


The sponteneous formation of self-organized structures out of
states without any order is one of the most fascinating physical phe-
nomena. We have underteken the task to investigate in detail how Na-
ture can build all the richness of these structures out of such a
totally simple microscopic Hamiltonian. That is why we have selected
the most simple physical gystem such as 1t is represented by a gas
or liquid of structureless and chargeless fermions interacting only
through their magnetic dipole moments to avoid complications arising
from the Coulomdb interactions and from an influence of a crystal lat-
tice. This problem is relevant, e.g., for the condensed He3-or for neu-
tron stars, Intuitively we expected that such simple physical system
could exhibit a simple phase transition from the disordered paramag-
netic state to the ordered ferromagnetic state and nothing else.
However, to our great surprise, the rigorous applications of the
first principles and nonperturbative methods have led us directly to
the conclusion that the considered system can exist at least in four
different phases. These phases follow one after another by decreasing
the temperature of the system. Two out of these four phases exhibit
totally unique phenomena typical for superconductivity with an un-
usuai &nl1soTropy spontaneously selr-generated in the system, as well
as a new kind of structural singularities associated with topological
properties of boundaries of the system. Therefore these two phases be-
have like A and B phases He3 /1’2/.

To carry out this program we consider a system of N interacting
structureless and chargeless fermions confined to a box of the volu-~
me V at the temperature T, Each fermion has the mass m end the magne-
tic moment E:'

The Hamiltonian operator H of the system is

W= ez xahy), g

where the Hamiltonian density H is expressed by the formula

2
Higly)= _Z—A,,‘, ‘i’ﬁk(‘:-*)(-ika)\y(i@)-h(‘li{[\V'f(i.e)fw(i,e)].[w'(i.e)&'ql(i(eﬂ}: (2)
Here W?fA) and y(%.t) are the creation and ennihilation Heisenberg ope-
rators for the two component fermion field, the symbol :{t: stands
for the normal product ordering, ? are the Pauli matrices, ¢~ is the

magneton of the fermion and [¢'#4) & w(Fb)],, is the shorthanded notae-
tion for the vector qﬁ?&)?qﬂ?&) which is explicitly given by
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Perhaps at this point we may intuitively explain why the considered {

system may acquire properties similar to those associated with super- t
conductivity. The Hamiltonian density

. . T |
Kighy) = ;= \y+(i',k)(-Lt.V)Lq¢()T,L)-l’lf(ulz{[ql'r(i',&)o" q/(x,é)]wgi (28)

is completely equivalent to the Hamiltonian density (2), because it
gives the same Hamiltonian (1), for in the integral (1) the contri-
bution arising from the scalar product of the transversal and longi-
tudinal parts of the vector qﬂ(ik)afw(§+) vanishes. The Hemiltonian
density (2a) shows explicitly the attractive four fermion interaction
which reminds us distantly the attractive four fermion interaction in
the BCS theory of superconductivity

The grand canonical partition function Z of the system is given
by the formula

’ plaN=-H
2T N4
3
-1 L
wherejB = (kgl) , kB is the Boltzmann constant, 7 is the chemical

potential and N is the fermion number operator. For the explicit eva-
luation of the partition function X% is very convenient to use func-
tional integration methods /4,5/ instead of the second quantization
formalism, In quantum statistics formulated in terms of functional

integrals the partition function (3) is expressed by the functional
integral

% = (3yy exp (£ S} = gy explt \dtﬂdxl’w 0] W

over the anticommuting variable wﬂiﬂ) and w(?;t) satisfying the anti-
periodic conditions
* X, - —- vy
YR = -9 Grept) o wi(R ) = - g ph).

. *
Here the functional ,S(qﬁw is the action associated with the Lagran-
gian density
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in the four dimensional Euclidean space-time (i:'t) which is related
to the Minkowski space by the relation t = - it and T is a real pa-
rameter. Thus the anticommuting variables w* and ¢ are enumerated by
the four vector x=(X, T). The symboliﬁqtéw means the infinite product

By Dy

where the subscripts + and - denote gpinorial components of the spi-

nor field, e.g. Y*(x) = («y+(x) y_ *x)).
Our next strategy in describing the spontancous formatlon of mac-

= Q dw:(x)d\p+(X) duyf(x)c(qx_(x) ,

roscopic structures in the considered system is similar to that we ha-
ve developed for the explanation of self-orgenized structures in elec-
tron plasma . Namely, that eny self-generated macrosccpic structu-
re is associated with the spontaneous formation of A macros8copic and
periodic electromagnetic field in the following way. The interacting
fermions mey sponteneously generate the macroscopic periodic electro-
magnetic field. The state with gponteneously generated macroscopic
field will be & ground state of the system providing that the energy
of the generated tield is smaller than that portion ot energy by which
the energy of the fermions is decreased in this field. Therefore it
is necessary to find the electromagnetic field configurations yielding
the lowest energy of the system under jiven external conditions.

One notes that our Lagrangian (5) dues not explicitly contain any

electromagnetic field which is the
tromagnetic field is introduced to
formal transformation. We multiply
(4) by a positive number Zi_. The
of the functional integral

field of the Bose type. The elec-
our considerations by the following
and divide the partition function
number Zf is chosen in the form

2, (28 o\ 4 \dt \#7 |- 47 el

where we integrate over a space of
fying the following conditions

. VB =0

-
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real vector functions B’(x) satis-

(6)
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The partition function (4) gets the form

£h
X - —;; ESETREY "-*?H‘\O“\d’; [ B,

In the last fuctional integral we make the transformation of the in-
tegration variables

2t =2 X —
EYOREIOE w(«[w WFEYw], o
where B(x) ere new integration variables satisfying the conditions (6).

By the transformation (7) we get the following representation for the
partition function

Ah
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where éf;lm(lyﬁip, f) is the Légrangian density of the electromagnetic

interaction given in the form

- L2
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(9)
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By the formal transformation (7) one has, in fact, expressed the gran-

dious Faraday idea that the interactions between magnetic moments are
-

mediated by the megnetic field B. According to our strategy emphasiged

above, the formation of a macroscopic structure must be associated with

the spontaneous generation of the mecroscopic periodic magnetic field
3;(1) which is determined by the statistical mean value (iﬂx)? defined
by the formula

— - A — = A =
B = B0 = = \;Zm B3y*By Bl)exp {? Seqm(w*-%B)g .
The last integral can be formally evaluated with the result

B0 = 410 K¢ 0Ty ), (10)

The explicit expreassion for the mecroscopic and periodic magnetic
-
field Bo(x) will be derived in the following way. Suppose one carries

out explicitly the functional integration over the anticommuting va-
riablesty* and  in the functional integral (8). After this integra-
tion the functional integrand in (8) becomes dependent only on the
magnetic field g and is written down in the form

% = —"1—4 &Z)E exp &‘? Sef,§ (E)g : (11)

where S f(_15) ig an effective action. The last relation tells us

that the system of interacting fermions can be described by means of
the Bose field B. All quantum effects due to Fermi statistics are the-
refore completely‘implemented in the effective action Seff(i)' If the
fermion system is capable to give rise to a self-organized macrosco-
pic megnetic field ﬁ;(x), then this field must be a solution to the
classical equation of motion

8 qu- (E)
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For this reason we calculate the effective action. The afore-mentioned

0. (12)

functional integration over q} and Y in (8) is carried out exactly

with the result
Hh
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where M(ﬁ) is the infinite-dimensional matrix, the rows and columns
of which are numerated by the four vector x gpd spinorial index a. In
the Dirac notetion the matrix elements of M(B) are given by

1 . ed -
Craln@ily by A (1% -ET-9) 8. —#B(x).cﬂ]&x—:\) ,

By exploiting the well-known identity det M = exp (Tr 1n M), the
offective action can be written down in the form

o o )
(SC“(B)= \odt \371—8—75 +h§<K.G\QnH(B)\x|G>% )

The relation (12) gives us the equation

LR WD G T E)T Ixe) =0 (13)
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for the spontaneously orgenized macroscopic megnetic field E;(x).
Although the last egquation is a complicated non-linear integral equae-
tion, we will construct its exact solution. Suppose we know the func-
tion E;(X) in an explicit form. Then the inverse matrix M'1(B°) is,

- apart from the minus sign, the Green function D of the non-interacting
fermion gas embeded in the given external field ﬁ;(x), for the Green
function D(x1,xz) is defined by the relation

i) t:L — 0 fng — )
AL6Z - T g - B ) E Dl x,) =S xm)

The Green function D(x1,x2) is the matrix in the spinor space with

the following matrix elements

yr O (x0), W)W, (2,
D(x1,x2) =

Yy OO, g Y,

Here the subscript o denotes the statistical mean value with respect
>
to the action So(\yﬁ w.Bo) associated with the lLagrangian density

- C -
Lo (¢ w.E.) = ~hy" Y - L g -dF)p)
R (14)
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gf the non~-interacting fermions embeded in the given external field
Bo(x). By using the algebraic reduction

ZC;. <x‘,0~\H_((E°)(?lxuq>=-Z ['D(x“x_'_)—g.] =—<‘{J*(XL)_G:W(“)>O
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the equation (13) can be rewritten in the form

-

B, = 4T KT @ W), . (15)
The last equation tells us that thg magnetic field.E;(x) is a solu-~
tion to Eq. (13) if 4T times the magnetization of the fermions in
this field is the same as this field. We have found that these requi-
rements can be satisfied by the field g;(x) which is given by a super-
position of a static circularly polarised spin wave and a homogenous
magnetic field as it is explicitly expressed by_}he formula

-

AZX % _AATX 2
B = % (g X gra™ER) e Zb (16)

where b, and b, are constent parameters, H is the wave vector, A=x1
is the helicity of the spin wave, € and £ are the polarization vec-
tors satisfying the relations

£ =T -3 € =3T =0, £LE"-4.
The vectors Z, £ and E can be parametrized as follows

pedi

£ =‘%f (4,1,0); €7 = %? (4,-i,0) , 2= (o,ohz).

The proof that function (16) is the solution to Eq. (13) or (15) will
be made by the direct caelculation. That is why we evaluate the parti-
tion function rE

%, \55 YRy explt \Odr\a’? o\fo(\y’:‘%i)% =
n (7)
VBy @y exp { & 804" 0 3)]

-
with the field B, (x) given by the form (16). To carry out the functio-
nal integration in (17) explicitly it is very convenient to make the

following unitary transformation of the integration variables qﬁ?x)

and  (x)
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to the new enticommuting variables d*(f,v) and a(ﬁ,v). ilere we have
used the following abbreviations: w, = (v/ph)@Ryv+ 1), v is en
integer number,
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By the transformation (18) we get Z, in the form

2, - | 30'2a exp { £ 8, ()}

(19)
with the diagonal action
S,(are)= ph T \ati i[itov*n(—64(f)10:(i,v)o+(f‘v)
= (20)

+ ‘_Lt - E 0 )] G:_(r‘v) O_G: ,v)}

allgwing for the elementary functional integration of (19), Here
E+(k) and E_(k) are the energy spectra of quasiparticles given by
the formulae

- 2 gt - -

£, = 45 { Z Lt 0 TRt 14, (21a)
- 1 a4 -

E@) -2 (L LR e (21b)

From (19)-(21) one gets the ordinary Fermi distributions

- -A
nt(k)‘= { A« u.pLﬁEt@)—anl].g (22)

for the quasiparticle associated with the + and - spinorial compo-
nents. In the next step we have to calculate the statistical mean
value <“{’*“‘)FW(")>0 . By elementary calculations one finds the re-
sult

AT R ox -2

* 00 T YOO, = (g7, gme Ei) G )+ 29 (o)
4T LG OO T YR>3 bk, )+ 5 3 (bl ) | (23)

where the following abbreviations are used

3 4
4k Agk -y

W (338 g5 ]

\ cé,_(b‘,bl).—.-lnr{«K [n+(l’)-n_(i’)].

The st_a’tistical mean value (23) is indeed of the seme form as the
field B,(x) given by (16). The relation (15) requires the followdng

self~-consistency conditions -

2 2 S dL n ()= n_(K)
. = e __f__,-_—’—————{/
ST (Il @ry¥ [ (3 R-g)+1]”

-
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(24)
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+o be satisfied. These two relations determine the parameters ¥
end {, @s certain funcZ}ons of the temperatuif T, chemical potential
m end the wave vector q. The free paremeter g will Dbe determined la~
ter on from the minimum of the energy of the sysbems The self-consls-
tency conditions (24) ere very similer to the self-consistency condi- .
tion determining the energy gap & 1n the BCS theory of supercoducti-
vity /3/,

In what follows we will restrict ourselves to the description
a® +ha nonstdsmed gyotem in the meen P121d §;(§) apnroximation thua
{gnoring effects of quantal fluctuations of the magnetic field B
The effects of the quantal fluctuations will be considered elsewhere.
In this approximation the partition function (11) 1s evaluated in the
form

2 - eoxp {45, B - e -2 (b b

All thermodynamical propertles of the system can be derived from the
grand-canonical potential .Q:-f;‘lnz which has the explicit form

kind - -
Vo2 4 v{ dk ey —£, (k) /s.Z_E_(Ug
Q=;;(b4+bz)-3&ﬁ%8(n[4+ez * ]+ln[4+e ‘ ] )

where E+(_l;) and E_(E) are the energy specira (21). Since:he energy
spectra (21) have the anisotropy due to the wave vector q, the consi-
dered system must exhibit totally unique enigotropic properties which
will be discussed bellow. ’



The energy of the system
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must have the minimum with respect to any free parameter at the gi-

ven entropy
S=-kVY \(u)l/i 0g () L Lng O] + [A=ng @] 2 [4- n‘r(t)]}_

This requirement is however equivalent to the minimelization of (25)
with respect to the wave vector E’at the given occupation numbers
noiﬁ). The condition for the energy minimum is gotten with the com-
binations of (24) in the form

L a2 1
L R (L A Ak AT W

where n is the mean density of the fermions. Thus we have obteined
the complete get of the relations (24) and (26) determining the para-
meters b1, b2 and g as certain functions of the temperature T and

the chemical potentiel 7 - The relation (26) is used to rewrite the
energy (25) in the form

? 1
vkl (8L p2r o, a7 VRT2 W
E = Tm Vgmp® LAnlUl gunoan e edeg 20

which indicates that the macroscopic periodic structures, associated
with the parameters by, by and q, are energetically preferable when~

ever external conditions allow for nontriviel solution to the equa-—
tions (24) and (26).

The detailed analysis of the relations (24) and (26) reveals
that the considered fermion system can have three critical tempera-
tures denoted by T1, TZ’ T3 and satisfying the relations T1> Té> T3.
If the fermion density n is sufficiently high then by decreasing the
temperature the spontaneously generated macroscopic field 3;(;) deve~
lops to its most general form (16) through four succesive stages. At
the first stage, when T:>T1 we have no order in the system, i.e.,
b1= b2= q = 0, and the system is in the disordered paremagnetic sta-
te. At the second stage when T1>>Tt> T2 we have b1# 0, but by= q =0,
i.e.ythe macroscopic homogeneous magnetic field is spontaneously ge-
nerated. The system exists in its ferromagnetic phase. In this phase
the parameter b1 increagses by decreasing the temperature. The ferro-

10

magnetic phase is associated with the simple totally isotropic ener-
gy spectra of fermions

g 112 >2

B0 - (F -y,
(28)
- flz +2
E_(k) = 5 (k + b )

which are depicted in Pig. 1a. At the third stage when T, > T > T_ we
have b1 # 0, 9 # 0, but b2 = 0, i.e,,the static circularly polarized
gpin wave is developed, This state will be referred as to the super~
conducting phase and abbreviately denoted by letter S for reason
which will become clear bellow. The S - state is associated with
the anisotropic energy spectra

E(k)-ﬁ{% -3 D4y l]ﬂg

-2 (29)

. o
E_ ) = _.L_t;- {7‘—+L +[(§L)1+X.AJ-1/L§

which are depicted in Fig. 1b. The spectra (29) are symmetric with
regpect to the reflection E iy —-;. In the S - state there is the
gpn-vaniahing orbital electromagnetic supercurrent with the density
j(x) given by the relation

- > - 3 - {A‘.. - —kzi‘
J(x) =,%erB. =,%rl;\;,‘ {(i"’-)‘- zx -(gxE")e ' }

The supercurrent 3(;) mugt, of course, satisfy the boundary condition

g.? = 0 (30a)

at the container surface, where 8 is a unit vector normal to the

surface. In addition to the boundary condition (30a), we must make
g -

sure that the current § into the wall of a container venishes., This

requires that
-»> =

(F.9)5 =0 (30b)

for those components not going to zero by the condition (30a), The
explicit form of (30.b) is

-

E{gxren?
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Fig.1. The energy spectra >f the quasiparticles associated with

(a) the ferromagnetic phass, (b) S-phase and (c) SPF-phase.

The boundary conditions (30) show that the shape of the macro-
scopic field E;(x) is distorted from its original form (16) by the
presence of boundaries, namely the wave vector § becomes X dependent,
In the physics of the superfluid H93 such distortions of vector fields
are called textures /1’2/. The relations (30) require two vectors
?(;) and §(X) to form the tangent vector fields with respect to the
container surface, However, tangent vector fields at a closed surfa-
ce topologically equivalent to a sphere must exhibit singularities/2{
Therefore the considered system of fermions confined in a sphere will
exhibit singularities in the distributions of the vector fields Ek;)
and q(X). These singularities are exactly of the same origin as the
singularities of the order parameters of the superfluid H03 /1'2/.
The vector - .

L'Jx_q,v

which 18 the normal vector at the surface will exhibit singularities
which are called disgyrations of de Gennes 2'7/. The analysis of Mer-
min /2/ applied to our case shows that the fermion system confined in
e torus may have the textures free of singularities.

In the S-phase the Fermi surface associated with the energy apec-
trum (29a) mey change its topological structure. As long as

L )
(2 v\ a (211
dm S~ o/ T e

the Fermi surfece 1s topologically equivalent to a sphere in the mo~-
mentum space, If q2 becomes so large that the opposite inequality to
that of (31) holds, then the Fermi surface becomes topologically equi-~
valent to & torus in the momentum space.

At the fourth staqg'when T < T3 we have also bzl 0 and the homo-
geneous magnetic field b, is developed parallel or antiparallel with
3 to accompany the spin wave., This state of the system is referred to
a8 the superconducting and superfluid phase and is denoted by abbre-
viation 8P. The SP-phase is associated with the anisotropic energy

spectra (21) which are depioted in Plg. 1.0 for A='+ 1 and '13'2 pa-
rallel with §» The energy spectra (21) as it is shown in Pig., 1.c are
asymmetric with respect to the reflection ¥ — -'i. Therefore there
exists an excess of fermions with momenta oriented in a certain direo-
tion especified by the vectors 3} and a: and the value of heliocity

A = ¥ 1, This ; _use is peculiar for & spontaneous self-ordering in
the momentum space of the fermions and for giving rise to a maorcsco-
pic flow of the‘mass. Thus the system exhibits, in addition to the su-

13
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perconducting properties of the S-phase, the properties of superflui-
dity. The velocity field of the mass will exhibit the same sorts

of texture as the supercurrent 3%;) in the S-phase. In the SF-phase
the fermion system confined in & torus may exhibit the superfluid mo-
tion of the fermions.

What concerns the critical temperatures T1, T2 and T3, they must
be calculated numerically. In the approximation associated with the
non-degenerate fermion gas T »)TF one gets, e.g., '1‘.I in the analytic
form

2
kpPi= 4T@en , (32)
where TF ig the Permi temperature,

When the formula (32) is applied to the condensed He3,one gets
T1as 10-7T K. This critical temperature violates the condition '1‘1»'1‘F
and the non-degenerate fermion gas approximation is not admissible.
In the degenerate fermion gas approximation the calculation of the
critical temperatures cannot be done analytically, because at T = O
the system gets the most complicated structure.

We have demostrated by using merely basic principles that the
simplest physical system cexhibits so many different phases with pro-
perties which are as complex as those of any inorganic system.
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