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1. А region with the scattering boundary is the region with 
the piecewise smooth boundary which is at all points of smooth
ness either plane or convex into the region (see fig. 1). For 
the billiards inside this region there is а formula for the 
entropy calculation 111 

h = ( B(X)JL(dx), (1) 
м 

where h is the dynamic billiards entropy, М is the phase space, 
х~М are the points of the phase space, JL is the invariant 
measure (for the billiards) 

1 
JL(dx) = --dx1 dx2 dш. 

27ТS 
(2) 

In (2) S is the region area, х 1 and х 2 are the linear coordina
tes on the plane, and ш is the velocity angular coordinate, 

В(х) = 

Т1 + 

1 

1 

2k 1 __ ....;::1:__ __ 
--·- + 
соsф 1 

т 2 + 

~+ ... 
соsф2 

(3) 

is the continued fraction, ri are the time intervals between 
the subsequent reflections of the billiards trajectory origi
nating at the point х ~ м , ф . are the angles between the vectors 
of velocity and the ve~tor of normal to the region boundary at 
the i-th reflection (see fig.2), and ki is the boundary curvatu
re at the i -th reflection. 

Below we shall develop а method of calculation of the entro
py Ьу this formula for а certain class of regions. 

2. We consider on the plane а system of discs of the samer 
radius with the centers at the sites of square lattice, the 
coordinates of which are given Ьу the pair of integers (m, n) 
(see fig.З). In this lattic~T~o.ne_.c...;щ.,~~t out some figures,which 

~:t-·; 

... . '\. : 
- •; ,< j' _, if\ f . -----................___ _____ 

l 



Fig. 1 

under the mu1tip1e ref1ection 
from their boundaries wi11 cover 
the who1e 1attice. These figures 
may Ье the fo11owing: а) square, 
Ь) rectang1e, с) triang1e (see 
fi g .4). The bi11iards inside 
these figures (with the cut out 
discs on the boundaries) are ob
vious1y reduced to the motion 
of а free partic1e inside an 
unbounded 1attice (fig.З) with 
an e1astic ref1ection from the 
boundaries of the discs with 
radius r. 

These Ъi11iards can Ье ca1cu-
1ated Ьу formu1a (1), where М 

i s the phase space of the initia1 conditions inside the square 
fig.4a), а11 other systems of the bi11iards type (fig . 4b,c) 
have just the same entropy. 

We sha11 ca1cu1a te this entropy assuming that r is suffici
ent1y sma11. 

It shou1d Ье noted that in our case the quantities т i В(х)(3) 
can Ье considered to the time interva1s between two subsequent 
re f 1ections f rom the disc boundaries in the 1attice, and 

1 . h f . . 1 k . =-- s 1nce t е curvature о c1rc1es 1s а ways constant. 
1 r 

Consequent1 y 

- _1_ J 
h - 27ТS м 

rl + 

1 
------ dx 1 dx2 d w. 
1 

2 1 
-- + 

r соsф 1 r2 + 

We 
8 2(х) , 

approximate the fraction В(х) Ьу an appropriate one 
given Ьу the formu1a 

8
2 

(х) = 
1 

1 
r l + 

2 

r соs ф 1 

1 

r cosфl 
7

1 + 2 

It is obv i ous that В 2(х) ~ 8 (х), and 

В(х)- В2 (х) = 8 (х)(8; 1 (х)- 8 - 1 (х)) 82 (х) 

2 

(4 ) 

(5 ) 

1 1 1 1 s - ----·(6) 
2 1 2т1 1 2т 1 2 

1 + r
1 

( + ) 1 + -- т2 + -- (1 + --) 
· r соsф 1 т2 + ••• r соsф1 _2_ r coSФt 

соsф2 

Hence 
1 1 

- h 2: ь1 = -- J dx1 dx2 dw 
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and the · difference between h and h1 is given Ьу the formula 

1 1 
h- h

1 
~ -- Г dx1 dx 2dы. 
. ' 2778 м 2r 1 2 

(l + ) 
(8) 

r соsф 1 

It is known 111 that the invariant measure can 
the polar coordinates: dx 1dx2 dы = соsф 1 dr 1 dф1 dp, 
the linear coordinate on the circle at the point 
reflection of the trajectory of the billiards. 
Therefore 

Ье written in 
where р is 

of the first 

h - h1 .5-
_1_ Г cosфdrdфdp 

2778 м (1 + _2r __ )2 
= _1_ r r со~ф(l- 1 )dфdp ~ 

2178 д 2 

· r соsф 

~ _1_ r r cos2фdфdp = _r- . 2pr·!!... 
2178 д . 2 . 2178 4 

17[2 

4(1 - 17f~) 

2r 
1 + ----:::z 

r со"'~' 

(9) 

Here д0 is the circle with radius r , д= д0 х [- ; , ; ] in 

the set of unit vectors originating on the circle and directed 
to the •outer part of the circle, and t is the time of "flight" 
of the ~ ray bёtween two circles. 

The quantity 6. 
17f2 

4(1 - 7Тf2 ) 
is rather small at small r. А con-

crete numerical calculation of the entropy will Ье performed 

choosing r = _1_ then 6. <О. 0048. 
13 -

Therefore, the h-entropy can Ье calculated with а good ac
curacy 

h "' h 1 = _1_ J 1 dx 1 dx2 dы = _1_ Г соsф d r 1 dфdp . 
2178 м r соsф 2"8 м r cos ф 

r1 + r 1 + 
2 2 

( 1 О) 

То achieve а higher accuracy, one should use the n- f old ra
ther than the two-fold fr a ction. Then, an error will not exceed 

" r n ::: IТГ n 

4 (1 + r) n 4 

3. Here we shall calculate the entropy in the approximation 
discussed in sec.2 Ьу fo r mula (10) • . We have 
4 

i 

h .. h 1 = 
1 cosфdr1dфdp 1 r фl 2t+rcosфdфdp -- f = -- cos n---~ 

2778 м r cos ф 2"8 д r соsф 
r + ---

2 

1 1 - J соsф ln(2t + r cosф)dфdp-- J соsф lnrdфdp 
2778 а 2778 д 

( 11) 

1 _ -- J соsф lncosфdфdp = А1 - А2 -А 3 , 
2778 д 

А = 
1 

1 
2178 

r соsф 1n(2t + r соsф) dфdp < - 1- г cosф(ln 2t + r 00~)dф dp < 
д - 2178 д 2t -

< - 1- f соsф ln2t dф dp t- -
1- J r cos 

2 Фdфdр 
2778 д 2778 а 2 

1 

2
;;g ~ соsф lnt dф dp + 2 ln2. r 

1- 7Тf 2 

"r А-+---- --= 1' 
2(1 - 7Тf2) 

( 12) 
1 · ln r ln r 2r 1 

А 2 =- J cosф.lnrdpdф =- .Г 2dp = --277r =- 1n-, 
·2778 д 2"8 д "'S 1 ._ 17r2 · r 

Аз 
1 . - J соsф ln соsф dф dp 

2178 д 

о 

2(ln2 -1)r 

1 - 7Тf 2 

The error, which we have committed changing А1 Ьу А 1 will Ье 

17[2 
the same as under the change of h Ьу h1 6. = . 2 • Moreover, 

4(1 - 77f ) 

in (11) we have diminished the true value of the entropy 
(h > h 1 ), under the change of А 1 Ьу А 1 we have · increased, i t, 
i.e., these errors compensate each other to а certain extent 
and the true error is expected to Ье small. 

Thus,_using (12) we have improved approximation (11). Col
let ting А1, А2, and А 3 we have 

h = ·А 1 - А2 - А 3 r соsФ шtdфdfЗ + 1 2 r ln- + 1 

2178 д 1 - 17[ 2 r 
(13 ) 

+ 
(4 + 77) r 

2(1 - IТf 2) 

5 

1 

J 



4. То obtain an analytic formula for the h-entropy we have 
to calculate the integral 

1 
Г соsф lntdф dp. 

217s а 

Let us estimate the value of this integral from above and below. 
We have 

1 17/ 2 
- Г соsф dф Г lnt(p, ф) dp • 

2178 -17/ 2 ао ( 14) 

At each fixedф the integral over д0 can Ье expanded into the 
sum 

Г lnt (р, ф) dp 

д 
о 

I Г lntdp, 
д<о 
о 

(15) 

where the circle is divided into the segments, д0 -ray under the 
angle ф to the normal falling onto only one circle of the lat
tice . ~see fig.5). The quantity ~t changes inside each circular 
arc до i) slightly, and it can Ье assumed that t = f 

1 
, where f 

1 is the distance from the center of the initial circle to the 
center of the i -th circle. An error will not Ье more than r 2, and 
the f ormula (15) will acquire the form 

Г lnt dp "" I r 1 lnr 1 , ( 1 б) 
до 1 

where ri is the дJ 1 > segment length. 
If the i-th circle is "seen" from the initial circle wholly, 

i.e . , any its part is not shaded Ьу another circle, theri geomet
rically 

r. _ 2r 2 
1 - --

rl 
at any value of ф. 

Having applied the methods of analytic geometry , one can 
prove that the i -th circ le is wholly seen from the initial one 

if and only is f. < -1
- and the coordinates of the center are 

1- 2r 
simple. 

Therefore, the sum in (lб) can Ье divided into two sums 

f 2r2 
. ~tdp. I --~f 1 + I r 1 ~f 1 =S1 +S 2 д0 l:f1< 112r fi l : f

1
>112r 

6 

(17) 

1 

\ 

о о о 

о 

о 

Fig. 5 

о 

о 

о 

Under а concrete choi
ce of r the sum S can Ье 
calculated exactly. For 

instance, a t r = 
1
; the 

region е 1 ::: 2; = б. 5 in

cludes 88 discs with the 
center coordinates (+1,0), 
(0 ,+1), (+1,+1), (+2-:-+1), 
(+1-:-+2), (+3-:-+1), (+1-:-
+J) ,-(+4.+l) ,-(+1' +4)' 
(+5, +l),-(+4,+5), (+1., 
+6), (+3,+2), (+2,+3), 
(+4,+3), с+3,+4)-:- с+5,+3), 
(+3,+5)' (+5-:-+4)' (+4-:-
+S).- - - -

refore, 
If the center coordinates are (m, n), then f. =у m2 + n2. 

1 
The-

s _!_ ( ~ + ln5 + !!!.!Q_ 
169 2 ..,;2 yS у10 

ln17 ln26 ln13 +-+- + - + 
...;17 '1/26 v'iЗ 

Hence 

+ ln25 + ln34 + ~ + ~41 ) . 
...;25 vm ,ft7 JП 

1 = 
1 17/ 2· 1 17/ 2 
- f dф соsф flntdp = - f dф cos<f>.S

1 
+ 

2178 
-171 2 д 2178 -17/ 2 

о 

1 17/ 2 
+ 217s r dФ соSФ = _1 s 

-17/ 2 178 1 

1 +--
2178 

The second integral in (19) 

1 17/ 2 
J = - r dфсоsф . s2. 

2778 -rr/ 2 

Let us estimate it. In our case 

S2 = I r 
1 

ln f
1 

• 
1: f 1 > 112r 

17/ 2 
г dф соsф . s 2 • 

-17/ 2 

( 18) 

( 19) 

(20) 
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а) Estimation from be1ow. We divide the who1e p1anes with 

i > -
1
- (i.e., · y'x2+y2 > -

2
1 ) into the concentric rings of 

2r r 
wi d t h 1: 

1 1 1 2 2 1 - < v' х2 + у 2 < - + 1 ; - + 1 < v' х + у < - + 2, •.. 
2r - 2r 2r - 2r 

and so on. 
Then 

.. 1 
82 ~ I ln(- t- ·k)x k, 

k=O 2r (21) 

where х k = , I r i . It has been proved in the theory 
i: 112r +k-l<ft < 112r + k 

of numbers121 that the number of pairs of simp1e numbers (m,n), 
where m2+ n2 < R2 , wi11 not exceed 77·R2.Moreover 

х < 
k -

2r 2 
---Ak 

1 
2f + k 

where Ak is the number of "visiЬle" discs in the k-th ring. 
Therefore, from the probabi1ity reasons 

[g] 1 2 
82 :;: I ln(- + k) ~ 

k=O 2r 1 
4( _!_ + k) 

2r 

where Q 

+ k 
2r 

[g] 1 2 
I ln(- + k)8r , 

k=O 2r 

2r2 
277- I --

t:it~112r .1.t__ 
8r 2 

2r2 2 1 
I -- = 2r I - = 2r f , 

f . f о 
i:f1<112t2 1 i:f

1
< 1/ 2r2 1 

then 
77-( 0 r 77 fo 

Q = -- = - ---
and 4r 4r 4 

We denote 

2 [g] 1 1 1 1 
8 2 ~ 8r I ln (- + k) = 8r ln[-(- + 1) ... (- + Q)] = 0.45. 

k=O 2r 2r 2r 2r 

8 

(22) 

(23) 

(24) 

For each concrete r one can perform these ca1cu1ations and 
get an estimate from be1ow for 82 . For instance, for r = 1 113 

. 8 
I - 1- = 4+ 4" +_а_+~+ _s_ +--=- + (24а) 

t:f1<8,5 f1 v'2 v'5 v'10 у'13 v'17 

+ _8_ +-8- + _8_ + _!_"' 23. 
v'25 v'28 v' 34 / 41 

Therefore 
l о ... 1. 789, Q = 9.768; (Q1 ~ 10. (25) 

Hence 
81 

1 > - - - + J > 0.242. 
- v'bl -

А genera1 estimate (more rough) can Ье obtained without di
viding 1 into 8

1 
and 82 Ьу using the same theorem from the theory 

of numbers 121 

77/ 2 Q 
1 .? - 1- f dф соsф ( I 2 r2 lnk 4k) , 

2778--77/ 2 k=l k 

Q = [ 21Тf - 8r2 1 = [ ;r -11 ' 
8f2 

That is, 

4· 2r2 tt/2 
j dф • соsф • ln [ .!:._ - 11 ! > > 

- 4ri8 -тГ/2 4r -
(26) 

8r2 tt 2 2r тт 
> -- ln-- + -ln--·· 
- 118 4r 8 4f r 

Ь) Estimation from above . То estimate from above we use the 
re1ation 

- 1-ft cosфdфdp = 1.' 
211'8 а 

(27) 

On the other hand, this integra1 can Ье divided as in (17) 
into8; and82: 

f tdp = I 
д 0 i: f1 < 1/ 2r 

2r 2 
--+ 

fi 
I . r 1 t 1 = 8~ + 8~ . 

i: f 
1 
> 1/ 2r 

9 
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The quantity8{ is calculated simply: 81 = 2r2 k, where k is 

the number of "visiЬle" discs in the v i sual range _1 __ For 
. 2r 

r =...!. 
13 

8' = ~- 88 "" 1.0435, t.e., 
1 169 

1 1 
2178 

r t cosфdфdp 
д 

17/ 2 1 17/ 2 
( 8' соsфdф + -- Г 8 ' соsфdф.(28) 

2178 -17/ 2 217~ -тт/ 2 

1 

The second integral in (27) equals 

1 17/ 2 176 - г 8;соsфdф = 1 - -- "" 0,66497. 
2778 -17/ 2 169. 1Т 

Formula (29) allows one to estimate 82 in (17) from above 

1 77/ 2 1 17/ 2 
- ( 82 соsфdф = - ( 
2178 '; 217 8 / 2 

-17 2 -17 

I r 1lnf1 • соsфdф ::; 
i > У .> 112r 

1 

1 "/ 2 1 1 
< - Г соsф( I r . (f . -- + ln-))dф 
- 2778 -77/ 2 i >F. > 112r 1 1 2r 2r 

1 

1 77/ 2 1 1 1 77/ 2 
- ( 82соsфdф- -(- - ln-) ( соsф( I r

1 
)dф. 

2778 -11/ 2 2778 2r 2r -11/ 2 t:f . > 1/ 2r 
1 

The first integral in (30) is given Ьу f o rmula (29), a nd 

I r1 = 211r - I r 1 
t :f 1 > 1/ 2r t :f 1 < 1/ 2r 

(29) 

(ЗО) 

can Ье calculated ( s ee a bove), and the sum is independent of ф, 
then 

10 
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2178 

rr/ 2 1 rr/ 2 1 1 1 
f 82 соsфdф < - ( соsф 8~dф - - (- - ln-) I r

1
• (31 ) 

-77/ 2 - 2178-77/ 2 " 8 2r 2r i:fi> 112r 

For r = - 1- we have 
13 

1 77/2 
- f 82 cos ф dф < 0,1\6497. 

2778 -тт/2 

(3 2) 

Using 

(32), we 

formula (13) and collecting (18), (24), (24а), (28) and 

1 
get at r = 13 

о. 924 < h < 1.441. (33 ) 

The obtained estimates are good f o r r - ~ . though at very 
10 

smallr they become very rough. One can improve estimates from 
above for h at small r Ьу using fo rmula (27) in а different way . 

The internal integral can Ье represent ed, as proviously, Ьу 
the sum 

r tdp = I. fi r i 
д 1 
о 

and the sum can Ье d ivided i nto the parts correspond i ng to the 
rings 

k < v х 2 + у 2 < k + 1 : i k . r < r t dp < i r (k + 1) 
- - k- - k • 

k=O д k = O 

where 

r 
k 

I r 
1

• 

i : k:Sf ( k+l 

о 

As has been ment ioned before, r k :_ 8r 2 . From the probabi li t y 
reasons i t fol l ows that 

00 

I rk lnk S 
k=O 

р 

I 8r2 lnk 
k=O 

~ 8r2 k 
k =O 

211r " where Р = [ -] = [ - ). 
8r 2 4r 

.. 
I rk • k , 

k = O 

Th is 

1 

2718 
J cos ф lntdфdp < 2 ln[77/ 4r) ! 1 

2rrS 
r соsФ . t. dФ . dp < 
д 

(34) 

д - [77/4r ) 2 

< 16r
2 

ln 17 2 + 8r lnE- . 
- 112 4r 
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From these est i ma t es there also follow the asymptotic es ti
mates for t he entropy as r ... О: 

h 
cl < < с2 . 

r ln_!_ 
r 

where С 1 = 4 , С2 = 2 + ~ "' 4, 54 7. Note, tha t using the theory of 
1Т 

numbers one gets 

~] р =о [ 24 2 
-r 
1Т 

[~] and 
12r 

24 
с2 = 2 + - "' 4.52. 

1Т 

The authors are gr ateful t o Yu . G.Sinai fo r the discussion of 
the approach proposed, details of calculation and valuaЬle 
remarks . 
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