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In 1ong Josephson junct1ons w1th 1ooal 1nhomogene1t1es 1n wh1oh 
the Josephson ourrent dens1ty j<x) 1з 1ooal1y deoreas1ng, 1.е. 

J {Х) = [ 1 - Li:.J. Jl• о (Х-Х;)] si n фrх) 
1 
f~> О ~) there ex:ist staЫe 

зtat1o d1str1but1ons of the magnet1o f1ux р(Х) = ф </>(х) / 2тr .1 

or f1uxon bound зtates 111 • For the zero external fie1d the flux is 
1ooal1zed near the 1nhomogene1tieв. As the values of the app11ed 
magnet1o f1e1d, ha and hL on the edges of the junotion , Х0 =0 and 

Xn+·l = L , are ohanged, the f1ux d1str1butions, general1y, are deformed 
smooth1y, but for some orit1oal values of ha or hL the bound states 
oan Ье abrupt1y oreated or destroyed (а Ыfuroation). Similar ЪifUr
oat1on phenomena ooour when the parameters х, and !'< are ohanged. 
Some speo1al b1furoat1ons have been treated in Ref.l. Here we show 
how to der1ve the bound states and the1r b1furoations 1n а more general 
оаве. А simple oriterion for the staЬ111ty of the bound вtаtев with 
reзpeot to small fluotuat1ons (looal staЫlity)is also proposed. Final
ly, some 1deas oonoerning а direot experimental observat1on of the 
bound states and of transit1ons between them near the Ъifuroation 
points are Ъr1efly disoussed. 

Вoth the equat1on ф''(xJ=)rxJ ( see Eq.(2.1)) and the Ъoundary 
oonditionв ф'(О) =О .1 ~ {L) =- hl. oan Ье derived from the variational 
pr1ncip1e о fJ .. о for the general1zed Hamiltonian 

л х, .. 1 n (1) 

!J = _[ f Jx [f1 ~2 + 2 ji,nz(f/2.)] - ~ 2f, jLh 2(~tf2) -

•=о х, -hL~L +hофо 

неrе р, = ~{Х;) J ~. = фrх.) = фfо) J fL: ~(х"н) = ~(L) , and variations 
of ф(х.) are free. The differenoe Ъetween У and the energy 6 , 
used in Ref.1 (see Eq. (J.l)), is easily interpreted for the uniform 
external magnetio fie1d. If h. = hL ·, the quanti ty ( ~' - '?.) iв pro-
portional to the total magnet1o flux trapped 1n the junotion (the 
~gnetization of the junot1on), and the relation between !/ and G 
x)Here we use the units and notation of Ref.l (вее also Ref.2), and 
any referenoes to the formulae g1ven 1n Ref.l are label1ed with а 
mark I, e.g. Eq. (2.1) means Eq. (2) 1n Ref.1. 
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1s similar to the relation Ъetween the Gibbs free energy (or the 
thermodynamio potential) and the He1mgoltz free energy (see Ref.2, р. 

80) • Even for h.=hL the generalized Нam1ltonian (1) 1s oonoeptua1-
ly distinot from the Gibbs free energy used 1n Ref.2; neverthe1ess, 
tЬ1s analogy is usefu1 for understand1ng the phenomena ocourr1ng 1n . 
inhomogeneous Joвephson junotions. Consider, for example, the orite
rion for the looal staЫlity of а statio bound state ф(х) • This 
state iв вtаЫе against вmal1 fluotuations, о~(Х), if Ь 2 У> О • Аз 
for thiв state БY{fJ==O,'wв see that р(х) minimizes 9{фj • 
Тhе oondition (/!/>о is equivalent to the requirement that the 
eigenvalues of the boundary value proЫem 

- 'f" r [1 - i fii G(x -X;)j '/'(Х) CO'j tp(x) = (_,/ tf{J< ) 1 f 1
(0) = ffL)= 01 (2) 

L=t 

Ъе poвitive. If all eigeпva1ueв w 2 are posit1ve, then the minimum 
one, ш.2 , gives the fundamenta1 frequenoy of the rевроnве .of the 
system to вmal1 external perturbations (вее Ref.2): 

- i r..J t 
ф(.><,i:..)==ф{х)+е • 1'о (х)+ •.• 

1 
l'f.f«/~1 

2. If there iв at 1еавt one negative eigenvalue, UJ1 <О , then the 
bound вtate ф(J<J iв unstaЪle, and its lifetime is "'1 w~ 1 - 1 • 

Conвider now the dependenoe of some positive eigenva1ue on the pa
rameters р = ( h01 hL J Х i , ?i) (it is dependent on р beo~use 

NxJ ohanges with р 1 ~(х)= rjl()(;p) ). If the eigenva1ue w (f) 

vanishes for р = f< , we oall Ре the Ыfuroation point of the 
вtate f(x;p) • Тhе set of al1 Ыfuroation points in the p-spaoe 
formв the Ыfuroation surfaoe (or, the oatastrophe вurfaoe) whioh 
is the Ъoundar;r of the staЫlity domain for the bound states ф()(jр). 
When а trajeotory in the р-враое оrовsев the Ыfuroation surfaoe, 
the number of the вtаЪlе bound states abrupt1y ohanges. On the 
sur!aoe, when р =Ре , the staЫe state ф(l<; Р) merges w1 th so
me unstaЫe вtate, i.e. for р=р, there are at 1east two degene
rated вtаtев p(xjfc) ). We see that the Ыfuroa;ion surfaoes are 
analogouв to boundaries of staЫ11ty domains for thermodynamio 
phaseв. In а веnве, staЫe bound states ф()(; р) may Ъе oonвidered 
to Ье analogs of thermodynamio phases. 

The Ыfuroation surfaoes for 1ong Josephson JUnotions with 
inhomogeneities oan Ье derived Ъу re1ative1;r simp1e means. For 
simp11oity, oonsider а вemi-infinite jUnotion with one inhomogenei-
t;r: Хо ==о <Х~ <+ 00 , hL Е h00 =О J fL =t/Joo == 2тт • 
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The parameters k0 , tfo 1 f.1. defining а Ъound state ф (Х) oan Ъе deri
ved from the equations 

-и с (1-с 2 )(2+и с)= 1-k 2 
1 1 1 1 1 ·1 1 о С; ;:: COj( ~;/2) J 

ф1 
i f 1 [ 2 2 . ] -l/2 Х, = 2 rJ~ k

0 
-(.О~ (ф/2) 

2 
k0

2 
- с} = h.f "t 

tfo 

whioh follow from the first integral (see (4.1» 

~ 12/'i = k.
2 

- соз 2 (<j; /2) _, 

(J) 

(4) 

1 

and from the expression for the jump of the magnetio field ф at 
х-= х 1 : t::.rp ' = -JA1 5intj>1 (see /ll; Eq. (4) ooinoides with 

Eq. (6.1)). Ву drawing in the plane p=(h.,x1 ) the ourves oorres
ponding to oonetant values of k0 , one oan easily find the domains 
where different solutions exist. The envelopes of these ourves, whioh 
are the boundaries of the domains, give us all bifuroation points. 
The Ъound states (for small values of Х 1 ) are represented on the 
( tf , ~ 1) diagram (Fig.2), and the dependenoe of !f on ho for oorres
ponding solutions ~{Х ) is sohematioally plotted in Fig.l. For h <h~, 
there exists only one state , E1D

1
JJ,' О' • Its total flux is $ р0 /2 

and its generalized energy, 1j ( h 0 ) 1 is represented Ьу the ourve 
OCБ2 in Fig.l. For h~ hct two new solutions ar1se • The ourve B1 Cl33 

gives the energy of the states f 3 .D.I v; о', and the ourve В 1 В2 that 
of the states E2 D2 P;o' • The energy, !/=8, of а free fluxon, which 
is at rest in an infinite uniform function, as well as the or1tioal 
val ue of the external field, ~.:. 2 , for which the fluxons 
begin to enter а semi-infinite Uniform junotion (see Ref.2) are shown 
in Fig. f • For f'1 :>О we always have h,

2 
=::: 2 • The dependence of ~,оп 

х 1 has а sharp minimum for х1 ~ f , and this minimum is always higher 
than the thermodynamical cri tical field Ч / тr (в ее Ref. 2}. The 
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phenomenon of reduction of the critical field, for which the fluxons 
begin to penetrate the 1unction, has Ъееn discussed in R8f.J for 
junctions with sharp edges. Here we observe а new phenomenon related 
to the creation of fluxon bound states on attractive microinhomogenei
ties: the formation of two new bifuroation points , В1 and BJ , and 
а resonance charaoter of the dependence of h,,, h,1 on )(1 • Finally, 
remark that hc, is diminising with growing ~, , and for some value 
of х , ( х1 = х.,. ,~ ()-11 ) ) we have h" =О • For х , ~ Х.., ; " (f' ,) 

we therefore have а staЪle Ъound s t ate in the zero external field 
(the ourve E0 D

0
D

0

1 0 1 in Fig.2). 

The analysis ef looal staЬility can Ье greatly s1mplif1ed Ьу 
using the following pieoewise-linear (or "saw-like") approximation 
for the Josephson current 

2 N 
IJin ~=::о Л (-1) Crp-тrN) , л= 2 Г2 ~о.9 

7Т 
(5) 

on the intervals I".: /~-rrtl/~п/2. In thi s approximation the ene:r;gy 
of the Josephson ourrents is oontinuously-differentiaЪle, quadratio 
funotion of ф and the potential in Eq. (2), сов~ 1 is approxi-
mated on 111 Ьу the simple step-function: to~ ф z '}..

2 (-1 ) 1'1 • For 
solving the proЬlem, Eq. (2) 1 now it is suffioient to find the points 
Х11 , for whioh ~ ('i.11 ) = (2N+1)11 / 2 • Ву using this approximation 

(Eq. (5) ) we can also greatly s1mplify the prooess of deriving- the 
Ъound states; -the equations for the parameters ф, , k, and :Х"' are 
now elementary though rather complicated. The error induced Ьу the 
approximation does not exceed several per oent for quantities of 
physical interest. 

The solution of the proЬlem, Eq.(2) 1 in this approximation 
confirms an intuitive ,guess that the states oorresponding to the 
ourves осв2. and BICB:r (Fig.l) are looally staЬle while those 
oorresponding to the ourve В1 В2 are unstaЬle. The form .of the 
ourve OCB

2
8

1
CEJ suggests an interesting analogy with the dependence 

of the GiЪbs free energy of the Van der Waals gas on the pressure 
at Т<Т0 (see R8 f.4). Remembering that our !/ is .an analogue of 
the GiЪЪs free energy а suspiotion may arise that the states oor
responding to the curves В1 С and С В 2 are in faot metastaЬle 
(i.e. unstaЬle with respeot to some large fluotuations). However 1 

in transi tions from the level в, с to the level ос_ ( or, from с 82. 

to СВ3 ) the total flux of the state must Ье ohanged Ьу an amount 
~Ф. /2 ; meohanisms of suoh transitions are yet poorly understood 1 

а disoussion will Ъе given in another paper. Here we only mention 
that to ohange one staЪle state into another it is apparently suffi-
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aient to oross the ar1t1ca1 values of the app11ed f1e1d С 

decreasing h
0 

and hc2. for 1ncreas1ng ho ). Deta11s 
transitions are now under 1nvest1gat1on. 

hc, for 
of suah 

The bound states and their bifuraations in the aase of а junat-
ion of finite 1ength ~ and with several 1nhomogene1tes oan Ье 
derived Ьу s1m11ar methods, though the oalau1at1ons tend to beoome 
formidaЬly aomp11aated, even with the approx1mat1on С5). An 1nteres
t1ng app11oat1on of thiв approximation is ровв1Ые for the two-d1men
s1ona1 Josephson junotion with а one-dimenвional 1nhomogene1ty. For 
ax1al1y вymmetria junations we have вuooeeded in obtaining some staЬ-
1e statio bound stateв 1oaal1zed near attraative 1nhomogene1t1es. 

Тhе phenomena desoribed above aan ooour in other вystems, for 
examp1e, in magnetiaв where the B1ooh wal1в р1ау the ro1e of the 
f1uxonв. However, the Joвephson }unationв seem to Ье moвt oonvenient 
for the exper1menta1 studies of theвe phenomena due to а wide ahoiae 
of ava11aЬle observat1ona1 means in oonjunation with а feaв1b111ty of 
ahanging the parameters С ho , hL , х, , JA; ) • 

А s1mp1est direot way of observing the bound states and their 
bifurcations is provided Ьу а teahnique of soanning а foaused weak 
1aser beam. This al1ows one to measure 1oaal ourrent d1str1but1ons 
a1ong the junation. (See,e.g. Ref.5). Ву ~sing an additional, вtron
ger 1aser beam an attractive 1nhomogene1ty with oontro11aЫe pos1-
t1on can Ье created and thus b1furaat1ons, ·depend1ng on the magnetic 
f1e1d and on the position of the 1nhomogene1ty, are in pr1nc1p1e 
observaЫe. 

We wou1d 11ke to thank B.V.Vass111ev, S.I.Serdyukova and A.L.Ef
ros for usefu1 discussion of the results. 
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Филиппов А.Т., Гальперн Ю . С. Е17-ВЗ-262 
Бифуркации связанных состояний флюксонов в неоднородных длинных 

джозефсоновских переходах 

Изучены бифуркации во внешнем магнитном поле связанных состоянИй 

флюксонов в длинных джозефсоновских контактах с локальными nритягивающими 

неоднородностями. Предложен простой крИтерий локальной устойчивости этих 

состояний. Отмечена возможность прямого· экспериментального наблюдения свя
занных состояний и их бифуркаций nри изменении внешнего nоля и nоложения 

неоднородности. 

Работа выполнена в Лаборатории теоретической физики ОИЯИ. 
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Fi1ippov А.т., · Ga1"pern Yu .S. 
Bifurcat ioпs of F1uxon 8ound States in Nonuniform 
Long Josephson Junctions 

Е17-ВЗ-262 

Bifurcations of fluxon bound states in 1ong Josephson junctions with 
local attract ive iпhomogeneities are analyzed. А simp1e criterion for 1оса1 
staЬility of these bound states is proposed . А possiЫlity of а direct 
experimental observation of the bound states and of their Ыfurcations 
depending оп an externa1 magnetic field and/or the position of inhomogeneity 
is pointed out. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JlNR. 
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