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Occurring of solitary waves in a variety of one-dimensional 
models of condensed matter physics was discussed by now in se
veral papenf1·4/ . Further investigations concerning statisti
cal properties of such excitations have been carried out in 
refs/5·7/ using the ideas of pioneering work of Krumhansl and 
Schriefferlll. Some of these theoretical results were confir
med in neutron experiments lSI. 

In what follows our concern will be of soliton excitations 
in ferromagnetic chains in the classical limit with special 
attention paid to the effects of phonon anharmonism and nonli
nearity in exchange integrals 

I. Let us consider for that the Hamiltonian of the interac
ting phonon and spin systems 

H ~ HL + H 8 , (I. I) 

where 

HL= T+U, (1.2a) 

1 [+- - +] 1 - z z 
H8 ~--I JJJ+B s 1 SJ+B+SJ SJ+o --I JJi+BSJSJ+B-

4 j8 2 j8 
(I. 2b) 

-11hiSz, 

Tand U being the kinetic and the potential ener~ies of the 
lattice oscillations and JJJ+O = J((x j+8- x J )) are the exchange 
integrals with the property J IJ = J11 , h is the external mag
netic field, and 11 is the magnetic susceptibility, j labels 
the atoms occupying position x

1 
,8 runs over nearest neighbours, 

sf are given by the relation 
± X y 

S J o S J ± iS J • 

The previous investigations /S,4/ were limited only with 
the following approximations. 

i) Phonon effects in the harmonic approximation: 

2 
mvo 2 

U o -
2
-T (x 1+ 1 -x 1 -a) , (I. 3) 

a being the lattice distance. 
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ii) The exchange integrals in the linear approximation 

J(lxJ+D-xJ I)"' J(O) -J1 • lxJ+o -·xJ I, (I. 4) 

where 

Jl 
aJ -·1 < 0. 

axJ xJ=·xJ+o 

We will, however, reject these limitations away. At low 
temperature when only a few spin waves are excited we may neg
lect all the nonlinear terms in the Holstein-Primakov represen
tation of the spin operators 191 reducing them to 

+ - -· -·+ 
S J. = V 2s a . , S . = '1/ 2s a .• 

J J J 

z + 
S J = s -· a. Ja J • 

Hamiltonian (I. I) is consequently expressed through l3ose 
rators a~ and aJ. Introducing the coherent state 

!<I>>= exp{i}.;(<f>Ja~ + <PtaJ)I\0>, 

ope-

where "vacuum" 10> is the completely magnetized state, i.e., 
sj\0> =0, and assuming a weak nonlinearity, i.e.: 

< <t> I a r a J a 7+ 8 a J + 8 I <t> > = f < <t> I a~ a J I <t> '> < <t> ' I a;+ aa J +a I <t> > d 
2 

tfl ' "' 

... <<l>\a~aj.\<I>~<<I>Ia~+oaj+o\<1>> 

from eq. (1.2) one gets its classical equivalent 

<<l>IH\<1>> = J{= J{o- ~ 1 JJJ+o [s(<f>j <P'J+o + <Pt+o <PJ ) -
J (I. 5) 

- p{s(\<PJ I 2 + I<PJ+o\
2

) -·I¢J I
2

1¢J+ol 
2 

ll -·J.th ~ 1¢J I 
2

, 
J 

where p = J/J and J{0 ==- sJ(O)N/2 + s2 ~ Jj+o + shJ.!N, p > 0. 
Jo 

We take the kinetic energy of the lattice systems as 

T =~-~ Ji.2 
2 j J 

and in potential energy (I. 3) add the next anharmonic term: 

2 

{. g' 
• 
l 

IIJ/ 

m2 urn 
0 2 3 

--·~ (x .+ 1-·x· -a) + --·~ (xj+l-·x J -a) . 
2 . j J J 3! J 

u (I. 6) 

The exchange integral, however, ·would be taken so far in the 
linear approximation (1.4) to distinguish effects of these 
different nonlinearities. We assume XJ to be monotonic funct
ion which allows one to write lxj±l-xjl =±(xj±l- xi). 
We will show below the valid-ity of this assumption. Consider-, 
ing further the longwave limit we have the expansion 

1 2 1 3 1 4 
X J ± l = X ± X~ a + Z X~~ a ± al X~~~ a + 41 .x ~~~~ a 

In the expansion of <P J ± 1 we retain, however, the terms up to 
¢t;_~ assuming <P to be of the same order as x~~: The field equ
at1ons derived from the classical Hamiltonian (1.5) under 
above assumption take the form 

1¢ =-A¢~~ -·ii¢+gxg<P -A\4>1
2

4> (I. 7 a) 

and 

rnx Cx~~ + D(xe)~ +Ex~~~~ + g(l¢\ 2 )~ , (I. 7b) 

where 

3 
C = a 2 (mv ~ - U III a) , D ~ T U III • E = rnv; a 4 I 12, A = 2J(O) p , 

g .. -2J(s(p-1), A =J(O)s, ~ ==2s(J(O)-J 1)(1-p)-hJ.!. 

In (I. 7) the higher order term : sJ i I (x<P) ~~~ - P<P X ~~~ I 
neglected. 

Differentiating Eq. (1.7b) once by~ and passing to the 
function 71 = x~ one gets the set of equations 

is 

1~ = -A<P ~g - ;<P + g7J<P - A 1¢ I 2 <P ' (I. Sa) 

. 2 
,., = (C/m),.,~~ + (D/m)(TJ 2 )~~ + (E/m)a~,., + (g/rn)(l¢1 )~~ (I. 8b) 

obtained earlier with 1.=0 
Langmuir plasma waves. 

in ref / 91 for coupled ion-sound and 

3 
I 



These equations describe solitons moving with near sound 
velocities (v 2 -+ c 2 = A/m) and were analyzed in detailes in 
reviews 1101 • Since our Eqs. differ from plasma ones by the 
last term in (1.8a) we discuss here extra soliton solutions 
occurringin our system. 

Using the variables 

c c 
1¢1 -+ ==.t.PI. 11-+ -'1), 

..j AB2/m ABm 

A 
~ -+ --:=:::::i. ' 

..jC!m 

where A, C>O and introducing the ansatz 

A 
t-+ --t' 

C/m 

4> == exp[i(...!.·x - (UJ- 'ji)t)]lfr (K(), ( = x- vt - x0 , 
2 

71 = 71 (K(), 

we get 

O.lfr + lfr(( -1/1(71 + 811/11
2

) = 0. 

(v 2 -· 1)71 - a71
2 

- /371" -11/11 = 0 

with 

a --.!L.. ' f3 = .JL. > 0, 
Agm A2m 

8=-· ,\C2 
2 ' g 

0. =·"' -· v2 '4' c > 0. 

Soliton-like solutions to (1.10) may be of two forms 

a == b tanhK( . 
71 == 

cosh2K( ' 
llfrl ., 

COShK( 

a b 
7] == ·, 11/11 =· 

cosh2K( cosh~<( 

(I. 9) 

(I. lOa) 

(1. lOb) 

Substituting the first one into (1.9) we find (if81¢12«71), 

4 

0. = -K 2' a = -6K2' b =· a..ja +f3, 

K2 = _1_(aa + m-1 
2y2 

(a + f3) > 0, y 2 = (1- v 2 )-1 ., 

(I : II) 

(l ~ 
{ J 

:~ 
"• 

/ 

i.e., the solution known from 1101 • The condition of its vali
dity 814>1 2 «17 is therefore equivalent to a »8b 2 or 

y2 3a+f3.» 181 
3 a+/3 

and is satisfied whE3n y 2» 181. It occurs always at p = 0 (i.e., 
for x-y system). For more details about solution (I. II) see 
ref. 1101 

The second solution appears only when 8 /< 0 and gives 

a =-·2K2-8b2, 

= 6K 2 (~.) a , 

0.=-K2' 

2 2 b2 
1 - V = -(4{3 K + -·). 

a 

There are again two possibilities 
(i) 8 > 0, i.e., the usuat "compact" case and 
(ii) 8 < O, i.e., '"noncompact" case. 

(I . 12) 

Let us discuss first case (i). From (I. 12) it follows that 
(/3/a) < 0 or since f3 > 0 we have a< 0. From (I. 12) one can also 
obtain 

b2 = 2K
2 

(3 L. -·1), i.e., Ia! < 3/3 
8 lal 

then 

J11P-11 
or U III < mv~a ·J(O) 

. 1 1 I~ I 
1 - V 2 + 4{3K 2=--(1 -•-• ...r.EJ.) = E > 0, 

8 3 f3 

The right-hand side of this relation depends only on parame
ters of the system considered:· a, /3, 8, hence 4/3K 2 =(+V

2-··1>0 
and v2 > 1:.·- £. 

In the region v2 -+ 1 the ~oliton amplitude is fixed and defined 
by· system parameters 

( .,.,_. 
4{3 ' 

,3 £ 

2~· 
K a = 

Moreover solitons (1.12) unlike (1.11) may be supersound as 
well as subsound v ~ 1 and even sound like v = 1. Their inver
se widths K grow with v, and if £ < 1 they have minimal veloci-

ty •Vmin""V 1 -· £ •• All these features differ them substantially 
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from that studied earlier (see ref .' 110
./ and references cited 

there in). 
Analogous picture takes place in the second case (8 < m 

only with the difference that here a may be both negative and 
positive since in this case 

2 2K 2 {3 
b = -·(1 + 3-). 

J81 a 

\al > 3{3 if a< 0 • Whence 

4{3K 2 = V 2- 1 oc 2_{1 + ..!. ~) 
181 3 f3 

or 

2 1 (1 1 a ) v > 1 +- + -·-
181 3 f3 ' 

i.e., at a> 0 solitons may be only supersound. To proceed 
further let us verify the above assumptions. Note that since 
K~ "'T/ =-a/oosh2K( we have for both tyJ>.es of solutions 

X = - _!_·tllllhK(, 
K 

i.e., kink-like· profile for lattice displacements. It means 
that x(~) is a monotonic function indeed. It is easily seen 
that in the velocity region v~ 1 the harmonic approximation 
a-0 is no longer valid, since 

6 

,., - ll/11
2 

---- ... 
1- v2 ... 

To make assumption lc/>1 ~ x~~ valid it is enough to have 

1 
y < 

-· a + f3 

in the first case and K > t or 

v 2 -:1 :::_ (4{3t -·1)( 

in the second one. And longwave limit means that K << !·, :i,.e., 

- 1--« 2 (3a+f3) .or 
y2 a 

( « .1. 
a 

~ . ~ 
·t 

~ j 
' 

r 
~-

2. Now we consider nonlinear effects due to the following 
expansion of exchange integral ' 

Jjj+8"' J(O) - J 1 1 xj+B -·x J I + J2 I x1+s- xi 1
2 

, 

with potential U being harmonic (1.3). Then using the analogous 
procedure one gets the following field equations 

ic,b = -Ac,b~~ -j;c,b +gX~c,b + c 1 tx~) 2 c,b -Ac,bl¢1
2

, 
(2. I) 

.. 2 . 2 2 
mx = c 0 x~~+ ga~(\c,b\) + c 1 (xglc/>l )~, 

where c 0 =mvga 2 , c1 = 4sJ1 (p--1),other parameters are the same 
as in (I. 7). 

.. co 
In the quasi-stationary limit (\xi « ffi'x.~~) we may reduce 

this system to a single equation: 

- lc/>1 2 ¢ ( 2. 2) ic,b =-Ac,b -·11-c/> -d , 
~~ 1 +a \c,b 12 

where 

J rs 2 (1-p) 2 ·s J (0) 
and 

c1 
d = 4[ + ] d = -· 

c 0 2 co 

and higher nonlinear terms are neglected. Eq. (2.2) is the well
known Schrodinger equation with saturable nonlinearity. There 
is a great amount of works devoted to it (see ref.

1101 
and refe

rences cites there in). It possesses the following features, 
physically important from our point of view: 

1) there are soliton-like solituions (SLS), 
2) these solutions may be stable in (D + 1) space-time with 

D· I, 2, 3, ... , 
3) 'stable SLS may interact with each other creating in par-

ti~ular bound states (pulsons) and so one. 

Tho dotoiled discussion of these and other peculiarities of 
Eq. (2. 2) SLS may be found in refs /10,11/ • Probably the most 
interesting feature is the second one since it gives us the 
hope to obtoin stable SLS in more than one-dimensional models 
of condonsod matter physics. 
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1=: 

I<yn,ny A., MaxaHbKOB B.,. IIamaeB 0. El7-82-602 
0 neniineihibiX 3¢<PeKTax B M:arHHTHhiX u;erro'!Kax 

HccJie,D;oBaHbi 3¢qJeKTbi tilououuoro aurapMoHHsMa H· uenuueih{ocTu 
D 06MeHHbiX HHTerpaJiaX H HX BJIHHHHe Ha COJIHTOHHble B036Y)!(,Il;eHHH 
D ¢JeppoMarHHTHbiX IJ;eiTO'!KaX B KJiaccii'leCKOM H ,D;JIHHHOBOJIHOBOM rrpe
p;eJie. fioKa3aHO, 'ITO IIepBble IIpliBO,D;HT K CHCTeMe CBH3aHHbiX ypaB
HeHHH THIIa EyCCHHeCKa H I!ipep;IIHrepa, ,nonycKaro~efl p;Ba THIIa COJIII
TOHHbiX pememrfl, BTOpb!e - K HeJIIIHeHHOMY ypaBHeHHJO IIJpep;IIHrepa 
c nacb~aro~ef!cJI HeJIIIHefrnocTbiO. 

Pa6o'!'a Bbii10JIHena B J1a6opaTOpHH Bbl'!IiCJIHTenbHOH TeXHHKii . 
II aBTOMaTHKII OHHH. 

npenpHHT 06beAHHeHHOro HHCTHTyTa RAePH~X HccneAOBaHHH. AY6Ha 1982 

Kundu A., Makhankov V., Pashaev 0. El7-82-602 
On Nonlinear Effects in Magnetic Chains 

The effects of phonon anharmonismand nonlinearity in ex
change integrals on soliton excitations in ferromagnetic 
chains in the classical and longwave limit are studied. It has 
been first shown that the anharmonic effect leads to a system 
of coupled Boussinesq and nonlinear Schrodinger equations 
allowing two types of soliton solutions. The nonlinear effect, 
on the other hand, results in nonlinear Schrodinger equation 
with saturable nonlinearity admitting stable solitons in more 
than one-dimensional models. 

The investigation has been performed at tbe Laboratory 
of Computing Techniques and Automation, JINR • 
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