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The recent progress in experimental investigation of order
disorder phase transitions in physisorbed and chemisorbed sys
tems has stimulated a great deal of interest in calculation 
of critical properties of two-dimensional lattice gas models 
which are assumed to be a good approximation of real adsorbates 
on crystal surfaces. A good basis for such calculations is the 
real-space renormalization group method devised by Niemeyer 
and van Leeuwen/1/ in 1973 that has made a great progress since 
then/2/. All the real-space renormalization-group methods (ex
cept of phenomenological approaches) developed till now make 
use of the Gibbs formulation of statistical mechanics and the 
central thermodynamic quantities of interest are the partition 
function and the free energy. Various methods differ in 
choice of the weight function determining the renormalization 
group (RG) transformation and in choice of the approximative 
treatment of the partition function. Our approach is based on 
the correlation functions or on the probabilities of state of 
a finite cluster of an infinite lattice which are approximative
ly calculated by the cluster variation method (CV11). In the 
~J.,ui.l.:t:: ui Lin~ we.1.gnL LuncLion of r.ile Klr rransiormat:ion we ro11ow 
the majority rule of the authors/1,3/, 

Our method yields surprisingly good results even in the lo
west approximation, far exceeding in accuracy the results ob
tained with the same effort by other authors. 

For the sake of symmetry we shall develop the method for an 
Ising spin system instead of the lattice gas directly and its 
general description will be formulated in terms of correlation 
functions. 

Let the system be described by the Hamiltonian 

H = K1 I u u + K2 I u u + ••• + K. I a a ... a + nm nm 1 nm t n.n n.n.n 

where the even part He contains only the sum of products of 
even number of spin variables and the odd part H0 contains 

(I) 

only the products of odd number of spin variables and ai = ±1. 
The average values of the products of spin variables (correla
tion functions) which appear in (I) will be further denoted by 
Cf or Ct, for even and odd correlation functions, respectively 
(Cr = <u i >, Ci = <ui u i > ). These c~r~:}ation func~_tor1hcan be 
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found for any given set of coupling constants Ki, hi using 
some version of CVM/4-7/. The method is based on the minimali
zation of the free energy F = <H>- TS, where both the average 
value of the energy <H> and the entropy S are expressed ap
proximately by the correlators Ci. As was shown, CVM describes 
well the behaviour of thermodynamic and correlation functions 
everywhere but the close vicinity of critical points. ~o im
prove the results in this region, we have to use some renormali
zation group ideas. 

The main principles of our approach follow the general ideas 
of real-space renormalization-group method. We shall develop 
them at first for the case of ferromagnetic phase transition, 
where the critical points lie in the subspace hi = 0 of the 
coupling-constant space. 

In the approximation based on a cluster with r sites we di
vide the whole lattice into cells each consisting of f2 sites 
and take a cluster consisting of r cells. For a given set of 
coupling constants Ki , i"' l, ... ,s we calculate all the correla
tion functions Si defined on the cluster of cells by CV11. Then 
we apply to the obtained correlation functions an RG-transfor
mation satisfying the majority rule/1,3/. The transformation can 
be written in the following way 

i = 1, ..•• s. (2) 

TT-!-- ___ ! __ .._, __ -----"-.!- .• -~ nTnill" ,_...__ ----- ______ ,.! __ _ 
V0-'-&.&.6 aoa..a..u. LJ.U,;:. ~'{U.CI.L..LVU. V.L. V'l.&:.l. we;, '-0..1.\...U.LQL~ U.c;.w '-VUp.LLU.l;) \...Vl&. 

stants K; corresponding to the correlation function C j. In this 
way, one RG step from the coupling constants Ki to the set of 
constants Kj was performed. The equality K*'= K* determines 
the fixed point of the transformation. We see that CV11 was used 
twice in the RG procedure: first in calculating the correlation 
functions Si and second in obtaining the constants K.'. It is 
essential for our approach that in the first application we 
have to use CVM involving larger clusters (i.e., the higher ap
proximation) than in the second case. That means that not only 
the lattice is scaled in the process of calculation but also 
the order of approximation. 

In the paramegnatic phase all the odd correlation functions 
are equa~ to zero. Then the correlation functions, which appear 
in (2), are even and the number of even coupling constants is 
equal to the number of even correlation functions, i.e., j=s. 
In the ferromagnetic phase (where the nontrivial fixed point 
occurs) the situation is different. There the symmetry is broken 
and all the even and odd correlation functions are nonzero. To 
preserve the correspondence between the coupling constants and 
correlation functions we have to increase the number of the 
even coupling constants to s = j + k. Now the range of interac
tion is larger than the diameter of the largest cluster. Thus, 
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evaluating Kj from Cj , we have to use a higher approximation 
of CVM to preserve all correlation functions of large clusters 
entering into <H > and determine the superfluous correlation 
functions from the requirement of minimum of the free energy or 
we have to determine the order of CVM only by largest cluster 
obtained from the RG procedure and express the correlation func
tions of the large clusters in <H> in terms of smaller ones 
using the method described in/6/. In the illustrative calcula
tion below we shall use the second possibility. 

Taking into account that the RG transformation based on the 
majority rule makes the absolute values of nonzero odd corre
lation functions larger and the fact that the absolute values 
of critical coupling constants K~ increase with the order of 
approximation, we see that the nontrivial fixed point of the 
transformation is in the ferromagnetic region of the coupling
constant space not far from the phase-transition plane of the 
better one of our two approximations and it converges together 
with CVM critical values to the exact critical surface for 
higher approximations. It is important that for the low appro
ximations the fixed point is not two close to the CVM phase 
transition plane, because the method does not work in this area 
well. The temperature critical exponent is calculated in the 
ordinary way from the linearized transformation at the fixed 
point. 

On the other hand, having more coupling constants than cor~ 
_,....,,....,_.,: __ .C •• --L..! ___ --- ______ ..... _,..__! __ ...__, __ nn ..... ___ -• ..__, 
.._._.._L&..._.._._,u,, .LUU.'--'L..&..VLlO W~ '--OU.L&V\.. VUL.Cl.LJ.l Lli~ J.\.V L.&.CI.jC\....l..Vl. .LC.::J .Lll. Lilt 

whole coupling-constant space. However, with the same success 
as in the even subspace the procedure can be applied also to 
the odd subspace contai~ing the fixed poi~t (K*, h*)=(Kj , ... ,K~ ,0, ... ,0). 
In the same way we obta1n the transformat1on for i+k odd 1con
stants hi and the magnetic critical exponent Yh. 

The treatment of the antiferromagnetic phase transition is 
similar to that mentioned above. Now, we have only to change 
the sign of spins in one of two sublattices in both the old 
and new lattice before application of the majority rule in the 
RG transformation. The number of correlation functions is now 
larger than in the previous case due to the presence of two 
sublattices. Thus, besides i+ k even coupling constant we have 
to add some odd constants to the coupling-constant space in or
der to match the number of them and the number of correlation 
functions. However, in the absence of the magnetic field the 
correlation functions in different sublattices differ only by 
the sign. The number of independent correlation functions is 
only j + k and it can be shown that the problem becomes equi
valent in the ferromagnetic phase transition with the same fixed 
point and critical exponent y T· In the system with the magne-
tic field the equivalence is lost and Yh becomes negative. 
In a similar way the majority rule can be applied to the sys
tems with other types of superstructure. 
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In fact, CVM and the majority rule are formulated more 
straightforwardly in terms of probabilities of state of a clus
ter with a given configuration of spins than in terms of cor
relation functions. For that reason we use in the following 
simple calculation the formalism of probabilities of state. 
On the other hand, for higher approximations it can obscure 
the situation, because the odd- and even-correlation function 
subspaces are mixed. 

To give a simple illustration of our approach, we shall cal
culate the critical properties of the 2-dimensional ferromag
netic Ising model in a square lattice in the lowest approxima
tion. In this approximation our method is similar to the lowest 
approximation of the MFA method /8/. 

In our simple scheme only one odd correlation function (mag
metization), )-dimensional even and odd coupling constant space 
given by the n.n. pair interaction K and the magnetic field h 
are taken into account. The cell spin uj is placed in the 
centre of a square of 4 spins, i.e., the scale factor f = 2. 
To calculate the magnetization or a probability of state of 
a site with the spin directed up, CVM based on the one site 
cluster - the mean field approximation is used. The cluster of 
cells in our case is one cell of 4 spins, which probabilities 
of state have to be calculated by a higher order approximation 
of CVM than MFA. For the sake of simplicity we do not use CVM 
based on a 4-site cluster, but only on a 2-site cluster - the 

Let us denote the probability of state of a given configu
ration of spins-occupying a square of lattice sites by P4 . Then, 
the majority rule can be expressed explicitly as follows 

PI'(+)= p4 (++++) + 14, (+++-) + p4 (++-+) + p4 (+-++) + 

+ p4 (-+++) + p4 (+i-) + p4 (+--+) + p4 (+-+-). 
(3) 

where the signs in the argument denote the signs of spins at 
sites of the square. Using the normalization condition for pro
babilities the number of terms in (3) can be reduced 

PI<+) = P2 <++> + 13 <+-+> + 13 <++-), (4) 

where P2 and P3 are the probabilities of state of a nearest 
neighbouring pair cluster and of 3-site cluster, respectively. 
Using the relation in/6/ the 3-site clusters can be factorized 

~(+-) 
( ++) + ....::...c:._ + 

p (-) 
I 

p~ (++) 12 <~? 
pi-(+) 

(5) 

To get the relation between K' and K and between h' and h 
we have to solve, together with (5), the following MFA and QCA 
equations 

P.''( ) 
2h'- 8K' + 16K' EI' ( +) = -ln ~ , 

P' (-) 
I 

2 
-2h p2 (--) 

·= e 

(6) 

In the even subspace the fixed point K* from (6) and the cri

tical exponent YT from 2YT =~-can be found. Fixing K = K*, 
aK ah' the magnetic critical exponent can be derived from 2Yh = -· 

ah 
in the odd subspace. The simple numerical calculation has been 
performed by using a pocket calculator. The results are given 
in the following table, where also the exact results are pre
sented for comparison. 

Our results 

0.442 

1.000 

1.842 

Table 

Exact results 

0.441 

I .875 

Comparing our result with the results requiring the same 
effort of the other authors I I,8/, we see that an improvement of 
about an order has been obtained. 
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WYPAa A. E17-83-682 
Bw4HcneHHe KPHTH4eCKHX CBOHCTB MOAenH peweT04Horo raaa 

nony4eH HOBWH MeTOA AnA BW4HcneHHA KPHTH4eCKOH TeMnepaTypw H KPHTH4e
CKHX 3KCnOHeHT AnA KnaCCH4eCKHX AHCKpeTHWX MOAeneH. npeAnoMeHHWH nOAXOA 
HCnon~ayeT HAeH MeTOAa peHOpMrpynnw H KnacTepHWH aapHa~HOHHWH MeTOA. 8 HH3-
WeM npH6nHMeHHH C nOM~bO annpOKCHMa~HH cpeAHero nonA H KBa3HXHMH4eCKOH 
annpOKCHMa~HH AnA ABYMepHOH MOAenH H3HHra nony4eHW peaynbTaTW C T04HOCTbO 
AO 2%. 

Pa6oTa awnonHeHa a na6opaTopHH TeopeTH4eCKOH ~H3HKH OHRH. 

~urda A. E17-83-682 
Calculation of Critical Properties of Lattice Gas l~dels 

A new method for calculation of critical temperature and critical 
exponents of classical discrete models Is developed. The Ideas of the re
nonmallzatlon group method and the cluster variational method are used. In 
the lowest approximation, the results within 2% accuracy are obtained for 
2-dlmenslonal Ising model. 

The Investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 
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