomr1 interaction of itinerant d-like electrons 

U· + + 
Н ~ - I а а а а 
ее 2N k + qa ka p-q,-u р,-а 

kpqa 

(4) 

Here U is the Hubbard Coнlomb correlation inte gral. In the case 
of а pure semiconductor at low temperatures the "conduction" 
electron l'and is empty and the Coulomb term (4) therefore is 
not so important. А partial occupation of the band leades to 
increasinz the role of the Coulomb correlation. 

Hr describes the loca lised moments which are treated Ьу the 
lleisenberg model 

1 ->-+ 1 _. .. 
Н r --- ~ J .. S . . S · =-- I J s · S 2 . . lj 1 J 2 q q -q 

IJ q 

Th~ two subsystems are coupled Ьу а local spin-spin exchange 
interaction 

~ ~ + 
Н r ~ -1 I (SI • и)аа' aia а ia' 

s iaa' 

(5) 

1
++ -+ z+ + 

I S ak ak+ + S ak. ak+ + S (ak.ak+ - ak ak+ )\.(6) kq -q • qt -q ' QJ. -q '. qt ~ Q.j, 
vN 

The operat:or (б) describes the RKKI1 interaction of the localized 
spins of the 4f -shell with the s_pin density of itinerant elec
trons. In 8eneral the integral l(k, k + q) depends on the quasi
momentum k. (А generalization to the nonlocal case can Ье done 
directly.) 
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3. DYSON EQUATION FOR ТНЕ ONE-ELECTRON GF 

For the calculation of the electronic quasiparticle spectrurn 
of the described rnodel (1) let us consider the equation of rno
tion for the one-electron GF 1211 : 

+ 
Gk (t-t') =-i8(t-t')<[ak (t), ak (t')] > . 

(1 (1 q + (7) 

Perforrning the first ;- tirne (t) differentiation of (7) we get for 
the Fourier transforrn 

u + . 
(ы- fk )Gk11 (ы) = 1 + N :-ч «ap+q,-aap, ·- a а k+q,a 

+ 
laka»ы -

I -а + z + -= ~ 1 <<S_n ak+ -а l~a »ы + za «S -n ak+ а 1 aka >> ыl ' vN q .. q, .. q, 

where 

s-a = 
s:q if а=+ or.,. +1 jf а= + 

1 + z (1 = 1 -q s if q =- or + -1 if а=-
-q 

Following /Hi, 17/ we introduce Ьу definition the irreduciЫe 
Green functions 

(8) 

z + z ir + z + 
« S_q ak+qalaka» = «(S_qak~qa) laka» +Bq,o<S_q>«ak+qal~u>> 

+ 1+ (+ )irl <<ap+q,-aap-a ak+qa aka>> = << ap+qaap-a ak+q<7 aka>> + (9) 

+ Bq,O <a;+q,-a ар,-а ><<а k+q,ul ata >>. 

In which rnean-field contributions are rernoved. Тhе choice of 
the IGF is deterrnined Ьу the conditions 

[ ( z ir + ] . 
< S а k+ ) , ak + > = О , -q q,u а ( 1 О) 
<[(а+ а а ) 1r а+ ] > =О. 

р + q,-a р,-а k +q,a ' ka + 

То calculate the IGF's, we will differentiate r.h.s. GF's 1n 
(8) with respect to the second-tirne variaЫe (t'). Using the 
irreducible GF's, the equation of rnotions can Ье exactly trans
forrned into Dyson equation 115,17/: 

Gk11 (w) = 'G~11 (ы) + G~a(ы)Mka(ы)Gka(ы), 

where 
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( 11) 

G~a (ы) = 1 ы- Е 0 (ku)l-
1

, ~о (ka) = t k- z 11 viN < S z> + ~ n-a (12) 

is the rnean-field Green function. The self-energy operato-r MkJы) 
is connected with the scattering operator Рk 11(ы) Ьу the relation 

р kа(ы) = Мkа(ы) + Мkа(ы) 'G~а(ы) pka(w)' 

Mka (ы) = 1 рkа(ы) 1 с ' 

(13) 

(14) 

whe.re the М is defined as the "connected" (or proper) part of 
the scattering operator Р. Тhе connected part of an irreduciЫe 
GF does not contain inner parts connected Ьу one 'Oo-line. Here 
the self-energy operator (14) has the following exact represen
tation 

ее e-m 
Мkа(ы) = Mka (ы) + М ka (ы)' (15) 

where 

ее U 2 + ir + + ir с 
мkа(ы) =-2 k l «(an+ -aap-aap+qa) l(a ,+' ' . а '-aak-, ) >> ' N pq р' q, ... q, ' ' Р q ,-а Р ' q 'а 

( 16) 

e-m I 2 l -а а + 
Mka (ы)==N l, «S_q3к+qa 1 Sq'ak+q',-u» + 

qq 

z ) ir 
+ « (S_q 8.к+q, а 

z + ir с 
1 (Sq , а k + , а ) » 1 • 

( 17) 

q' 

In this paper, for the sake of sirnplicity we consider the wide
band (weak Coulornb correlation) case. А generalization to the 
narrow-band (strong Coulornb correlation) lirnit can Ье done fol 
lowing 1171 

4. SELF-CONSISTENT APPROXIМATION CALCULATION OF ТНЕ 
SELF-ENERGY OPERATOR FOR ELECTRONS 

То find explicit useful expressions for Мk11(ы) (15), suitab
le approxirnations to evaluate the higher-order GF's in (16) 
and (1 7) should Ье used. Тhе electron-electron part (16) was 
found earlier Ьу Kuzemsky/17/ considering the electron corre
lation in Hubbard rnodel in the band lirnit. In .the pair appro
xirnation for ( 16) we obtain 
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2 00 

ее u ~ r М (w) =-.., 
kO' N2 pq -оо 

dw1dы2dыз 
· \n(w1 )[1-n(w~-n(w 3 )] +n(w2)n(w3 )\x 

w+w1-w2-w3 

х gp+q,-a(w1)gk+p,a(w2)gp,-a (wз), 
(18) 

1 , . 1 {3w 
gka (w) =-- Im Gka (w + ll) = -2 (е + l)Aka(w). 

1Т 1Т (19) 

Let us consider now the spin-electron inelastic scattering. 
It is convenient to write down м:;.(ы) in the form 

em af3 I 2 а {3 + (ir,c) 
Mk (w) = Mk (щ) = -N l «S ~+ 1 S , ak 'а » "' 

а а qq, -q qa q + q 

· .,., , , оо iw' t {3 + а (1r ,с) 
= ~ l _1_ ( ~}е{Зы + l) ( dte <Sq' ak+qa S_q (t) ak+qa(t) > . 

N qq' 2rr -оо w-w -оо (20) 

Не use the following decoupling procedure 

{3 + а ir,c {3 а + ( 
<Sq,ak+qa S_q (t)ak+q,a(t)> "' <Sq,s-q (t) >< ak+qa ak+qa t)>. (21) 

Тhе approximation (21) results from the neglect of the vertex 
corrections, i.e., the correlation between propagations of the 
electrons and the magnetic excitations. Takin8 into account the 
spectral theorem we obtain from (20), (21) 

em . 12 ""' 1+v(w1)-n(w2) а{3 
Mka(w)=-~ (dw1dw2 m (w1)gk+ a(w2) 

N q -оо (z)- W1- (z) 2 q q, 

12 l+v((l)1)+n(w2) а-а 
=- l[dw 1~ lmq' (wl)gk+q,-a(~)+ 

N q w- w1- w2 
+Ш~z(w1)gk+p,a(w2)J, 

where the following symbols are introduced: 

maq{3(w) =- .!_ Im « S а 1 S,В » = -1- (е{Зw -1) Ка{3 (w), 
тr -q q 2rr q 

К {За (t) = <S{3 S а (t) >. 
q q -q 

(22) 

(23) 

Here v(w) and n(w) denote the Bose and Fermi distribution func
tion, respectively. 
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Equations (11), (18), and (22) form а closed self-consistent 
system of equations for the one-electron Green function of fer
romagnetic semiconductor. Electron-electron inelastic scattering 
is described in the pair approximation (18) and the spin-elec
tron scattering is described Ьу neglecting the vertex correc
tions (22). In principle, we may substitute in the r.h.s. of 
(18) and (22) any relevant initial Green function and solve it 
Ьу iterations. 

We choose for the first iteration step the following simple 
one-pole expressions for (19) 

gka(w) = 8 (w - t(ka)). 

Then we obtain from (18) and (22) 

ее u 2 Пр+q,а (1- nk+p,a+ О"Пq,-а ) + nk+p,o-Пq,-a 
Mka(w) =- l ---

N2 pq w-t(p+Q,a) -E(k+p,a)+E(q,-a) 

u2 N kpq 
-- l n ' - N 2 pq w- .. kpq 

em 12 ""' 1+v(w1)-n(t(k+q,-a))a,-a 
М (щ) = - l ( dw 1 m (w ) + 

+ 

ka N q -оо 1 щ-w 1 -E(k+Q,-a) q 1 

1 + v(ы 1 ) - n (t (k + q, и)) 

(J)- w 1 - ( (k + q, О') 
m~z(щ1). 

(24) 

(25) 

(26) 

The expression (25) was found Ьу Kuzemsky (1978). It describes 
electron-electron pair scattering in the paramagnetic state of 
the electron subsystem. The expression (26) contains some re
sults of papers IЗ-8 ! . То obtain the results of Woolsey and 
White /141, one must neglect m~z(w) (that is reasonaЬle at low 
temperatures) and use the following first iteration approxima
tions 

1 -а а <Sz> 
--lm«S IS » =2-=-B(w+aw(q)), 

тr -:q q yN 
(27) 

where the w(Q)=Dq2 is the magnon energy. Then we obtain per
turbative result of 1141 

em Mk+ .(w) = 2<Sz>l2 NЗ/2 I q 

n(E(k +Q,-))- v(w(q)) 
~- f (k+ q,-)+w(q) ' 
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м:~(ш) 
2<Sz>I 2 I 1-n(E(k+q, +))+-v(ш(q)) 
NJ72 Q ш- t(k+Q,+)-ш(q) 

In the static limit for m~f3(ш),. m~f3( О) one can iппnediately 
obtain the Sinkkonen result 171 : 

em ]2 "" &J' и,-о ( ') zz ( ')] М (ш) =- I J [К • g k+ -о ш +К q g k+q,и ш kи N q _.,., ш -ш ' q q, 

(28) 

(29) 

from which the Kuivalainen et al.
181 

result can Ье found as а 
special case. 

The renormalized electron energy is а self consistent solu
tion of the equation 

t -Е 0 (kи) -ReMkи(E) =О (30) 

together with equations (18) and (22) or with (25) and (26) . In 
this way energy shifts of electrons are to Ье calculated from 
the set of nonlinear integral equations (30), (25) and (26). 
For the electron line width one gets from (11): 

Гkи (ш) =- ImMkи(ш + it), 

..!. = гkи r 

Im М kи(t (kи)) 

1- L RеМkи(ш) 1 ш-=t(kи) 
дш 

One-electron density of states is defined as 

1 ImMka(IU) 
D е (ш) = - - I · . 2 
и IТN k [ш-t 0(kи)-ReMkи] 2 +[1mMkи(ш)] 

(З 1) 

(32) 

On the basis of eqs. (31) and (32) we can obtain modified (due 
t o the electron-electron correlation effect) expressions for 
the electron ef fective mass, electron moЬility and electron 
s pec i f i c heat found Ьу Woolsey and vlhite / 141 . 

5. DYSON EQUATION FOR ТНЕ SPIN GREEN FUNCTIONS 

То study t he magne t ic exc i ta tion spectrum of а local ised
spin subsystem we need the GF 

+ - + -R(t) =« Sk \S_k » = -iO(t - t') <[Sk(t), S_k(t')]_ > . (33) 

8 
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In paper 1201 it has been shown that for the composite quasi-par
ticle excitation spectrum we must use the full generalized sus
ceptiЬility of the system 

R(t) 

where 

+ 
иk 

[ 

+ -
« S \S » 

k -k 

«и; \ s:k » 

+ -
« Sk 1 a_k 

+ -«иk l и_k 

>> 1 
» 

+ . 
I aqt ak+q+ • и -k 
q 

+ + ~ + а 
(и k ) = * а k + q + q t • 

(34) 

Differentiating the GF «S~ \В» with respect to the first 
time t and introducing the IGF following 1201 (it is convenient 
to introduce the "ii·reduciЬle" oper<;ttors) 

(s z ) ir = s z - < s z > 8 
q О q,O 

(s+ (Sz)lr_s+(sz )ir )lr=s+ (Sz)ir-S+(sz )ir_(A -А )S+, 
k-q q q k-q k-q q q k-q q k-q k 

-+ 
+к q 

А = q 

we find the equation of motion 

+ + 
О 1 «Sk \В»ш +О 2«иk \В» = {"~: n, } 

Here 

z 
<So > 1 

О 1 = ш - --(J - J ) - - I (J - J vN о 1r. ..;'N q q q-k 

02 = 2 I < S~> 
N 

(35) 

(36) 

+ « А\В» ш. (37) 

zz -+ -
2Kq +~ _ .!...(nt-n+), 

) ---;-:; z > N (38) 
о 

(39) 

and В denotes the operator S_k or и_k. The many-particle operator 
А has the form 

А = - 1- I J IS + S z - s+ s z 1 ir + ..; "N q q 1r. -q q q 1r. -q 
(40) 

1. + + + · ir z ir + 
+ N ~ \Sk-q (aPt ap+qt- аР+ ap+q•) - 2(Sk-q) apt ap+q+ 1 
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and satisfies the condition 

< [А, S -~ ] _ > = < [А, и _:-k] _ > = О • 

Now we consider the GF «и~ IB» . Similarly to the equation (37) 
we have 

- ..J N· 1 • х ~r « s ; 1 в» си + [ 1 - U х ~r ] «и: 1 в» си 

= { -~xgr} 1 
+ I. -- « Вр 1 В»си 

р си p,k > • 

(41) 

where 

си =си+Е -Е -!'!. 
p,k р р+ k ' 

21 z u 
!'!. :: --= < s 0> + -(nt - n + ) , 

..jN N 
(42) 

Х df = ..!. I. - n Р + ~ц,- n Р t 
о N р сирk 

Ttte "irreduciЬle" operator ВР is defined as 

-а+ а 
Q.j. p+k+ 

8 lr 
p,q+q' ) -В = - -

1 - I. IS + , (а+ а , 8 
р i'N qq' -q pt q+q t q,p+k 

z 1 r + + 
- (S ,) (а а , 8 + а а 8 , ) 1 + 

-q pt q + q. q,p+k Qt p+k+ p,q+q 
(43) 

U I. ( + + + · + а ) ir 
+N , aptaq+q't aqt'ap+k+q'•-ap+q'taq-q'• aq+ p+k• 

q,q 

The equations of motion (37) and (41) can Ье summarised in the 
matrix form 

fi-G = 1 + I. Ф v . -G 1 , 
р 

А 1 
о = 

А 

1 ' l о 
. -1/Nx~r 

02 1 
(1- Ux gr) 

[ 

..jN о0 О 1 
: -Nxg' 

ф 
р ·[: :] 

сирk 

А [ «AIS ~k » 
G = 

1 
«Вр IS ::::k » 

«Аiи_~ » ] 

« вР 1 и ::::k » 

(44) 

(45) 

(46) 

То obtain а Dyson equation, we have to use equations of mo
tion for the r.h.s. Green functions in (46) and introduce the 

10 ,. 

i 

1 

irreduciЬle 1 parts a s discussed above. Thus, we obtain 

R = R 0 + R0 Р R 0 • (47) 

where 

А А-1 А А ' А- А-1 
P=l II.ФpP(p,q)Фqii , 

pq 
(48) 

1 
+ 1 А «А IA» «А IB;» А . А -1 А 

P(pq) = + . ~ R 0 = О • I • 
«BpiA» «Вр IB;» 

(49) 

Using the definition (13) eq ; (47) can Ье transformed into the 
exact Dyson equation 

R= Ro+ R0 nR, 

fi = \Р\с. 

The solution of (50) can Ье written in the form 

,.. ..... -1 ,.. -1 
R = 1 R 0 - n 1 

(50) 

(51) 

(52) 

Hence, the determination of R has been reduced to the 
tion of the mean-field GR R0 and self-energy operator 

The mean-field GF R0 has the explicit form 

qetermina
П 

А 1 
Ro = detCo 

[

(1-Uxdr )..JN 0 
о 1 2 

NO хМ 
2 о 

where 

. drl N02 xo 

dr 
-NO 1 Х о 

А dr - м 
detR 0 ", (1-Ux

0 
)0

1 
+ ..jNШ2 x 0 

For the localized-spin Green function «S;Is ::k » С:: 

+ -« Sk 1 s_k »~ 
z ' 

2 <S ~ ." 1 · < s о> (J _ J ) _ ..!. (n t - n , ) 
-си-~о k N • 

..jN- ..jN 

we find 

zz -+ 2 z 
1 

2К q +К q I <S о > м м -1 -1 --= I. (J q- J k- q ) . z + 2- _ х 0 (1- ux 0 ) 1 • 
..jN q ~<&~ ~N 

(53) 

(54) . 

(55) 
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As follows from the expression (55), both the interacting sub
systems (localized spins and itinerant electrons) are described 
in the Generalized Hartree-Fock approximation which can Ье consi
dered as а good starting point to study wide-band ferromagne-
tic semiconductors. The magnetic excitation spectrum following 
from the Green function (55) consists of three branches -
the acoustic spin waves, the optical spin waves, and the Stoner
like continuum of excitations. Our consideration generalises the 
first-order theory given Ьу Babcenco and Cottam 1 1З I . 

In the limit k-+ О, w-+ О the Green function (55) can Ье 
written as 

« S+ \S- » 0 

k -k (U 

2 <S~> -~1 __ 

v' N w - w (k) 
(56) 

where the acoustic spin-wave energies w(k) =Da
0

k 2 are determined 
Ьу the stiffness constant 

z zz -+ 
<S 0> 2Kq + Kq 
---\11' 0 +I'P + 

2v'N q q 2 < S~ > 
0ас 

v'N 1 1 " 2 
+ -- · N I (nqt + nq~)-(k· Vq) Eq + 

2<S0~ q 2 (57) 

+ 
v'N 1 

2<S ~ > . Nl1 ~ (n q~- n q t ) (k . V q Е q )2 1 

Here 
А -+-+ 

'Pq = ~ (k·Ra)2J(IRal)e-iqRa 

and the sum is taken over the }:attice sites denoted Ьу Ra;J( \Ra\) 
is the exchange integral, and f = ~/ ~~ 1. The stiffness constant 
Dac can Ье expressed Ьу the parameters of the Hamiltonian if 
one evaluates the band splitting11 Ьу а selfconsistent solving 
of the RPA equation 

U I z -1 
na = I nka= I {exp . ,9(Ek +-n-u--=:-<S 0> -tr)+11 

k k N v'N 
(58) 

б. SPIN SELF-ENERGY OPERATOR AND МAGNON DAМPING 

То calculate the self-energy operator fi (50) in а self
consistent way, we must approximate it Ьу the lower-order Green 
functions. 

12 

Let us consider the approx iwate calculation of the Green 
function <<A\A+>> appearing in П. Using the spectral theorem and 
neglecting the higher-order-correlation effects vertex correc
tions between the magnetic excitations and charge density fluc-
tuations we obtain 

« AIA+ » ir, o =.!.. I (J -J )2 (оо dcu .... 1+v(<и1)+v(<и2) 
UJ N q k- q 1 uw2 - Х q -оо (U - (U 1 - (U2 

( 
1 + - 1 . z ir z ir 

х --;-lm << Sk-q 1 S-(k-qj>><и 1){- -;-Im«(Sq) I(S_q) »<и)+ 

12 
+- I I 

N 2 pq p'q'a 

00 

J -
fj(<и 1+ <U2) 1 
е -1 

·----- х 

(ef3<иt-1)(}<'i2_1) <и- <и 1- w2 
dcu1dcu2 

( 1 + 1- (1 . + 1+ ) x --lm« Skq'S< )>> )--lm<<a,a,, а а >> + тr - - k-q <и1 тr р а р +q а ра р + qa <и2 

41 2 
+-- I,, 

N2 pq Р q 

00 

I dcu1 dtu2 
-оо 

f3(<и 1+<и2)- 1 
е ----:~r.:""" 

(е/9<и1- 1 )(еf3<и2 -1) 

1 z ir z ir 
х (- - Im « (S k , ) 1 (S (k ) ) » ) х 

тr -q - -q <и1 

1 + + ) х (- - Im << а , а , , 1 а а » . 
тr Р t Р + q ~ Р + Р + q ' <и2 

1 
х 

<U-UJ1 -<и2 

(59) 

Using the same arguments the Green functions «AIB~» , « Bp iA+ » w 
and <<BpiB; » can Ье represented i n а similar form. The equa
tions (50), (59) and three equations for other ~reen fFnctions 
give а self-consistent system of equa tions fo r R and П. 

For the simplest f irs t itera t ion approxima tions 

z 
1 + - 2<S0> 

- -; lm « Sk -q, 1 S-(k-q) » = -v' N 8 (w- w (k + q)) 8q ~-q (60) 

1 .1 + 1 + -- m<< a , а , , а а >> = 
тr ра р +qa ра p+qa 

= (npa -npa)8(w+t(p'a) -t(pa))8p',p+q .ap,p'+q' (Н) 

., . 

i n t he r.h. s . of (59) we get (c f . / 20/ ): 
iз' 



+ tr с 
« А IA » (JJ. 2 <S ~> 2 оо 1 + v (йJ ') + v (йJ ( k - q) ) 

= -- I (J - J ) J dйJ' , х 
NЗ/2 q q k-q - йJ-йJ -йJ(k-q) 

х Г1 Im « (Sz)tr I(S z )ir » ,)+ 
1Т q -q (JJ 

2<S~> 12 [ 1 +v (йJ (k+ q) )) np+q,a (1- n~ -v{йJ(k+q) )nри (1-np+q,a ) 
+----I---- 2 
у N N pqa (JJ - (JJ (k + q) + t (р + Q<7) - t (ра ) 

+ 

4r2 оо 0+v(йJ'))np+q 1 (1-nP+)-v(йJ')np (1-np+qt) 
+ -- I г c\(JJ, --- ---·------ х 

N2 РЧ-оо йJ-йJ'+t(P+qt)-t(p+) 

1 1 z ir l z ir l х -- Im « (Sk ) (S (k ) ) >> , , 
1Т +q - +q (JJ (62) 

where the first term describes the magnon-magnon inelastic scat
tering; and others, the magnon-electron scattering. For the 
concrete calculations we need а suitaЬle approximate form of the 
longitudinal spin susceptibility. For this aim we may use the 
result of paper 1 1З I . 

То calculate the damping of the magnetic excitations for 
the system with composite spectrum, we must take into account 
all matrix elements of the self-energy operator 

м =L « AIA+ » tr,c 
11 N02 (JJ 

2 

М 12 = М21 NЗ/2 n dr I __ 1_ «А IB+» tr, с 
""2)(0 q (JJq,k q (JJ 

1 1 + ir, с 
- I ----«BpiBq » (JJ 

N 2(xdf) 2 pq <LL • (JJ 
о v.k q,k 

м22 

Then the Green function R becomes 

а - (R-1 - ft)-1 - о 

14 

(63) 

(64) 

(65) 

«S ~ 1 s_-k » + -
«Sk 1 11-k » 

----А-- -М22; -1 
А 

1 1 detRo detRo 

""'-1 "" det(R
0 

- П) 
1 +1 - + -«ak s_k» «иkla_k >> 

-1 А +М211 А 

detR0 
detR0 · 

As an example consider the Green function 

+ -
« Sk 1 s_k »(JJ 

1 

+ - о)-1 ~с ) («Sk 1 s_k »(JJ -"" k, (JJ 

where the I (k, йJ) i s gi ven Ьу 

+ мt2 

-М11 

I(k,йJ)= М11-( I А , -М12)( _r А -М21) х 
yN det·Ro yN·detR о 

df 
1- Ux 0 

х ( А 
Nvdf detR 

"'О О 

-1 
+ м22 > 

2 df 
I х о 

+ А 
(1 - Ux

0
dr) det R 

0 

(66) 

(67) 

(68) 

The Green function (67) contains acoustic and optical magnon · 
excitations as well as the Stoner continuum of excitations dam
ped Ьу magnon-magnon, electron-magnon, and electron-electron 
inelastic scattering processes. For previty we calculate only 
the acoustic magnon damping. Condidering only the linear terms 
in Mij we find for small k and (JJ 

+ -
«Sk\S_k»йJ 

_2_<Sz> 
vп о 

2<So> 
(JJ - (JJ (k) - -=- I ~ойJ ) 

yN 

Iv'Nxgr 
I(k,йJ)=M11 +(M12+M21) U df 

1- )(о 

+ I ~<х gr) 2 

(1-Uxdr)2 М22· 
о 

(69) 

(70) 

Then the spectral density of the spin-wave excitations with the 
wave vector k reads 

2 z 
v'N <So>Г(k, (JJ) 

1 + -
- - Im « S 1 S » = 

1Т k -k 2 2, ' [йJ-йJ(k)-L\(k,йJ)] +Г ~k,йJ) 
(71) 
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where 

д-(k, (U) 

z 
2<So > Re I {k, ы ), 

..;"N 

z 
2<So> 

Г (k, ы ) = - Im I {k, ы ) 
..;N 

(72) 

(73) 

describes the shift and damping of the acoustic magnons, res
pectively. 

Finally as an example we shall estimate the temperature de
pendence of Г(k,ы) due to electron-magnon scattering at low tem
peratures. We have 

ImM11 - I v(ы(k+q))(np+qa-npa)8(w-ы(k+ Q)+t(p+qa)-f{pa)). (74) pqa 

If we suЪstitute 

n2 ... .... 
I .... -('dpfdq 
pq (277 )6 (7 5) 

and expand in powers of q, we obtain 

2 qmax 

ImM 11 - ....!!_ 2" [dp ( q 2 dq ( d cos6Ф(n , v(ы(q))) х 
(277) в о ра 

8 (cos6- cos60) f3wmax 1 
(76) 

х ---:---- r dx;x -1 
1 

-т. 
2{3 D&C q 1 а;:а) 1 о 

The other contributions to I(k,ы) may Ье treated in the 8ame 
way. So, the electron-magnon low-temperature dependence of 
Г(k, ы) is 

г (k, (U ) - г 1 • т . 
( 77) 

гi .... о in the limit k,w .... o. 

7. CONCLUSIONS 

The s-f model Hamiltonian, as given in the text, is the sim
plest theoretical model for а study of magnetically ordered se
miconductors. In this paper we have shown that the IGF method 
gives а unified and self-consistent rormalism for the complete 
description of the electronic and magnetic spectra includ i ng 

}& 

electron-magnon, magnon-magnon, and electron-electron inelastic 
scattering processes for the wide-band fm semiconductors. The 
importance of the presented results is certainly not in the ар~ 
plication to any concrete substance. Their interest is of а mo
re fundamental nature, for they give the complete picture of 
inelastic scattering of the quasiparticles in the systems with 
composite spectrum of excitations and can Ье applied to other 
models and systems. We point out also that the s-f model, exten
ded Ьу an additional Hubbard interaction term can Ье useful 
for some transition and rare-earth metals and their compounds 
(<1f. 1201 ). The formalism developed in this paper can Ье extended 
to antiferromagnetic semiconductors and can Ье applied to the 
magnetic-polaron proЬlem. 

APPENDIX 

Let us write the one-electron spectral density (19) in the 
form /17/: 

1 Гkа(ы) 
(ы) --- ))2 Г2 gka - 77 (w - t(lro + ka 

(1 - aka ) 8 (w - t (lro)) 1 +-
" 

Г ka (ы) 

(ы- t (ka)) 2 

where the unknown constant aka is defined Ьу the condition 

Jgka(ы)dы =1. _.,., 

(А. 1) 

(А. 2) 

Then, within this approximation for the average electron occupa
tion numbers we get 

zz 
Kq I 2 

- N2 kq 
1 n =- In(t{ka)) 

а N k 
I 

(t 0 (k + qa)- f(~ka)) 2 

х 1 n(f 0 (k + qa)- n(t{ka)) 1 + 

12 
+- I 

N2 kq 

-са 2<S g> 
Kq +Za~n[t0(k+Q,-a)-zaы(q)] 

yN --~--- х 
(t 0 (k+ q,-a)- z ы (q),·- t {ka)) 2 

, а 

х 1 n[t 0 (k+ .q,-a)- zaы(q)] - n(t{ka))] 1. 

х 

(А. 3) 
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As follows from eq. (А . 3) , the occupation numbers are determined 
in а self-consistent way . The first term in the right-hand side 
describ~s the effects of renoтmalizing the particle energies, 
and subsequent terms take into account the particle scattering 
Ьу fluctuations of the magnetic moment in second order of I and 
explicitly the daming of the electronic states . . It is interes
ting to note here that the approximation (A . I) conserves first 
four rnornents in second order .of I and in the low-concentration 
limit. We have 

М(О) = f g (ш) dOJ = 1 , 
-оо ka ~А.4) 

(1) "" о 
М = { wgka (w)dw = t (ku), 

(А. 5) 

М (2) = f w 2g ka (w) dOJ = (to (ka))2 + 
-оо 

I 
2 

z z -+ 
+-~IK +К + 

N q q q 2 < S б > [8 + z n (t 0 (k + q • - и)) 11 • 
и а 

y' N 
(А.б) 

He re 

К-<7,а 2 <8~ 1> 
q = - [8 

у' N и 
- 11 (w (q))] • 

(А. 7) 

D2 = S2- < So > 2 ; Dta ~ s-za < S~ > . 

"" 12 (3) 3 3 2 Z Z -Q',G ) М = ( w gku(w)dw = (с0 (ka)) + 1 [2c k Da +- ~ tk+q(Kq + К q ) + 
N q 

3 z [ z2 1 z 
+ 1 l2za < S 0 > (<80 > ) - R 0 - 2 о 1а] - za < S

0
> D

2 

where 

D = ..!_ I (К zz + К -<7,а ) 
а N q q q • 

м<4> = j w • 
-оо 

4 
gka (w) dw = (t 0 (ka)) + 

( А.8 ) 

( А. 9) 

+ 1213tk2D + 2f-k..L ~ (Kzz + к-а,l) tk+ + Nl I (Kz z + K-q'a) t k2+-q 1 - (А. 1 О ) 
а Nq q q q q q q 

-1 3 14za <S 0z > tkD + 2z ..!. ~ (Kzz + K-q,a) t k + 
а а N q q +q 

z 1 ( zz -о,а... l 4l z 2 D 1 +2za < S 0 > N ~ Kq -Kq JEk+q + 1 4 < 8 0 > и . 
q 
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Тhus, the first four moments calculated with the spectral den
sity (А.1) coincide with the exact moments in second order of 
I in the low-concentration limit. 
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А unified self-consistent theory is given of the mutual influence of 
electronic and spin subsystems for the s-f model of ferromagnetic semiconduc 
tors. The calculations are based оп the novel approach of the thermodynamic 
two-time Green function method. This approach consists_ in the introduction 
of the "irreduc-ible" Green functions and derivation of the exact Dyson equa
tion and exact self-enerqy operator. We show that the IGF method gives 
а unified and natural approach for the calculation of elenentary excitations 
and their damping in the systems with composite, many-branch quasipaгticle 
spectra. Ву this method we calculate the full electronic and magnetic quasi
particle spectra of the s-f model of the magnetic semiconductor Ьу taking 
explicitly into account maqnon-magnon, electron-ma~non, and electron-electron 
lifetimes includino the acoustic and optical branches to the maonon spectrum 
as well as а Stoner-like continuum of excitations. The recent Babcenco and 
Cottam 1111 results follow from оuг theoгy in the lowest-ordeг approximation. 
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