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I. INTRODUCTION 

The critical properties of the superfluid transition in 
Bose liquids have received a great deal of microscopic theo
retical investigations starting, for instance, from the fa
mous papers of A.Z.Patashinsky and V.L.Pokrovsky/1/, and 
A.A.Migdal 121. The most useful model for explicit calculations 
and for the obtaining nontrivial qualitative results near the 
A-point is the nonideal Bose gas(NBG). In recent years,consi
derable efforts have been made to investigate the critical 
properties of the NBG by means of the Wilson renormalization 
group (WRG) in its field version to first order in the f -

expansion as well as by the ( 1/n) -expansion /3-151. The WRG 
method 116- 201 is a special powerful tool for quantitative 
investigations in, and only in, the scaling region near a cri
tical point. As a field-theoretic method it enables us to deri-
ve from the field' equations 11 •2•211 the selected solutions, 
namely, scaling type solutions. 

In this paper we present the recursion relations for the 
~11>~ ....... ,.. ............... _..:1 ---..:1 .... _ .!_... - d ~ .... \..,...--- rJ .: ..... t- ... ...1!----.! ___ ,-
-·-~ _ ...... ----··- ...., ____ .-.... ... - c - ' ........ ___ - ................. _ ............ u._ ...................... _.._ 
ity of the system, and de is the corresponding borderline 
dimension (de =4 for T ej, 0 and de =2 in limit T e -+ O). The 
general recursion relations are studied in two cases: 

(i) The finite-temperature critical behaviour (Te~ 0), or 
the classical case. In this case the recursion relations coin
cide with those obtained previously/22/ for the Ginzburg
Landau classical Hamiltonian. For Tel 0, de =4 and the well
known universality appears: there is no any influence of the 
quantum correlations on the scaling behaviour. These features, 
discussed previously in refs. 11 •2•231, and by the WRG to 
order f 1 in refs. 13•5•6•24- 26 •281, are a consequence of 
the well-known fact (mentioned firstly by L.D.Landau, see 
refs. 11.2./ ) that the nonzero Bose-Matsubara frequencies are 
not relevant for the description of finite-temperature criti
cal behaviours. But the Matsubara frequency enables us 1261 

to obtain the dynamic critical exponent z (see refsf7r·9/, where 
the (1/n) -expansion has been applied, and refs. 127 •281 , whe
re the case of superconductors has been considered to second 
order in f ). The dynamic critical exponent for the NBG has 
been calculated for Te ~ 0 to second order in f in ref. 17 I. 
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(ii) In the quantum limit T c ... 0 the striking and most 
interesting (in my opinion) situation is recovered 1291. In 
this limit the perturbation series for the NBG (but not for 
other quantum mechanical models 126- 301 ) are drastically simp· 
lified. In result they can be exactly summed /29/, Then the 
critical behaviour appears to be the Gaussian one. Note that 
the A -line Tc(P) in He4 has no point Tc<Po) =0. The results 
in limit Tc .. 0 are, before all, of a methodical interest. 
They cannot be referred to the A -points in He 4. 

In some previous investigations there are errors in the 
calculations13•11-14/, These errors lead to uncorrect pre-
dictions (only) for the quantum case. 

II. THE NONIDEAL BOSE GAS IN ITS FUNCTIONAL FORMULATION 

With the same success one can start with the operator for
malism1211 but I think the functional formulation (see 
refs/31.32/ )is more appropriate for a combination with the 
WRG. Using the results in refs.l31•321, the grand canonical 
partition function Z = Tr{ e 8 I of the NBG is expressed by 
the action S ,s0 +S 1 , where 

S 0= I I iwe -a(k) I ¢*(q)¢ (q), (I) 
a,q "' a a 

and 

8 1=-
2

. V. I . ¢~(q1)¢'t(q2)¢a(q3)¢..fq1+q2-q3) 
{3 q1'%'q3,a{3 ,.., IS 

(2 

are the free and the interaction parts of the action S, respec 
tively. In (J)-(2) the (Matsubara) frequency-momentum repre
sentation is used, q=(!..we ), of the system in volume V=Ld 
with periodic boundary conditions (~~~~il• ki = 27Tfi/L, 

ei=O+I, ... ). In (J)-(2), w .. 2" fT (with e =0+1, ... , {3= 
= liT , -~ = h =I) is the Hatsubara frequency, v Is the scat-

2 
tering length, a fk) = _!___ + r, I k 1 = k is the mass of 

~.e 2m ·- ' 
the bosons, r =-fl. , fl. is the chemical potential assumed to 
be fl.- (Tc -T) near the transition point T c. We shall make 
difference between T and Tc only in r . The field vector 

¢(q)=l¢ (q), a= 1, ... ,.!!. I is a Fourier transform of 
a 2 

-112 i k.x-iwer 
1/J (x, r) :.({3V) I e -- ¢(q), (3) 
- - q 

namely, the complex Bose (commuting) function depending on th 
space vector ! and the imaginary time r , 0 < r < {3 • The tra 
symbol in Z denotes: 

2 

.. 

-e 

The 

n/2 
Tr= II II II fD¢*(q)D¢(q). 

a=1 k<A we a a 
bare Green function G 0(q) =-<¢ (q) ¢* (q)> 

a a 
is equal to 

(4) 

-1 (5) 0 0 (q). iwe -a(!}. 

The Feynman diagrams for the model (I)- (2) are standard 12
1.

311. 
Note, the summation in frequencies we of an internal line 
formed by the legs of one and the same action is performed 
(see refs. 121.31r ) by the rule 

I e iwe r Go(q) • r =+0. 
we 

III. RECURSION RELATIONS TO ORDER £
2 

(6) 

The exact recursion relations to order t 1 are presented in 
ref. 1291. Using the diagrams in figs. I and_l we obtain the 
recursion relations to first order in t : 

' s (2-l]) (7) 
we,. e we. 

m'- e 817 m, 
(8) 

_, s(2-'17), n+2 • '-"·-~" 
~ (;T2--.&1\'J\Y.&.)Jt 
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s(4-d-2TJ) 1 - 2 
(vT) '= e I (vT)- -[ (n-t6) 12 (r) + 212 (r) ](vT) I, 

2 

(10) 

with the integrals 

1
1 

(r) = I 
we 

r=+O 

('d_!eiwe·r G
0

(q)., ~·f'd.l!;n(!), 

2 1 . r , dk ---1 
I (r) = I f' d~Go (q) = --:;::::2 - 2[~~2_] 
2 we (21J sh 2T 

a(~ _ coth[-] 
I (r)= I ('dkG

0
(q)G (-q) .. _!- f'dk 2.!__, 

2 we - 0 2T - a (~ ) 

A d-l rr d-<> 2rr 
f'd~"' Kd-2 r k dk r sin N OdO (d¢; 

0 0 e-8A 

1-d -d/2 
K --~-. 

d - r <E..> 
2 

(II) 

(12) 

(13) 

In (IJ)-(13), n-1 (k)·e/3a(k) -1, ('dk,. (A dk where 
- -sA -' 

e 8 with 0 < s <oo is the rescaling factore, 1J is the anomalous 
d1mens1on or tne r1e1a ~~qJ. 1 ao not maKe resca11ng 1n tne 
frequency we here (see r-ef. 1261 ) ' realizing in this way an 
extremely close application of the original WRG. With or with
out rescaling in we one obtains the same results. As I have 
pointed out in ref. 1291, the summation (6) leads to a differ
ence between the integrand n (k) in 11 and the corresponding 
integrand in refs. 11 1,12/, but coincides with the result in 
refsJ3,6/. On the other hand, the integrand in 12 differs 
from the correspondinf. function in ref./3/, but coincides with 
the result in refs.l1 •121. These differences disappear in 
classical limitTciO, whereas in the quantum limit the final 
results are significantly different. The true results for the 
NBG are presented here. 

Now I shall briefly sketch out the derivation of the re
cursion relations to order ( 2 . The diagrams contributing 
. . . -1 -s(2-1J) -!~_ 
1n the renormahzed Green funct1on G (q')=e liwe-a(ke Jl 
are presented in figure 3. Fro~ figs. (3a)-(3d) one finds 

-(-'d:..) 2 (n+2)
2 

(' dk dk I eiwel 
7 

G (q )G2 (q) 1 e 8 <2-TI) H' .. 
2 -1 -2 0 1 0 z 0 0 

we1Wf2 T=+ 

4 

.. 

0 
I 

0 
I 

o )I I > 

(a) 

,.- ..... , 
I -. \ 

I ~- ···)' )o , •) )o( )o 

(d) 

0 
I 
I ... . --'" 
(b) 

...--...:;- .... 
I I' \ ' 

'~~ ~ I ~ l \ \ ~ 

(e) 

Fig.3 

0 
I 
I 

~,)z~,• ,_.,., 
(c) 

Q ' \ I 1 .,_ • ~ , )n 

(f) 

_ 8 s(2-T/) (n+2_fcv
0

T) 2 I
1
(r)l

2
(r); 

(ke-) 2 , 2 
H' = I I iwe- --- -rll¢ (q)l 

- 2 0 a ,q 2m a 

(14) 
-s 

¢a (we, ~e ) = exp[s(1- 11 /2)] ¢;(we .~). 

For the q -dependent contributions in G(q) figs. (3e) and (3f) 
yield 

_.l.(vT)2 (n+2) I (' d_!ld_!2GO(ql)Go(q2)Go(q1+ q-q2)es(2-1J) H~= 
2 wet Wf2 

where 

= e8 (2-TJ)( ~~)(vT)2 K(r,q)H 0, 
2 

K(r,q')= f'd!,
1
d,! 2SK(q1,q 2;q:r); q'. (! e-s , we) 

is given by the sum 

SK-- I 0 o(ql)Go(q2)Go(q1-q2+q') 
welw e2 

which, after the summation, is 

1 2 1 a 1 al-as 
SK=(-) ---------=--[coth(--) + coth(---)]x 

2T (iwe -ak-a1+a 3 ) 2T 2T 

(IS) 

(16) 

(17) 

(18) 
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ak a x [ coth (-) - coth (=.a)] 
2T 2T 

with 

a. ,. ..L k2
J. + r"' ykJ~+ r, j .. 1,2; 

J 2m - -

+ 2 
a; .. y(~ ± k 2 ) +r 

and 

ak - y (k '- k )
2 

+ r 
- -2 

-s 
k' .. ke . 

Representing K (r,q) as 

K(r.~.we ) .. ~Kk (r)+~Kw(r)+K(r,O,O) 

with 

~Kw(r)-K(r.~.we) -K(r.~,O) 

and 

~Kk(r) .. K(r,~,O) -K(r,O,O), 

(18) 

(19) 

(20) 

(20 1
) 

(21) 

(22) 

(23) 

the recursion relations for the parameters of the bare Green 
function to order (2 are 

and 

, 8(2-IJ) ll+2 2 ~K w(r) 
wf • e well+ -

2
-(vT) [ . -]l, 

1 ,,, , 
L 

-87) n+2 2 ~Kk(r) 
y'• e yll- --(vT) [----H. 

2 (!e-s )2 

r'=es(2-7J)Ir +(~;2 )(vT)I
1
(r)-(n;2)2 (vT)

2
I

1
(r)I

2
(r)-

-(~)(vT)2 K(r,O,O) l. 
2 

(24) 

(25) 

(26) 

What follows is to find out the second order contributions to 
the recursion relation for the interaction constant v. They· 
are presented diagrammatically in figs.4 and 5. The diagrams 
in fig.4 yield: 

vT 3 2 2 
-(2) [(n +6n+16)I 2 (r)+(12n+32)J 1 (r) + ( 27) 

+ 4(n-tt 2)J2 (r)+24J3 (r)+4(n+2)J 
4
(r)+4l:(r)] 

6 
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where 

SJ .. 
1 

J 
s2 = 

s J ,. 
3 

SJ -
4 -

l G2 
o (q 1) Go (q 2) Go (q 2 -q 1), 

we1 we2 
2 1 Go(q 1)Go(q2)Go(q1 +Q2), 

wr1Wf'2 

l G~ (q 1) Go (q2) Go (q1- q2 ), 
we 1 we2 

1 Go(q1)Go(-q1)Go(q2 )Go(q2-q1). 
we we 

J 1 2 
8 5"' 1 Go(q1)Go(-q1)Go(q2)Go(Q1+Q2). 

w elw e2 

After the summations in Eqs. (29)-(33) one easily obtains 

J L a2 &3 S =- [coth(-) -coth(--)] x 
1 

( 2T)2 2T 2T 

a a2-a3 A 1 - 8a 1 xI D1[coth(..:.l..)-coth(-)] + - -l 
2T 2T 2Tsh2 (~) 

with 2T 

• 2a 1 -a 2+ a~' 

and 

•• 1 - - 2--2---:::-:-
(a2-a3) +a 1-2a

1
(a2-a3) 

1 81 ... ___ . 

( -)2 2 ( -· , a2 -a3 +a1 -2a1 a 2 -a3 ) 

+ J 1 a2 a3 
S =-Jcoth{-) -coth{-)] x 2 

(2Tf 2T 2T 

a a -a+ A -8 a xI~ [coth(-L)+Coth(-L-L)] + 2 2 ,l--1 
2T 2T 2Tsh2(!-l) 

with 2T 

and 

8 

+ 
A2=~~1-aa -·------

2at<a~-a2) -aJ- (a2 -a~)2 

1 
82 = --------- -. 

2a 1(a~-a 2)-a;- (a 2-a; )2 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

f'l c: \ 

(36) 

(37) 

(38) 

(39) 

J 1 a2 a-
S3 = -[coth(-) + coth(...::..:L)]x 

(2T)2 2T 2T (40) 

a1 a2+ 5 Aa-8aat 
xI 8 3 [coth(--)-coth( )] + ----1. 

2T 2T 2T sh2( ~) 
2T (41) 

A 3 .. (2a
1
-a

2
-a-3)8 3 

with 

1 
8a =----- -----

2 a 1(a 2+a~)-(IL.z +a~ ) 2 -a: 

(42) 

and 
a a-

[ coth (.::.2..)-coth(J..)] _ 
J 1 2T 2T a a- a1 a2-a3 (43) 

S =- - -l(...:ca..)coth(-)-coth(---)1. 
4 (2T)3 [a2-(a -a-)2] a1 2T 2T 

1 2 3 

J + J + 
S

5
(a

1
,a

2
,a

3
)=S4 (a

1
,a2 ,a3 ). (44) 
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From the diagrams in fig.5 one finds 
vT 3 -

-2 (2) [ (n+2)(n +6) I 1 (r) I 3 (r)+ 2 (n+2) I 1 (r) I 3 (r)] 
(45) 

with 

I 3 (r),. 2 f'dk G 30(q) = .!_ -<!...[I
2

(r)], 
- 2 dr wf 

(46) 

and 
2 1 d -I (r) = 2 f'd~G 0 (q)G 0 (-q) =- -(I2 (r)]. (47) 

3 we 2 dr 
Finally for the renormalized interaction constant one obtains: 

, 8(4-d-27)) 1 2 -
(vT) =e l(vT)--(vT)[(n+6)l (r)' +21 (r)]+ 

2 2 2 

(vT)3 2 2 -2 
+ --[(n +6n+16)l.,(r)+4I

2
(r)+(12n+32)J (r)+ 4 ~ 1 

+4(n+2)J 2 (r)+24J 3 (r)+4(n+2)J
4
(r)+ 16J 

5
(r) + 

+2(n +2)(n+6)I 1 (r)~(r) + 4(n+2)I 1 (r)~(r)]l. 

(48) 

The recursion relations (24)-(26) and (48). for the parameters 
of the Hamiltonian (1)-(2) are very complicated for to be 
investigated in a common way. But fortunately, one has to ac
count tor expl1C1t:1Y t:nat: ne i:s Lt!al.iy iuLtac<>i..c.l iu i..wu .._.::; 

ses: Tc .f. 0 and Tc =0. 

IV. DISCUSSION 

Using the results in the previous section one can easily 
obtain the results in ref. /22/ and the universality (see also 
refs,/16-20/ ). Here, despite of its irrelevance,the frequen
cy wf gives us the possibility of obtaining dynamic critical 
exponent to order f2, This result is obtained previously 
through a direct calculation in ref. 171. The full information 
for the static critical behaviour is obtained in ref,/22/, 

The quantum-mechanical limit Tc ... 0 is obtained by the ap-
proximation cothx -1. Then one finds that the perturbation 
contributions in y , r and wf vanish and as a consequence: 
scaling laws of Gaussian type. But the corresponding fixed 
point is not a true Gaussian fixed point. It has nonzero 
value 1291 

* 2rr I A CE v •-t" 1H[ln(--)+ -11 
m 2 .,;-;- 2 (49) 

10 

( C E is the Euler constant). The Gaussian type fixed point 
that is stable for d < 2 is considered to infinite order in 
( .. 2-d in ref. 1291. 

Here I wish to note that the described situation in limit 
Tc ... 0 can be obtained not only with the WRG but also by the 

standard perturbation techniques. The limit Tc ... 0 is visuali
zed in fig.6. 
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Y3yHOB a.H. PeHOPMrpynnoawe peKyppeHTHWe COOTHOWeHHR 
AOR HeHAeanbHoro 6o3e-ra3a 

E17-82-21 

nony4eHW peHOPMrpynnoawe peKyppeHTHWe COOTHOWeHHR 80 BTOpoM nOPRAKe no t 

( t • de -d , d - pa3MepHOCTb npocTpaHCTBa, de - KpHTH4eCKaR pa3MepHOCTb) 
A"R HeHAeanbHOrO 6o3e-ra3a. HanH4He B MOAenH Ma~y6apoaCKHX 4aCTOT AaeT 803MO*
HOCTb HHTepnpeTHpo&aTb TeMnepaTypy T KaK cy~eCTBeHHWH napaMeTp TeOpHH, PaccMaT 
PH&aOTCR ABa cny4aR: 1/ Te ./. 0 (Te - TeMnepaTypa nepeXOAa) ·, B KOTOpoM HMeeT 
MeCTO YHHBepcanbHOCTb. 2/ Te~O, B KOTOpoM B03MO*HO T04HOe CYMMHPOBaHHe PRAB 
TeopHH 803M~eHHH, 4TO npHBOAHT K MOAH~H~HpoBaHHOMy, 6narOAapR HanH4HO 83aHMO-
AeHCTBHR,rayccOBCKOMy KPHTH4eCKOMy nOBeAeHHO. 

Pa6oTa awnonHeHa a na6opaTopHH TeopeTH4eCKOH ~H3HKH OHRH, 

Coo6fliCHI1e OCh.e,A~>~HeHHoro ~>~HCTI>I TYT.:I l'IACPIIbiX ~>~ccneAOB.:Ih~la . ,!ly!Swa 1982 

Uzunov 0.1. Renormallzation-Group Recursion Relations for the 
Nonideal Bose Gas 

E17-82-21 

The renormalizatlon-group recursion relations to second order In • • 
• d0 -d (where d is the dimension of space, and de is the borderline dimen
sion) for the nonideal Bose gas in its functional formulation are presented. 
The presence of the Matsubara frequency allows us to understand the temperature 
T as an additional (to (T-T0 ), where Te is the transition temperature) 
relevant parameter in the model. The two possible cases are considered: the 
nonzero (T 0 -1- 0) and the zero-temperature (T0•0) critical behaviours. The 
last case where d0 •2+ 0 (• ·2-:d>· has two interesting properties: (I) in 1 i
mit T0 ~0 (as we understand the case T0 •0) the infinite perturbation series 
for the nonideal Bose gas can be exactly summed owing to great simplifications 
and, (li) the result from this Infinite summation is a Gaussian critical beha
viour with corrections to the scaling laws. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR . 
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