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Many of the fundamental physical laws can be expressed as
a consequence of some symmetry principle. Here we want to show
that t?e standard scaling laws for critical indices are not an
exception to the rule.
Denote an arbitrary system with Hamiltonian I, temperature
6 = kT,number of particles N as I'/f. Consider a set of order
parameters A, B, C,... — Hermitian operators of the additi-
ve type normalized per particle; we shall call below "order pa-
_rameters” both operators and their equilibrium averages <A>r/g5
<B>p/g 5 +-- Introduce also generalized susceptibility

X ap(/0) =19<A>p_,yp/0 /09Xl guq - )
Con§ider a conventional ferromagnet with a fixed Hamiltonian
H, critical temperature §,, one-component order parameter S,
For a nonzero magnetic fiefd h>0 the Hamiltonian of the system
will be H-hNS. TIntroduce also the correctly normalized "tem—

perature order parameter" L“N—1(<H>H/OC“H) and dimensionless

temperature deviation t=(0-65)/ 0o, O=6s(1-t).

Cons%der a standard set of order parameters (averages) and
susceptibilities: S (magnetization), L (singular part of the
energy), X ss (magnetic susceptibility), XLy (specific heat),
XsL =X Ls (derivatives 9<8>/d0, d<L>/dh) ) taken on the
critical isobar in the ordered phase 0=05(1-t)<fd; , h=10,
and on the critical isotherm 6amf,,h>0. Assuming the proper
power asymptotics, we write:

@ B 4 —.I _.’
S wtFP, LK) wtl™®, X g5 (® otV X g, ® w t ™%

XsL(t) n tﬁ"l i Sth) » hl/a' L(h) th , xss ) » h1/5-1,

—€ {-1
XLLQﬂ oh ", xg M) @b (we use here the primed notation
for indices below 65 ), here and below X«Y means X/Y=const.
(#0, ) as t-0,h 0. As is well known, there are 4 scaling

relations for 6 indices i i
el in theso asymptotic forms (see, e.g.,

y' = 3(8 "’l)v

a’+2B+y" =2,

T

1_a’=B847 '

a’ = Bd¢.
~ ~

Though the symmetry we want to show can be demonstrated di-
rectly in relations (1), we shall consider the problem from
a more general point of view and obtain first heuristic genera-
lized relations for critical indices for the case of arbitrary
order parameters and variations of the Hamiltonian taking the
system away from the critical point, which manifestly possess
a symmetrical form and include (1) as a particular case.

As the starting point can. be considered the observation 72/
that scaling laws (1) can be derived from the following physical
hypothesis: in the ordered phase ¢ =05(1-1t) <05, h =0 there
exists the temperature-dependent "inner field" h(), associated
with spontaneous ordering, which provides the same effect as
the corresponding external field and gives a finite contribu-
tion into all order parameters and susceptibilities, so that
every quantity of a set X ={§, L’XSS'XLL:stl in the ordered
phase, X(t), is of the same order of magnitude as X() (criti-
cal isotherm) for h=h(t):

X(@t) »X@h = h(t). : (2)

Choosing h(t) wt? and substituting the power asymptotics for

S,uaxgy into (2), ome finds 5 relations for 7 indices a’, B,
y?, 8, ¢, €, o. Eliminating o one obtains just 4 scaling
equalities (1)/#/ It is also easily seen that og=y"+p, i.e.,

h(t) » t¥ +

If one accepts the view point that the "inner field" is a
real physical object/z/ (see also remarks 1 and 2 at the end
of the paper), one can then suppose that the inner field wouldg
give also finite contribution into some other order parameters
A, B, ., except S8, L, and corresponding susceptibilities.
Moreover, one can expect that the inner field will appear every
time when the system H/0, is taken away from the critical point
by means of some ‘'ordering" variation of the Hamiltonian
SH=V , H/6g-» H+V/0¢, which gives rise to spontaneolis magne-
tization. The lowering of the temperature fg - 05(1-t) corresponds
to variation V, =tH/(1-t)~tH, nonzero external field corres-—
ponds to V, =—hNS. We shall consider below a class of only such
ordering variations {Vi including V, and Vy

Let us now assume that energy V is characterized by a small
parameter £>0, V=V(£)»0 as £++0,and for a set of ordér pa-
rameters A,B and 8 and corresponding susceptibilities for the
variations under consideration the power asymptotic forms hold
true. [ Common scaling arguments (see, e.g., ref.”3 ) lead to

]




the preference -of the power laws for arbitrary order parameters
constructed from the same suboperators as S, L (see remark 3 at
the end of the paper)]. By analogy with a standard situation we
write:

_yXY /3,3 /
and in a special case of the field variation:
—c XY <Y
X xy® @ h RO A (3b)

where X,Y independently run over {A, B, S} 3 Yoxxy in (3a)
are taken for the system H+V({)/0s (in particular, YV () =
= <Y>H+V(@/9c , it is assumed that <Y>H/6C =0 for all

Y= A, B, S). Here y3Y, BY.¢X¥, ¢ Y are constants (generalized
critical indices), the subindex V labels the type of the varia-
/tion V(). We have introduced a separate notation for the
field variation V, =-hNS in view of its particular

role; note that ¢AS =1 - ¢ A and {8 =1/5, 88 =(5-1)/8.

In accordance with the above discussion we shall futher pro-
ceed from the heuristic assumption generalizing (2) and being
of the analogous physical sense (existence and finite con-
tribution of the inner field h (V(£)) into order parameters
and suseptibilities in the system H +V(&)/0,).

xXY(V(f)) » xxy(h =h(V(®), (4a)

Y(VE) © Y(h =h(V(ED, (4b)

wl:xere X, Y=1[A, B, S|. Assuming h(V()) o fov and substitu-
ting asymptonic forms (3) into (4), one obtains by equating
indices in both sides:

vgt =eXo , BY (Yo (5
where X, Y =1{A, B, S}.

A notable feature here is the factorization of the dependen~
ces on X, Y and V. For the class of variations considered
XY, ¢Y  are independent of V, while oy is independent of X,
Y. So, the ratio of any two indices from a set {y%y,ﬂg } ap-
pears to be irddependent of the variation V, for instance:

AA
ZYB-B = %: inv(V), (6)
Yv €

y‘?A eAA

——= — = inv(V), @))
BE (B

%o s

PEa inv(V), (8)
By oA

——B—-g—c F:lnv(V), \ (9)

and so on. Equalities (6)-(9) all follow from the generalized
relation

VVXY -

€

B3
where X, Y, Z independently run over (A, B, S}. This makes it
possible to formulate the following heuristic principle - the
Symmetry Principle for critical indices.

The Principle. Given a set of critical indices for order
parameters and susceptibilities for a set of ordering varia-
tions of the Hamiltonian {V(£)} and field variation V, =-hNS
(see (3)), Then the ratio of any two indices for two fixed
quantities does not change when passing from one variation V)
to another or to V.

Let us just show that the Principle entirely contains scal-
ing équalities (1). Indeed, relations (6)-(9) follow from the
Principle, but considering the case of standard variations v,
Vy, and putting in (8) A=B=S, one gets y’=f(6-19, putting in
(7) A=L, B=S,0ne obtains a’= Bde, choosing in (9) A =L,
B=8,one has 1-a’ =85, and putting in (8) A=B=1L, one finds
1-a"={(-a’-B) and hence, in view of the above relations,
2 =a’+28+y". Here we have taken into account that in the stan-—
dard notation Yss =Y'r YgL=1-58, By =1-a’, ,

So, the conventional scaling laws can be expressed "by words"
as a consequence of a simple symmetry principle.

However, the heuristic equalities for indices (6)-(10) are
probably of a more general significance. These relations seem
to be quite universal (through they don't claim, of course, to
be undoubtedly correct in all cases without exception). As one
sees, of a considerable interest is the study of notraditional
order parameters and "artificial" variations of the Hamilto-
nian in different specific systems.

= inv(V) , (10)

Let us formulate some concluding remarks.

1) The concept of the inner field is qualitatively (but not
quantitatively) similar to the proper "molecular field" ap-
pearing in the simplest approximating methods. The switching on
of an external field h >0 means appearance of the ordering for-
ce constant over the whole sample. The existence of spontaneous
magnetization for 0<0g can also be interpreted as appearing



of a "nonfluctuating mode" in effective forces acting on sepa-
rate magnetic moments, i.e., one can speak about an "inner
field" (see also ref./Z/). In such an interpretation there is
no significant difference between assumption (2) leading to the
proper scaling "laws and assumptions (4) leading to generalized
relations (6)-(10) (if the variation V(£) produces spontaneous
ordering and inner field, and if order parameters A,B respond
to the magnetic field). Note that the assumption itself of
existence and finite contribution of the inner field determi-

ries its value h(t) w ty'+B .

2) One can, in principle, accept a more cautious point of
view and consider the correspondence t 2h(t) »tY +B to be
a consequence of some "indirect' and "unknown in all details"
reasons. Nevertheless, if one assumes that these "unknown re-
asons'" are physical and the correspondence ¢ 2h(t) is not
a kind of a happy chance, even then there are some grounds for
suppositions (4) leading to (6)-(10). However, I prefer the
direct physical interpretation of h(t).

3) Order parameters A,B should be constructed from the same
suboperators as S,L. For instance, in the case of the Ising mo-
del one can consider a "cluster" of some neighbour spins
Mijonk (010§ ok )y, oy=+l,..., and symmetrize it in all
spins, omne than obtains order parameter A «@X)j;. y(ojoj..0%).
The standard order parameters S=N_12“i , L oNly Jijoq 0
are simplest examples of this type.

4) Consider for illusQration some 'aritifical” (and in a
sense, trivial)example of order parameters A=52 B =L,S and
variations Vy,Vy . The critical indices for A=82'can be easily
obtained. For instance, A(f) = <8%>, =<2 o t28 and g2-28;
Xap ® =4<‘S>f’xss(t) 2B -y and yéA:y’-&B;etc. One can easi-
ly verify that here relations (6)-(10) hold and are equivalent
(as it should be) to the standard relations (1).- The same is
valid also for a more general set of A =87% B=L"% 8 and
Vi, Vp
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BHYTDeHHAA CHUMMETPUST CKeMIHHrOBAIX PaBeHCTB H 0606meHHbe
COOTHOWEHHA DM KPHTHUYECKHX HHIEKCOB

Hoxaaar{o, UTO CKeHNUHI OBLie 34KOHbl IS KPUTHUYECKHX HHAOEeKCcOB

MOL'YT ObITH BhIP@KEHb KaK CIencTBHE NMPOCTOTO IPHHIMIA CHMMETPHH
llpefcraBnens aBpucTHYeCKMe 0Go0meHnnrle COOTHOMEHUN mus KpHTqué—
‘KH§ HMHAGKCOB B CNnyvyae IIPOH3BOIIbHbIX l1apaMeTpoOB IOpPANKA ¥ BapHa-—
UBM FAMHNBTOHMAHA, BHBOLANHX CHCTEMY H3 KpPHTHYECKO TOYKH ,

KOT?DBIE ABHO HMeT CHMMEeTPHUYHYI0 QDODMY H BXJIOYAWT CTaHIADTHbIE
CKEeHIIHHI OBble PaBeHCTBa KaK YaCTHBIE cnyuai.

PaBora Bemonuena B JlaGopaTopun TeopeTmueckoii dm3uku OUAN.,

MpenpuyT 06beguHenHoro MHCTUTYTaA ARepPHHIX ucchneposavuii, flybHa 1982
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Intrigsic Symmetry of the Scaling Laws and Generalized
Relations for Critical Indices

It is shown that the standard scaling laws can be expressed
as a consequence of a simple symmetry principle. Heuristic
relations for critical indices generalizing scaling laws to
the case of arbitrary order parameters are represented, which

manifestly have a symmetric form and include the scaling
laws as a particular case.
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