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INTRODUCTION 

The group-theoretical analysis of a great amount of magne
tic structures shows that in most cases the magnetic structu
re of crystals is described by one irreducible representation 
of the syrmnetry group of 7he 1aramagnetic phase. This has al
lowed the authors of ref. 1- 5 to put forward the concept of 
one irreducible representation according to which both the 
magnetic phase and structure phase transitions are described 
by one irreducible representation of the space group (IRS). 
When this rule is violated, it turns out that the data of com
pounds possess unusual physical properties. An example is rep
resented by the magnetic structure realized on the family of 
hexagonal perovs~ites ReMnO3 (Re:Er,Ho, Lu,Sc,Tm, Y ). According 
to data of refs. G-lO/ the crystal syrmnetry of these compounds 
in a state before the magnetic transition is described by the 
space group c:v· The syrmnetry analysis of the magnetic struc
ture of ReMnO3 on the basis of the zroup civ, which is dealt 
with in the present work, has shown that the magnetic transi
tion is described by two (IRS) entering into different magne
tic multiplets / 4 / and are not attendant111 (Just this has let 
to the assumption that the compaunds of the family ReMn03 in 
the paramagnetic phase should exist in a state with a crystal 
symmetry higher than c;v. 

I. DESCRIPTION OF EXPERIMENTAL RESULTS 

The family of compounds of the type ReMnO 3(Re:Er,Ho, Lu,Sc,Tm,Y) 
was investigated experimentally by the method of X-ray diffrac
tion and by the neutron-diffraction method by many authors / 6-10~ 
From the results obtained it is found that near the point of 
magnetic transition these compounds form the structu[e of pe
rovskites with the hexagonal symmetry of the group C6v.Atoms 
of Re are in positions (2a) and (4b); atoms of the Mn,in po
sition (6c); oxygen atoms Opin (2a); Ou,1in (4b);Om,in (6c); 
Orv,in (6c), where: 

1 (2a): 1 (0,0,z) ; 2(0,0, z+-) , 
2 

(4b): 1(}.~ ,z) ; 2(: ,1,z); 3(-},;, ~.+z); 4(;, ;, 1+z), 
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(6 c): 1 (x,o,z); 2(o,x,z); 2(x,x,z); 4(x,o,: + z); 5(o,'i, ~- + z); 6(x;i, t + z). 

Running parameters are not determined exactly, but for the 
atom of Mn in all compounds of the family it is indicated that 
x is almost equal to I /3. For the case of LuMn03 it is appro
ximately found that 

Lu1 (4b): Z= 0.27; Lq:1 (2a): Z= 0.23 

Mn(6c): 
1 

X=-; Z-=0 
3 

(I. 2) 
0 1 (2a): z,;- : ; On (4b): z,;- 0 

0III(6c) : X,; ~ ; z - l.. = 6 

0 (6c) : x = .2. , z = L . 
IV - 3 - 3 

The magnetic structure is formed from the spin localized on 
Mn atoms·, and ·the- authors of experimental studies / 5-1o/ do 
not define them uniquely proposing experimentally indistin
guishable different models of noncollinear "triangular" struc
tures with magnetic moments on the xy -plane: Koehler171 admits 
structures that res~lt from·the mixing of model I .with 2, or 
3 with 4, which leads to structures with spins placed at an 
angle a to the hexagonal axis a. The angle a is different for 
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different compounds of the family. For the case of YMn03 also 
a weak ferromagnetism is discovered. It means that z -compo
nents are nonzero. Including the .z -component and assuming 
(Koehler)that S1 =±S,,82=±85, 83=±85 these models may be 
written as 

Table 

➔ 

82 
➔ 84 ➔ ➔ 

Model 81 S3 S5 Sa 

l (u,O,w) (O,u,w) (ii,u,w) (u,O,w) (O,u,w) (ii,u,w) 

2 (u,2u,w) (2ii,ii,w) (u,ii,w) (u, 2u,w) (2ii, ii, w) (u,ii,w) 

3- (u,O,w) (O,u,w) (ii,u,w) (ii, o, w) (O,ii,w) (u ,u ,w) 

4 (u,2u,w) (2ii,u,w) (u,ii,w) (ii,2ii,_w) (2u,u,w) (ii,u,w) 

With the z -component taken into account, as may be easily 
seen, still furhter models can be suggested: 

Table 2 

s ➔ ➔ ➔ ➔ ➔ 

Model s s s s s 

5 (u,O,w) (O,u,w) (ii, ii, w) (u,O,w"') (O,u,w) (ii,ii,w) . 
6 (u,2u,w) (2ii,u,w) (u,ii,w) (u,2u,w)· (?ii,ii,w) (u,u,w) 

7 (u,O,w) (O,u,w) (u,u,w) (u,O,w) (O,u,w) (u,u,w) 

8 (u,2u,w) (2ii,u,w) (u,ii,w) ·(u,2u,w) (2u,u,w) (u,u,w) 

where 81 = S(i\); (u, v, w) is the spin ·vector written in compo
nents in the coordinate system connected with the primitive 
cell of hexagonal synunetry · C~v . 

2. THE SYMMETRY ANALYSIS OF MAGNETIC STRUCTURE ON THE BASIS 
OF PARAMAGNETIC SPACE GROUP Cj,i 1' .. 

As has been shown in ref.It/ instead of representations of 
the group civl' in the synnnetric analysis it is sufficient to 
consider the representations of group clv• For the synunetric 
analysis one should define the wave vector k that describes 
the translational prop.erties of the· structure and synunetry
allowed magnetic modes (basis vectors of irreducible repre
sentations of space group (IRS) for positions where magnetic 
moments ("spins") are localized). · 
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In the considered family of compounds the magnetic and 
chemical cells coincide, and hence, it follows that~ =O 
(starlk 

11 
J by tables of Kovalev /t2/). To 'obtain all pos~ible 

magnetic modes allowed by the group "G, according, to refs/1
•
3

/ . 

the following is required: k 
.1. To construct the magnetic representation dM of the 

group 'Gk by the formula: · 

k -fft ~P (g,j > a(:3 
ldM(g) lia,j(:3 =e . ot,gjonRn • (2. 1 )' 

-ik 1 (g,j) • • • • where e P o i,gj is simply a permutation representa-
tion dj (g) for definite positions restricted t~ the zero 
cell, ap(g,j) is the returning translation, R ~ is the 
rotation matrix of a polar vector by acr;on of the rotational 
part h of element g s:e(hlt+T), ons:elRan I (due to the 
"spin" vector being axial). .,. 

2) To expand ~he representati.on dt over the irreducible 
representations d II by the formula: 

di= t n~dk11 

II 1 1 S11( ) 
nM = (Go ) I, <> X M (g) X g • 

n k gi;;o➔ 

(2.2) 

(2. 3) 

k 
where G~ = l(hi Ir i > ➔ l is the group of the vector k of zero 

k k • • ➔ k 
block,n('rn ) is the number of elements 'G~ ,xt(g) and x V(g) 
are chara~ters of the magnetic and 11-th fRS, respectively. 

3. To calculate the basis functions in the expansion of 
IRS as a direct sum of atomic components sa,(k 11 ji) where: 

➔ ➔➔ ,\ 

Sa(k II Ii) = I. crkll ( ) e -ik ap(g,j)o O Ra[,B] 
,\ gi;.Q~ ,\[µ] g i,g{j] h h 

(indices in bracfets are fixed) with 

(2.4) 

~ ➔ ➔ ➔ 

Sa( KLV 
1
.,) _ -ikLaP(gL 0i)., ~ ..tif3S,8(kvj ') 

, l - e uh. 1\h , l , (2, 5) 
R ~ L . R • ➔ 

kL =gL k. 

In this way, for hexagonal perovskites in the group c;v 
and position (3c) of magnetic atoms, wi~h the vector 1 =0 we 
arrive at the following expansion for dk: 

k' M 
d M 11= r 

1 
e 2r 

2 
e 2; 

3 
e r 

4 
e 3r 

5 
e 3r 6 • ( 2 • 6) 

The matrix dimension in dR is here 18x18. The IRS of r 1 , r 2 , 
r & , r 

4 
are one-dimensional, and those 

1
of r 5 , r 6 are two

.dimensional (the notation is from ref. l2/). 
The magnetic modes calculated are presented in Table 3. 

In b_fackets three components (Sx (\11 Ii), SY{'[ Ii) , 
SZ(k{ Ii)) are written. 
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Table 3 

M a g _n _e _! _! _ _c:_ -~ <>_ <!. e s 

Repre-
sentatioll 

'i::j 

'i;_ 

r-3 

1;;" 

'I s 

r-
' 

Ba.sis Positions · of 
.vectore 1 2 3 

lp'1:;" 
(120) (210) (110) 

:;Cy,;, (100) (010) (110) . 
:,:~'Ii:• (001) (001) (001) 

j rra (100) (010) .r ( 110) 
.J.Y15 (001) (001) (001) 

'f~. (120) (210) . (110). 

. "t~,;. (100) (0£"0) c i-2.£ ... 2. ·o > 
:rt~ (100) (Ol 0) c Ez.c:'l.o> 
:i:rl (010) C£'1i•o> ( (

11200) Jr:t,; ( 110) (£ 00) (OE~) 

JC't's (001) (00 .:'f,) (OOE'i 
!r.t_1i- (001) (00 £) coolz.> 

r 'f:1i (100.) (0 f"O) ( £,;i.~'o) 
J: r._r; • (100) (OE 0) { £'-£2·0) 

r'f.-;; (010) 1 . 

r't_t; ( 110) 

E.tt (001) 
!I't.t (001) 

( ~""£"" o: ( £~2..00J 

{ £ 00) (0 £1>) 

(00 E:1 ) (00 £jfl_) 

cool> cool'-> 

E = 
. :ti, e t.-y-

Atoms 

4 5 r6 . 

(120) (210) ( 110) 

(100) (010) (110) . 

(001) (001) (001) 

(100) (010) (110) 

(Q01) (001) (001) 

(120) ... (210) (110) 

(100). Coi"'o) ( 'i•'l.i_•2.. 0 

(100) Col 0) ( £"?2. 0 

(010) (Z1t-E•O 
. . ·. ( c:~2.00) 

( 110) ( £ 00) colio) 

(001) (00£~ (00£~) 

(001) (00 t:.) ( 00 £2.) 

(100) · Coi:"o~ . (f."~E~) 

(100) (0 c. 0) c e'-ll. oj 

{010) { £itc""O) ( £*' 00) 

(110) ( l!.. 00) (Oc'-o) . 

{001) {00 €It) (00£'"~) 

(001 ). (00£ ) (OOl') 

From Table 3 it is seen that in case a given IRS occurs in 
the magnetic expansion n times·, by ranning over different fi-' 
xed indices we obtain n different basis vectors of the given 
representation. By comparing the obtained modes with earlier 
listed 8 models of magnetic structures o.f co~pounds ReMn0

3 
one can see that all of them follow from the basis vectors 
of IRS, r1 , r

2 
, r

3
, and· , 4 • 
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Table 4 

Models of the Magne~ic Structure 
-

component I 2 3 4 5 6 7 8 

s~.y I '¥3 'I' r4 l 'l',-2. 'I' ,.1 I 'Pr 3 q,14 I 'I' r 2 'I' r1 

sz II 'l'r2 U 'l,72 II 'l' 's II q,r3 II q,r3 II IJlr 3 IIq,r 2 II 'Pr 2 

Models 1-4 proposed by experimental observations and mo
dels which result from mixing of I with 2 or 3 with 4 are des
cribed, as is clear from Table 4, by more than one IRS. It is 
just this that has initiated the detailed symmetric analysis 
of hexagonal perovskites. 

As a rule, the fact of participation' of several IRS in the 
magnetic transition points to a complicated nature of this. 
transition. The_connection between IRS describing the magne~. 
tic structure gives us an information on physical features 
of the paramagnetic state. 

Thus, for instance, 2 IRS describing the magnetic structure 
can belong to one exchange multiplet, and their simultaneous 
participation in the magnetic·transition signifies that after 
splitting the multiplet by the crystal anisotr~py the corres
ponding levels turn out to be weakly splitted 4 /_ 

Another reason_ of the participation of ·two IRS in the mae
netic transition may be their attendance / 5,rl/ which points 
to the interaction of two parameters of the transition. 

And finally, if the structure of the paramagnetic phase is 
a_ weakly-distorted version of a certain highly symmetric struc
ture, then on the basis of the symmetry group of this highly 
symmetric phase in describing the magnetic structure we may 
arrive at the case of one IRS / 5/. 

What magnetic multiplets are possible is defined (in accor
dance with /41 by the expansion of the magnetic representation. 
in the irreducible representation .of the exchange group (IRE). 

· oy -means of the formula · 
d1t ~ v kv , 

M = ,<, Dp ( d p x V ) , (2. 7) 
,. V 

where dKf xV' is the IRE written as a direct product of the 
permutation representation d\f by representation V'; V'is the 
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representation by which a pseudovector is transformed, n; 
defines the decomposition of the permutation representation 
over IRS and simultaneously the decomposition of di over IRE. 
The representation dkfxV' is irreducible for the exchange 
group but its restriction; on the space group may be reducible. 
The expansion 

➔ 

dkv xV' = !. t dkµ 
p µ µ 

{2.8) 

where 

r µv = 1 I, jv-(g) x*k"(g) (1 + 2cos¢ ) , (2. 9) 
n ('~) gG,G~ n 

(1+ 2cos¢n) is thekcharacter of the representation V'. Numbers 
r ~ define the composition of a' given magnetic multiplet. The 
calculation is performed for hexagonal perovskites in the 
groug c:v (positions 3c) ) and it shows that 

dk11= r xV'er xV'er xV'er xV', (2 IQ) 
M 1 4 5 6 • 

i.e., there appear four exchange multiplets with the following 
composition 

r 
1 

x V' = r
2 

er 
5 

, r 
4 

x. V' = r 3 e r 6 , r x V ' = r e r er e r , 
5 · 1 2 5 6 

r
6

+V'= r
3
e,

4
er

5
er6 • . (2. I l) 

From (2.11), it is seen that the rerresentations, whi'ch occur 
several times "in the expansion of d M• enter into different 
multiplets (for instance, one r 2 into r5 x V ', another into 
r1 xV' ). In the case of ReMn0 3 (C:v,(3c)) the permutation 
expansion contains the following basis vectors: 

Table 5 

Atomic number in the primitive 
C e 1 1 

Basia 
vector 

1 ---------------...,....------------I l . I 2 3 I 4 I 5 6 

~ 'i; 1 1 1 1 1 1 
,,,_.-- ----- ---- ---~- h 

-1 1-.1 -1 . 'f::, . 1 1 L 

. '-'1 'i 'Ii- · 1 -- --
€ 

f:2.· ... -1 -E, -£:2.. 
1 e- £*'- ·-1 -c* - E"2. 

'f-'f~ 1 £ . £2... 1 E £2-

'e..~ i E* £*'-· 1 1;>'f· £"'2... 
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The.multiplet r1 xV' describes the structur'e which may be writ-
. h f ➔ ➔ ➔ ➔. ➔ ➔ F •. ten in t e orm ·s1 =·si, ·s2 = ·s 5 , ·ss = ·s6 • rom repeating repre-

sentations of r2 on y the basis function, 11 '1' 72 · describes such 
~ s:ructure. From Table 3 for IRS r 1 , r 2 , rs , r 4 and Table -5 
it is seen that: 

Basis vector 

Magnetic 
Multip_let 

Table 6 

tprl I'Pr2 n'l'r2 Iq,rs II q,rs 

r
5
xV' r

5
xV' r

1
xV' r

6
xV' r4 xV' 

lp T 4 ·• 

r6 x V' 

From Tables 4 and 6 it is easily seen that ~11 the-8 listed 
models of. the magnetic structure are described by rep_resen
tations entering into two- different multiplets.·Also it is 
clear that the mixing of S x,y components of models I with 2 
and 3 with 4 leaves the structure in the initial multiplet. 
The analysis performed shows that the existence of exchange 
multiplets cannot be the reason for simultaneous appearance 
of the components S and S in the family of hexagonal perov-x y z . 
skites. '. 

A second possibility to understand this experimental fact 
comes from the relation of attendanceltl{When the transition, 
structure or magnetic, proceeds over two IRS T1 and r2 and 
the first-of them leads to the group'G1 ,while the second to 
the group'G2 , where 'G 1 is a. subgroup of 'G2 , the representation 
r1 is relevant while r2 is attendant~ It is seen_ that the ad
dition of r2 ·does not contradict the symmetry established 
after transition. In the case of models of the magnetic struc
ture of hexagonal perovskites proposed by experimentators the 

_ symmetry of the component Sx,y is described by one magnetic 
group of the family of space group Cs -; and the component S , 
by another group of the same family f:epresentations r , : , 
rs , r

4 
are one-dimensional). This means that they are1not 2 

connected by the relation group-subgroup. The simultaneous ap-
. pearance of components Sx Y and S z cannot be explained by the
attendance of representations. This is possible for models 5 
and 7 which are described by one IRS and one magnetic group. 
From the above it is seen that only two of 8 models, just tho
se not proposed by experimentalists, can be explained on the 
basis of paramainetic group c:. 1~. Structure data (proximity 
of running ~arameters to "gooi' values) indicates that the 
st:ucture C6 v can be considered as a weak deformation of acer
tain highly symmetric structure. The search of this structure 

·and analysis of possible structure and magnetic transitions 
will be published elsewhere. 

8 

REFERENCES 

I. Izyumov Yu.A., Naish V.E. J.Magn.Mgn.Mat., 1979, 12, 
p. 293. 

2. Izymov Yu.A., Naish V.E., Syromiatnikov V.N. J.Magn.Magn. 
Mat., 1979, 12, p. 249. 

3. Izyumov Yu.A., Naish V.E., Petrov S.B. J.Magn.Magn.Mat., 
1979, 13, p, 267. 

4. Izyumov Yu.A., Naish V.E., Petrov S.B. J,Magn.Magn.Mat., 
1979, 13, p. 275. 

5, Naish V.E., Syromiatnikov V.N. Fizika Metallow i Metalo-
viedienie, 1979, 48, p. 1138 (in Russian).• 

6. Yakel H.L. et al. Acta Cryst"., 1963, 16~ p. 848. 
7, Koehler w.c. et al. Phys.Lett., 1964, 9, p. 93, 
8, Bertaut E.F. Phys.Lett., 1965, 19, p. 455. 
9. Bertaut E.F., Pauthenet R. Phys.Lett., 1965, 18, p. 13. 

JO. Pauthenet R., Veyret C. J,Physique, 1970, 31, p. 65. 
JI. Izyumov Yu.A., Naish V.E. Syromiatnikov V.N. Kristallogra

fia, 1979, 24, p. 1°115 (in Russian). 
12. Kovalev O.V. "Irreducible Representations of the Space 

Groups". Gordon and Breach, New York, 1965. 

Received by Publishing Department 
on June· 26 1981. · 

9 


