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Let us consider the quantum-mechanical X-Y model in a longi­
tudinal fieldr described by the following Hamiltonian: 

H =- r ~ s.z - ~ I .. s: S "":"" , (I) 
i 1 i,j 1J 1 J 

where s.±= s~ ±iS~.s.a (a= X, y, z) is the a -th component of the 
spin opJrato~ ref~ried to the i-th site of the crystal lattice, 
and I ij denotes the exchange integral. 

In this system one can induce change of r at the constant 
temperature the second order phase transition. A line of cri­
tical points rc (T) ends at the mul ticritical point [r c (0), 
T=O], characterised by new, specifically quantum-mechanical 
exponentsii/.The critical behaviour at finite temperature cor­
responds to that of classical X-Y model /2,3/. At sufficiently 
low temperature, however, the region in which classical asymp­
totic behaviour should be observed becomes small, and one may 
expect to see the quantum-to-classical crossover ~ehaviour 
similar to that for the transverse Ising model /4-7/. 

In this report we show that the field theoretic renormali­
zation group (R.G.) method can be easily adopted to the 
description of the crossover behaviour of the X-Y model in the 
field r. Instead of the spin Hamiltonianll/ we use the functio­
nal Hamiltonian S[~] which satisfies the following relation: 

-f3F = lnfd(~)e -s[~] 

where.F is the free energy, f3=1/T and fd(~) ... 
integration over the complex scalar field ~ (for 
of d(~) cf. Ref. 171 ). The relevant part of S[~] 
as follows: 

S[~] = .1. 
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where 

-L r ddi>. 
(2rr )d I; j <A 

BcP) = (2~r)d s<d> cP> 
I
_) 
PI<A 

A- rr/a is the radius of the Brillouin zone for d-dimensional 
hyjercubic crystal lattice, a denotes the lattice constant,· 
mo is line?r in the longitudinal field deviation h = (r- f'c )/f'c , 
t- TA2 , and u0 ~ A2-d is a constant for the small temperature. 

The vertex functions for the field ¢pm , calculated with 
the Hamiltonian IS/ diverge when A .... "" and, in addition, con­
tain the singular terms in the limit t .... O. In order to overcome 
these difficulties we introduce, similarly as in Ref./7/ , the 
renormalized field ¢pRm , dimensionless coupling constant g, 
and renormalization momentum point ~· The equivalent p~ocedure 
of removing the singularities can be performed with various 
values of g and ~· The set of transfromations of (g, ~) to 
the other possible pairs (if. ji) forms the R.G. The definitions 
of ¢ ~ , g, ~. and a R. G. transformation are the following: 

p,m 

= r-Vz (t/~ 2) z ;Vz ¢ p,m (4) ¢! p,m 

"o t ~l gf(t/~ 2) z1 z;2 = p.e gf(t/~ 2) zl z3-2 (5) 

and 

m 20 - m 2 = ~ 2 Z h = j;. 2 z h ef 
Oc 2 2 

(6) 

where_ Zi (g, t/~ 2• AI~) is the renormalization constant, Z i = 
= Zi(g 1 t/1!~,A/fj.), f(x) is an arbitrary function with the fol-
lowing'asymptotic properties: 

lim f(x) = 1 (7) 
X ... "" 

and 

lim f(x) "' x, (8) 
x-+0 mg is the critical value of m5 for h =0, e =·4-ii and 

-ooc < f <"" is the group parameter. The function f(t/ 1-£2) serves 
to remove the singularities when t ... O.The final results of 
the t~r,ory do not depend on the explicit form of f(~ (cf. 
R:ef. 1 ). From eqs. (5) and (6) it follows that ji. = ji\£. g, ~) 
and g = g( f. g, ~) with the initial conditions ii(O, g, IL) = ~ and 
g(O, g, ~) =g. The renormalization constants Z1 and Z 3 are 
determined by the equations: 

arR<P.m=O)I =f(t/J.L2) 
h=O 

ap2 p2 =~2 

(9) 

2 

and 

[' (... ... · I ' l e s 2 R P1, ... ,p4 • mi =0 )lh=O =-~ gf (t/1-£ ), (10) 

.... .... 2 1 (n) -+ -+ 
where PiPJ =1-' (8ij - 4 ) and f'R (p 1 , ••• ,p

0
,ml' ... ,m

0
) deno-

tes the renormalized n-point vertex function. In order to 
obtain the third condition for Z2 , we separate in [' ~2) {ff, 0) I Vl=J-1

2 

the terms proportional to J.L
2 h. The singularities in these terms, 

when A ..... , are compensated by the suitable choice of z
2

• 

The differential R.G. equations can be obtained from eqs. (S) 
and (6) and are the following: 

- dg: - ·-2 
I! dj:i = fJ (g ' t/ I! ) (II ) 

apd 

h dji = v(g, t/ii2)~, 
dh (12) 

-€ 
where h=e and the 
inv~:J;se16c9Jrelation to ~(h) ' • 

limit A ... oo has been taken. Note, that the 
length ~-l is asymptotically proportional 

The critical and multicritical behaviours can be obtained 
by the following transitions: _!~ lim (since t- TA2 , T f, 0, A-+oo} 

~-+0 t=oo 
and lim lim, respectively. In order to get the crossover behavi-

ji ... o ·t-+O 
our of ~-1 to the first order in c = 4--d, it is necessary to 
calculate fJ(i. t/ ji'2) and v(i. t/~ 2) to the second and first or-
der with respect to _g: Thus, we get ' 

f3 (g, t/~'2) = -i~ (t/~2) [ 1 - g/ g* ( tjj;.'2)] 

and 
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2 2 (217) d 2 ' 2 
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' is the Od is the solid angle in d-dimensions and B(x. y) 
Euler beta function. The solution of eq.,(ll) with 
the following: 

{:3 (13) is 

- - ~ - 1 2 ~/2 
g =t/~~/ f.L) (f/f) (1+ 2g(t/{L) f X (J7) 

x 1f g*-l(y)r-1cy)£(y)y<f-2)/2 dyr1 
t!Jl2 

- -2 2 
where f = f (t/ Jl ) and f = f(t/ Jl ) • From eq. (I 7) and with the 
'help of eq. (16) we obtain the infrared stable fixed point 
coupling constant g~ as follows: 

g~ = !.im lim g = 4
5 

(~11) 4 £ + 0(€ 2 ), (18) 
Jl-+0 t-+oo ••4 

where d<4. The multicritical behaviour is governed by the 
quantum fixed point with the following values of the coupling 
constant g~: 

for d > 2 

g* =Jim 
q IJ.-+0 { 

0 

lim g = 2 1 -2 

t-+0 ..i!&EL. jd0 fdxx(l-x)[x(1-·x)-i0(1-2x)] (E-2) 
0 2 -oo 0 

for d<2. (19) 

Similarly we can calculate from eqs. (14) and (17) the correla­
tion length expoqents. For _the critical line we have 

v d = lim lim v(g, t/ ;i2) = J.. + -Lt + 0(£ 2) d < 4 
;; .. 0 t .. 00 2 10 

and for the multicritical point we obtain 

v_= lim lim v(g, t/jl2) =·{ ; 
q ji ... o t->O 

.!. + O[(e-·2) 2 ] for 
2 /11 

for d~2 

Eq. (21) agrees with the results of Ref. . 
In order to describe the crossover behaviour 

2 < d < 4 we r.rrite ,L"(h) in the following form: 
- llq 
Jl = IJ.Ah· X(t, A h), 

where 

, vq F (t/1.1-2, t/1.1-2, g) 
"h =he 

is the non-linear scaling field, 

d< 2 

of ,1" for 

F(tjy2, tf~.~-2, g)= f~{v-1 [g(t/y2, tf~.~-2,g), t/y2] -v -11 
y q 
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fdy ••• - denotes an indefinite integral and vC! =1... 'With the 
t 2 

help of eq. (12) we obtain the following equation for X: 
-2v 2 

Xexp(vqF(t/JL2 Ah qx- , t/JL 2 ,g)l=1. (25) 

The eq. (24) we cinsider in the scaling limit, e.g., t-+ 0, 
Ah-> 0 with X remaining unchanged. This leads to the separation 
of the variable z ={t/ JL2)A h¢ being finite in the scaling li­
mit, where ¢ is the crossover exponent. Thus, X can be calcula­
ted as the functions of z. Taking into account eqs. (14), (17), 
(24) and (25) we obtain in the scaliT;lg limit for e « 1 the fol­
lowing result: 

X( z) = X ( 0) [ 1 + 2v cf (g/ g~) z]"- 115 , (26) 

where .z.:(t/JL2)A1 with ¢=!/2. In the limit Z-+oo eq. (26) 
reproduces the correct critical line behaviour: 

~-1 - /r:l. 
- fL - h 
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fl~KepcKa-BanRceK K. 
BnHRHHe KBaHTOB~X CBOHCTB Ha KPHTH4eCKOe noBeAeHHe MOAenH 
X-Y B npOAOnbHOM MarHHTHOM none 

E17-82-733 

TeopeTHKO-noneBOH MeTOA peHOpManH3a~HOHHOH rpynn~, KOTOp~H HeAaBHO 6~n 
npeAnOlKeH AnR OnHCaHHR KBaHTOBOrO Kpoccoe'epa AnR nonepe4HOH MOAenH I-13HHra, 
npHnOltleH AnR HCCneAOBaHHR nOAo6Horo ~eKTa npOHCXOAR~ero B KBaHTOBOH 
MOAenH X-Y B nPOAOnbHOM MarHHTHOM none. B~4HCneH~ HHAeKC KPOCCOeepa H MaC­
WTa6HaR C!lYHK~HR AO nepeoro nOPRAKa B l =4- d AnR npOCTpaHCTBeHHOH pa3MepHOCTH 
2 < d < 4. 

Pa6oTa e~nonHeHa B fla6opaTOPHH TeopeTH4eCKOH C!lH3HKH OHRH. 

Co~eHHe 06~eAHHeHHOrO HHCTHTyTa RAePH~X HCCneAOBaHHH. ~6Ha 1982 

Lukerska-Walasek K. E17-82-733 
Effect of Quantum Properties on the Critical Behaviour of the X-Y Hodel 
in a Longitudinal Magnetic Field 

The field theoretical renormalization group method proposed recently to 
the description of the quantum crossover behaviour of the transverse 
Ising model is now adopted to the investigation of the similar effect in the 
quantum X-Y model in a longitudinal magnetic field. The crossover exponent 
and sealing function for the inverse correlation length are calculated to 
the first order in' =4-d, for the spatial dimension 2< d<4. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 
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