
/') 3 y 3 

T.Paszkiewicz 

....,,.,. a ,-,.,... , "W 'WT,...,Y ....... .. T 

~AA'-.. 1 ;:,uLU IIU1, 

FOR THE LORENTZ MODEL 

OF A RAREFIED GAS. 

OfiliBAMH e HHbll 
MHCTMTYT 
RABPHbll 

MCCIBADB8HMI 

AYfiHa 
!I 

I C 

El7-82-S74 3 Y3 

DYNAMIC EQUATIONS FOR MOMENTS 

OF THE DISTRIBUTION FUNCTION 

Submitted to "Physica" 

1982 

" 



I. INTRODUCTION 

The one-particle distribution function, f , or its Fourier
Laplace transform, ~ , provides the microscopic description of 
a rarefied gas of particles or quasiparticles. It obeys the 
Boltzmann equation, which for a class of simple model systems 
can be solved exactly. One of such models is the Lorentz gas 1 1· 2~ 
The exact expression for ~ has been given by Hauge /1,21. The 
asymytotics of the time dependence of r has been studies in 
ref. 31 • 

The crudest macroscopic description of rarefied gas is given 
in terms of the density of particles, n, or equivalently its 
Fourier-Laplace transform. These quantities are the angular ave
rages of f or ~ , respectively. For the Lorentz gas it is pos
sible to derive the dynamic equation for the density of partic
les. This can be done either using the Hauge solution 11 • 21, or 
with the help of the Zmanzig-Mori projection technique 141 • 

For the isotropic three-dimensional Lorentz gas the Fourier
Laplace transform ~ can be developed into a series of Legendre 
polynomials. The Fourier-Laplace transform of the particle den
sity is the zeroth moment of ~. Obviously, a more detailed 
description of the Lorentz gas will involve higher moments of~. 
A slightly modified version of the Zwanzig-Mori method allows 
us to derive a general set of exact equations for arbitrarily 
high moments of ~. Such a generalization was proposed by Mori 
and collaborators /6~ It is the purpose of this paper to apply 
this approach to study the Lorentz model and to investigate con
sequences which follow from the obtained equations. 

In Sect. 2 we give an outline of the derivation of the dynamic 
equations for the moments of ~ . The coefficients of these 
equations are functions of two dimensionless parameters K = kvr 
and '=zr, where r is the mean free time between collisions, z 
is the complex frequency, k is the modulus of the wave vector, 
and Vis the particle velocity. It is also shown that for K«1 
the f -th moment depends mainly on its own initial value (pt ,f(K;O)). 
In Sect. 3 we study an explicit time dependence of a few lowest 
moments. In particular it is shown that (P0 ,f(K, t)) exhibits a 
short-time modified exponential decay and a long-time hydrodyna
mic behaviour. Other moments decay in time of the order of r • 
The time dependence of the particular moments is specified by 
the form preexponential function. 
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2. EQUATIONS FOR MOMENTS OF THE DISTRIBUTION FUNCTION 

Let us introduce the deviation of the distribution function 
from the equilibrium 

~ ~ ~ ~ 1 
Bf(r,v, t) = f(r, v,t) --n0 , 

4rr 

where no is the equilibr\um density of particles. The Fourier
Laplace transform of 8 f(r, v, t) 

00 -zt 3 -!k? ~ -+ 
~(K,,,/l) = { dte {d r e 8f(r, V,t) 

0 

obeys the following integral equation 

(z- ikvll)~(K, ,, ll) = B~(K, ,, ll) + h(K, ll). (I) 

-+-+ 

Above ll = cosO = k:~ . For the Lorentz model the collision 

B . lk v I h. h . f . f e operator ~s a proJector w ~c proJect any unct~on o onto 
subspace orthogonal to the zeroth Legendre polynomial 

1 1 Ill 
B =- r~O =--;:-(1-Jo ). (2) 

Finally, the function h(K, ll) is the Fourier transform of the 
initial value of the distribution function. The scalar product 
(A, B) is defined as the integral 

! 
(A, B) = f d1-1A * (ll) B(ll). 

-1 
(3) 

We shall introduce the projection operator onto the 
gendre polynomial Pr 

£ -th Le-

Ill -1 
Jt A(ll) = Pf (ll)(Pf ,Pf) (Pe ,A), ( e = 0, 1, •••• n) (4) 

and the n -component vector P(ll) =I PQ,P
1

, ••• ,PI.The norm of this vee-
. • n 

tor ~s related to the d~gamma funct~on 

n 2 2 
(P, P) = 2 -- = {{tfr(n + -)- tfr(1)] + 2ln21. 

£=0 2£ + 1 3 

The projection operator onto the subspace Hp 
Leg:ndre polynomials P

0
, P

1
, ••• , Pn is equal 

proJectors Pr (f= O,l, ••• ,n) 
n . 

spanned by the 
to the sum of 

p = 2 pf 
f=O 

(Sa) 

The operator ~ = ( 1- P) obeys the following identities 

lo ....... -- . , ,. : ·:-~-~. I 
I ! 
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n 
2l = 1- P = n o- Pt ) = 

l=O 
where 

2lr=1-Pr. 

n 

t~o 2ll' (Sb) 

(Sc) 

It means that 2l defines an orthogonal complement of J{ p , which 
we denote by J{2l • Let us now derive an equation for Plll(K,,,~o~). 
Projecting both sides of Eq. (I) and eliminating the term relat
ing the sub spaces ,J<p and J{ 2l , we obtain the following matrix 
equation: 

[z + ikv(P .~o~P)(P, P)-
1 
+ _!_(P, ~o P) + (kv)

2 
( ~~o~P, 9l~~~o~PXP,Pf1 ](P ,Ill)= 

r (6) 
~ (P,h) + ikv(2l~o~P,9!~2lh), 

where 9!2l is a resolvent operator acting in J{ ~: 
-1 

~ ~(K , ', J.L ) ~ T (' + 1 - i K! J.L~) , (7) 

Calculating the matrix elements which appear in the expression 
on the left-hand side of Eq. (6), we obtain a matrix S: - 1 (K,,) 
which determines the time evolution of (P, lll(K,,)) 

E - 1 (P. Ill) ~ fp_ h) _._ ikvr ~ ,p 'i!~ 9h) 
il 

z 0 a01 0 0 ..•.. o l 
a10 z 1 a12 0 . • . . . 0 l 

I 
0 a21 z2 a23 I =-1 = I . l 

l 
: . . . 0 l 

. . . i 
' • zn-1 an-1,n -

o •••••. ·o ·• •• ~, '• j 

(8) 

where 

z0 =Z, 
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1 
z 1=z 2 = .. , zn-1 =Z +-;-, 1 nkv 2 

Z =Z +- +(--) (P 'i!~p ) 
n r 2n+1 n+1'~~n+1' 

j (PJ,PJ) J+1 
a = - -- ikv, a = - --

J,J-1 2J-1 (P ,P ) J,J+ 1 2j+3 
J-1 J-1 

Let us recall that the norm of Pf is 

2 
(Pt • p t) = 2l + 1 

(PJ ' PJ ) ikv. 
p ) (PJ+l' J+1 

(9) 

In order to calculate (P,IIl) we have to find the inverse of 
s:-1 (K,,). It can be done relatively easily by the following 
procedure used in the case of linear response theory by Kara
sudani et a1. 151 • We shall, therefore, present the main steps 
of the calculations. Consider the following determinant: 

zl al,l+1 0. 

at+1, I Zt+l • • 

0 

-D(i,j)[K,' 1 = 

0. . 0 

0 

• 0 

aJ-1,J 

a1,J-1 z J 

o:;:t:;:J~n 

Expanding this determinant in terms of minors, we obtain a set 
of recursion relations -

D(i, J) [K, '1. z1 D(i+l,j) [K,(]- a1, 1+1 a 1+1, 1D(i+2,J)[K,,], (lOa) 

D ( 1, j)[K, 'l • z 1 D(i, J+ l)[K, (1 - a J-1, J a J,J- 10(1, j-2}[K, ']. (lOb) 

We shall write next the determinant D(O,n) [K,,] 
minors of the j-th row 

in terms of 

D(O, n) [K, (] =-a J-1, J a J,J-l D(O,J-2)[K,,] D(J+ 1, n)[ K,(1 + 

+ z1D(O, J-l)[K,{] DO+l,n)[K, {]-
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- aj+ t~J a j, J+ 1 D(O,j-1) [K, (] D(j+2, n)[K, (] • (II) 

Using Eqs. (lOa, lOb) and (II), we get the diagonal elements 
of S[K,(] 

D(O, .i-2) {K, (] 
EJJ(K,()=[zj-aj-l,J aJ,J-1 D(O,j-1){K,(] 

D(j+2, n){K,(] 
1
-1 

- aJ+l./'J,J+1 D(j+1,n){K~(1 • 

(12) 

Recursion relations (lOa, b) yield a continued fraction for the 
ratio of determinants 

D(O, j +2} [K,(] 

(J 1),2 (' 2)2 

(kv)2 - (kv)2 J- ~kvf J..ocv)2 

(2j-1)(2j-3) (2j-3)(2j-5) 15 3 1 

D{O,j-1){K,(] Z+r-t.r z + r -l + 

O(j+2,n)(K,(] 

D{j-1, n ){K,(J 

2 (j+2)
2 

1 (kv) (2j + 3)(2j + 5) 

Z+r-l+ Z + T-1 + 

------
Z + T -l + ••• Z+r-1+ . Z 

( 13a) 

' -1 nkv 2 ~ Z+T +(-
2 

l) (P , p ,.) 
n+ n+l n-.-.. 

(13b) 
where we have used the standard notation for continued fracti
nnc/6/ 'l'h<> r.<~lrnlationS for thP •nondiagonal elementS of 2 are 
samewhat more involved. We shall consider separately the cases: 
i < j and i > j. In the first case we obtain 

0(0, i-1) [K, .· () 
'= /'\ __ i+J D(O,j-1)[K,(] ai,i+lai+l,i+2' .. aj-1,j . 
- ij (K,<,! - ( 1) ' (l<j) 

z .-a. a. . O(O,j...2)[K,(! -a D(j+2,n)[K,t;"] 
J J,j-1 rl,J O(O,j-1)[K,(] J+t.fJ,J+t D(j+1,n)[K,(] 

in the latter one (I 4a) 

Eij (K,()= (-1) i+j 
0(0, l-lX<,(l aJ+l,J a J+i,J+l •·• a 1,1-1 ,(i>j) 
D(0,i-1)[K,(] D(i+1,n)[K,(] 

0(0, i-2)[K,,] _ ai+l,i ai,i+t D(i+2,n)[K,(] 
z

1
-ai-1,i

3
i,i-l O(O,i-1)[K,(] (14b) 

The ratio of determinants in the denominators of (14a,b) can be 
also expressed in terms of continued fractions. This follows 
from Eq. (13a) and from the identity 
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D(O,j- 1) 

D(O, i- 1) 

O(O,J -1) 0(0, j) 

D(O, j) 0(0, j + 1) 

D(O, i-2) 

0(0, i-1) 

We can write now a formal solution of Eq. (8) 

(i > j) • 

(P,«<>(K,,))= I. Eij(K,()(Pj,h(K})+Eii(K,,)(P.,h(K))+ 
i 0_5 j< i . 1 

+ I. E 11 (K,,)[(P1 ,h(K})+ikv(!JLPJ,!R~~h)8jn], 
i< j S n 

(!Sa) 
(i = 0, 1,2, .•• ,n). 

For i=O this coincides with Eq. (19) of ref. 141 , giving the 
particular representation for (! 0 ~tP0, !R~(K,,)~0 h(K)). 

Let us estimate the matrix elements 1or small :K. Using the 
continued fraction expansions (13a,b), we can show that 
O(O,j) [K, ']- r/(1 + ,). Thus, 

K IH I 
E.j(K,,)- (--) E.j (K,,), 

1 1 + ' J 

(K « 1) • 

This means that for small K we can limit ourselves to one term 
only on the right-hand side of Eq. (!Sa) 

(P1 ,«<>(K,()) = E 11 (K,,)[(P 1 ,h(K)) + ikv(~~tP 1 , !R~(K,,) !h(K})<\n]. (ISh) 

Let us now turn our attention to the analytic properties of 
the matrix elements E

11 
(K, (). The fam~liar approximation con-

sists in replacing the matrix element ( Sl~t P n, !R~~h) ) by 
a number. In this approximation, the continued fractions appear
ing in the expressions for the matrix elements E11 (K, ') are po
lynomi~ls of the n-th degree. Thus, the only singularities of 
(P 1 , «<>(K, ()) are poles. Further, 1letting n ... oa we can relate 

matrix elements E 11 (K,() to arctan ( 
1
:,), which has two branch

ing points. In this limit (~ll P , !R!!h) does not appear in our 
consideration. n 

In the next section we shall consider the corresponding ex-
. f ';::: - ';::: d ';::: press tons or - 00 , ::. 01 , - 11 an - 22 · 
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3. DECAY LAW FOR THE LOWEST MOMENTS OF THE DISTRIBUTION 
FUNCTION 

Now we can write a closed dynamical equation for (P1 ,~(K,Q) 

[z _ 31-1,l 8 t,i-1 ... I\J1 810 _ 3i+l.1 3i,l+1 
i 

Zt-1 + Zo z 1+1 + 
lb-1.n

3
n.n-1 ... )(P

1 
,~K,Q)= 

zn -+:'" 
:: (P i'h (K)). 

The first (terminating) continued fraction is a polynomial inK 
and (, the second one is an infinite continued fraction which 
can be related to arctan [K/(1+()]. Taking the inverse Fourier
Laplace transform, we can derive a set of dynamic equations for 
the moments of 8f(r, v, t). We are, however, primarily interested 
in the time-dependence of these moments. 

Let us consider some special cases. For i"' 0 and K<< 1 , we 
get 

[z + l.(kv)
2 0 (2,ooHK, (]] (P , ~(K, ()) .. (P ,h(K)). 

3 0(1,oo)[K,(] 0 0 0 
(16a) 

This gives us a new representation of the generalized diffusion 
coefficient introduced in our previous paper 141 

i u (i, .. } LK, ~ j 
O(K, () "'37 D(1, oo) [K, (] 

Using relation (13b) and the continued fraction representation 
of arctan [K/ (1+()] ' 8 1 

, we obtain 

(P 0 '~(K, ()) 0 == r(Po' h(K)) 

K ) arctan( 1 +( 

- 1 

For i(l-+oo one has: (P
0

, ~(K,()) 0 ... C~The singularities of 
(P 

0
, ~(K, ()) 

0 
are the following: a simple pole at 

( = r A (K) = (K COtK - 1), (K < .J!_ ) 
- 2 

a cut from 

(=-1-iK to '=-1 + iK, 

8 

(17a) 

(18a) 

(18b) 

• 

!l 
·1 

,\ 
f 

As we shall see below these singularities imply two different 
time scales, namely, the kinetic one for t- r , and the hydro
dynamic one for t - r/ K 

2 
• 

Similarly, for 1=1 we get 

[ Z +r -1 + i_(kv) 2 0(3, oo)~K,(I] (P 1' ~(K, (}) 1 "'(P 1 'h ( K)), 
16 nt<> _\ .• n 

(16b) 

Above, the ratio of the determinants is also a function of 
arctan 

0(3, oo)[K,(} 

0(2, oo) [K,(] 

1 2 a- arctana - Ta arctan a 

4 aK( ) - - arctan a- a 
16 r 

where a=K/(1+(). Hence, 

(P 1 ,~K,()) 1 : S
11

(K,()(P
1

,h(K))=3r(P
1

,b(K))[ 1 
_ _!_], 

arctana a 
(17b) 

For !(I-+"" we have: (P1 .~(K,()) -(-1
• The only singularity of 

is the cut (18b). (P 1' ~(K, ()) 1 
The equation 

and 

for (P2 .~(K, ()) 2 is more complicated. Since, 

[z +T-1+_!(kv)2 z + ~kV)20(4,oo)(K, (} ](P .~(K,Q) =(P. ,h(K)) 

16 z(Z+f-)+ ~ (kvl 35 D(3,.,.,)[K,(] 2 2 2(16c) 

D(4 1 oo)(K,(} 
0(3, oo) (K, (] 

a(1 + 1~ a 2)- (1- : a2 )arctana 

.! ~ [(1 + ..!.a2 ) arctaoa- a 1 
35 r 3 

we have 

(P
2 

,III(K,(})
2 

=E
22

(K,Q(P
2 

,h(K)):: 

(P 
2 

, h(K)) 

..!K 2 ( a(1 + _!_a2)- (1+ ..!a 2) arctan a 
}' 1 16 + K __ __:;1~6 __ --,--__.:;6 _____ _ 
~+ + . 

( (,+1)+ ..!K2 a [(1+ l.a2) arctan a -a] 
3 3 

{17c) 
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To get some feeling of the off-diagonal terms, let us consider 
the contribution of S 01(P1 ,h(~e)) to (P0 , ~(~~:, ()). We find 

(PO, ~(K, ()) 1 = 3ir(P1 , h (K)) 

For i(l -+ oo 

(Po .~(K,())1 ... ,-2 • 

1 - ..!..arctana 
a 

K- arctan a 

(17d) 

Let us calculate (P1 ,Bf(K, t)) 1 for i = 0,1. Since the moments 
of ~(K, () are defined for Re(> 0, we shall continue them analy
tically to the negative half-plane and then use the methods of 
theory of complex variable. For (P0 ,8r(K, t)) 0 the standard for
mula for the inverse of the Laplace transform gives 

ra+ioo J' ( ) 
(P0 ,8f(K,t))=~ ( d(e<..t/r (Po,h~e) (Re(>O), 

2771 ra-ioo K - 1 

arctan(-7) 
1+<, 

(19) 

The number ra is chosen to be greater than A(K) defined in 
Eq. (18a). The contour in Eq. (19) can be chosen as shown in 
the Figure. The contribution of circles CR~ _C 0 , C~ (of radius 
R and p , respectively) vanishes for R-+ oo, p -+ 0. We choose 
the branch of logarithm for which 

lim ln ( 1 + ( + iK ) = 0 • 
1(1->oo 1+(-iK 

Then, along the cut one has 

( + 1 = ia (-K:S a:s K) 

and the analytic continuation of the logarithm from the interval 

(K, oo ) to the cut is ln( ~) -i11. After evaluating the resi
K-a 

duum and the integrals around the cut, we determine that 

10 

(PO ,8 f (K, t )) O 

K(P O, h{K)) 

rA(K) t/ r (l .? ) -t/ r 
=e K +COoK +e 

1 
!._ f dxx 
17 0 

.. 

Im1 

Re~ 

2 1+X , 1 +X 
cos (>.x) ln (--) + 377(3" + ~")cos (>.x) - 2 K sm (>.x) ln (--) 

x( 1-x 1- x 

(811 + 2 K) + ln ( 1 + X ) 
1- X (20a) 

2 1+X 1+X 
cos (>.x) 1n (-) + "(IT+ 2 K) cos (>.x) - 2 K sin (>.x) ln ( --) 

1-x 1-X ] s A{t,K)+B(t/r,K), 
2 2 1 +X 

(17+2K) +ln <-r:x> 

where A=Kt/r. Fort- r the oscillating functions of the in-
tegrand are almost constant. Hence, in the kinetic region (t=rt) 

(PO ,8f(K, t))o rA(K) t (l + COt2 K) + e-t ( C COS (K t) + (9 (K)) , __; ____ e K 

K(P 
0

,h(K)) 

where C is a number. For t - ~, the periodic functions as
K 

cillate rapidly and the integral is very small. Taking t = _r_( 
we have K2 
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r A(K) t ........ ...,(X)CW\11'\ I"" CW\ CW\ "" 
(P

0 
,8f(K,t))

0 
t 

~ ..... 0 0 0 0 0 0 0 0 0 0 0 0 1(2 1(2 - + I + I + I + I + + + + -e + e [a cos(.!..) + tJ (K)] , 0 g .... (]J 
llil l1r1 l1r1 llil l1r1 llil llil l1r1 llil 0 l1r1 0 pit 0 l1r1 0 K(P0 ,h(K)) 

+J '"' 
. K 0 0 II'\ 0 0 OC7\0N 0 0 \.0 \.0 (]J (.) <II 0 N 0, \.0 0 N 0 II'\ 0 0 <Xl <Xl .--< ~ 011'\0<Xl 0 .- 0 N 0 

8 
(7\ (7\ 

,J:l ::I ..- N .- 1.1"\ OCW\Ot- 0 (7\ (7\ 
where I <II 4-l ::E • • . . • • . . . • . . 

H~N 0 0 0 0 ..... 0 .... 0 .... .... 0 0 
0 I I 

a .. 41T[! ReE (1+1:1T)+ ReE (l+i; )]- Tf3ReE (1+1~1T)+ReE (l+i; )], 
.... 0 
+J +J 
::I 
.o,..... CW\ CW\ "" ..... Nt-N• N N N N .... lXI 

0 0 0 0 0 0 0 0 0 0 0 0 '"''-' E1 (z) is the exponential integral of complex argument 1&1.Since +J ..... + I + I + I + I + + 
til a 0 + + 

the only singularity of (P1 ,<1>(K,()) 1 is the cut (18b), for the .... '"' . l1r1 ~ l1r1 l1r1 l1r1 l1r1 l1r1 l1r1 l1r1 0 l1r1 0 l1r1 0 l1r1 0 
"0 (]J 0 OCJ\0\.0 t-Ot-O t- t- t- t-

+J 8.-0t- (7\\.0(7\N \.0 \.0 \.0 \.0 first moment we obtain (]J 11'\0<Xl a-t-a-o (7\ (7\ .... .... 
..c: (.) .- N .- ll'\ a- <na-N (7\ (7\ t- t-
+J .... • • . . . • . . 0 . . 0 +J 0 0 0 0 0 0 0 0 0 0 l+x 4-l (]J I I 

(P 1 , 8 f(K, t))
1 

1 31T cos (,\x) + sin(,\x) ln (--) 0 ~ 
-t/r 1-x .... 

IT = e r dx [ - ,.....~ 
8K (P 1 , h (K)) 0 2 1 +X 2 (20b) ::E-c 

ln (--) + (31T) rz. ~ 
0 0 1- X 

'-' <II ..- N N ..- .- \..0 ...... U"\ .... .... 
ITCOS(,\x} + s1n(,\x) ln (~) til .... 0 0 0 0 0 ci 0 0 0 0 0 0 ... ,..... . ~ ~ ~ ~ ~ ~ ~ ~ + + + + 

1- X ~ <! 0 l1r1 0 l1r1 0 l1r1 0 l1r1 0 
]. (]J'-' o•o<n •~n•o t- t- .... .... 

8 e 011'\0CW\ OCW\ON <Xl <Xl t- t-
ln2(!.:!2_) + IT2 • 0. 0 0 t-IXlt-11'\ .... .... II'\ II'\ a (]J ON.-\.0 (7\CW\(7\(X) t- t- CW\ "" 1- X +J . . . . . . . . . . . • 

+J .... 0 0 0 0 0 0 0 0 0 0 0 Hence, in the kinetic region til (.) I I '"' .... .... 
~ 4-l 

~r 1 ,0I\K,t)) 1 -t -

I 
"0 :;, 

IT - e COS (K t) . ~ "0 ..- ..- ..- r ..... \.D ..... lt'\ 8K(P1 ,h(K)) <II 0 

'"' 
N N 

,-.."0 0 0 0 0 0 0 0 0 .... .... 
::E » (7\ ~ ~ + I I I I I I 

I N ..C: . 
llil l1r1 l1r1 l1r1 l1r1 0 ~ 0 0 0 0 0 In the hydrodynamic region '-' 0 Nt-l!r1pil 

4-l 011'\<XlCW\ \.Ot-\.0.- \.0 \.0 
..c: 0 .-~n.-(X) .... IX) .... 0 t- t-
+J .- ..... ...... CJ) ...... o \.0 \.0 

IT(P 1 , Bf(K, t)) 
1 -t/ 1(2 t t 

I 
0 ~ . • .... \.0 <XlCW\(X).- II'\ II'\ 

'"' 
0 0 0 •• • . . . . • - e [ a 1 cos(-) - b sin(-) ] (]J .... 0 0 0 0 0 0 0 0 

6K (p 
1

, h(K)) K K ' N +J I I 
::I 

(]J ,J:l 
..c: .... 
+J 

'"' where +J N N .- \.0 \.0 \.0 4-l ~ 

a 1 -ReE 1(1 + 1;) + ReE 1 (1+1;), 
0 0 0 0 0 0 0 0 (.) 

I=; 0 i!Li!LPL 0 ~ ~ ~ I 0 I I I 0 I (]J 
(.) (]J 

ooa- N N a-~ ..c: » IXl<XlCW\ CW\ CW\ (7\ (]J +J .--< \.0 \.0 CW\ (X)(X)CW\ 

J 
"0 (]J ............ NN<Xl 

b = ImE 1 (1 + 13; ) + ImE 
1 

(1 + i ; ) . 
~ ~ ... . • • . • • 1 (]J 0 <II 0 0 0 0 0 0 
p. til '"' I I I I (]J .... <II 

The values of the function E1 (z) can be found in tables/71. The "0 '"' p. <II (]J 
Q) P.tll higher moments of &f(K,p., t) are also vanishingly small in a a II I ~ ~ ~ ~ I ~ ~ ~ ~ I oeC ~ ~ ~ ~ ~ ~ ~ .... 0"0 the hydrodynamic region. ... (.) Q) ... 

The order of magnitude and the time dependence of the zeroth Q) '"' til ..c: 0 .... 

v .. -1 
(ZM) (20a} and the first moment (FM) (20b) of the distribution H ~ .--< 

function are illustrated in the Table. For comparison the contri- I I "'o CW\ .... 0 0 .... ... .... 
1_2 •u 



bution of the hydrodynamic term,A, and the kinetic term, B, are 
listed separately. For K<<l the kinetic term of the zeroth mo
ment is much smaller and vanishes much faster than the hydro
dynamic one. Since for the particular initial condition h(K,~)-Po(~) 
the solution (20a) is exact for any K , we include also the re
sults for K>"/2. From the Table it is seen that in this case 
the magnitudes of both moments are comparable. 

The author would like to thank N.Angelescu for useful dis
cussions. He also gratefully acknowledge clarifying comments by 
M.I.Kaganov. 
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IIamKeBHt[ T. E17-82-874 
ToqHoe pemeHHe ypaBHeHHH Bonb~MaHa AnH paspe~eHHoro 
rasa JiopeH~a. AHHaMHqecKHe ypaBHeHHH AnH MOMeHTOB 
cPYHK~HH pacnpeAeneHHH 

lfsyqaeTCH SaBHCHMOCTb OT BpeMeHH cPYHK~HH pacnpeAeneHHH AnH 
TpeXMepHoH:, HSOTponHoH MOAenH Jlope~a pasp~eHHoro rasa. IIpe
o6pasoBaHHe ~ypbe-Jlannaca cPYHK~HH pacnpeAeneHHH pacKn~BaeTCH 
B PHA no nonHHOMaM Jie~aHApa. C noMo~bro HoBoro pasno~eHHH B ~en
HYID AP06b,npeAno~eHHoro MopH H COTPYAHHKaMH, nonyqeH Ha6op 
ypaBHeHHH: AnH K03cPcPH~HeHToB 3Toro PHAa. IIonyqeHa HBHaa saBHCH
MOCTb OT BpeMeHH HeCKOnbKHX nepBb~ MOMeHTOB B npeAene Manb~ 
BOnHOB~ BeKTOpOB, 3a HCKnrotleHHeM HyneBOrO MOMeHTa BCe OHH sa
TyxaiDT 3KCllOHeH~HanbHO C XapaKTepHb!M BpeMeHeM, paBHbiM BpeMeHH 
CB060AHOro npo6era • 

Pa6oTa BbmonHeHa B Jla6opaTopHH TeopeTHqecKoH: cPHSHKH OIDIH. 

npenpHHT 06~eAHHeHHOrO HHCTHTYTa RAePH~X HCCfleAOBaHHH. ~y6Ha 1982 

Paszkiewicz T. E17-82-874 
Exact Solution for the Lorentz Model of a Rarefied 
Gas.Dynamic Equations for Moments of the Distribution 
Function 

Time dependence of the distribution function of the three
dimensional isotropic Lorentz gas is studied. The Fourier-Lap
lace transform of the distribution function is expanded in the 
series of Legendre polynomials. A set of exact equations for 
the coefficients of this series is derived using the "new con
tinued fraction" representation of Mori and collaborators. The 
explicit time dependence of a few moments is found in the limit 
of small wave vectors. With the exception of the zeroth moment, 
their decay is characterized by the mean free time between col
lisions. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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