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algebra,' is< widely applied 

of angular ~::omentum, or ~!igner-Racah 
.t. '. 

in the atomic pnd nuclear spec-

troscopy, as well -as in the solid :Jtate spectroscopy. The 

basic elements o.f this powerfui mathematical apparatus are the 

Clebsch-Gordan (or l''igner) and R~~ah c;,efficients (in· the symmet-

rized form known as 3~, 6j-,9j -symbols, etc,),al~o the 

isoscalar factors · and the coefficients of <fractional parentage 

(see,e.g.,-[1:-6] and the references given there}.In the laRt 

10-15 y~ars the magnetic or Sh~bni<kov groups {1-10] as well 

as other types of colour ~ro,_;ps [10-12] · are often used. in th~-

investigation of paramagnetic and magnetically ·ordered crystals. 

The.operator of time rev~rsal~ which is an element of the 
., 

so-called ngrey" shubnikov groups or it is contained in the . " ~ 

black-white- Shubnikov groups only in a combination with a 

siffimetry operator,is . an ant~unitary ele!'lent~ The theory 
., ·.: 

of the so-called Nigner corepresentations(not·the theory 

of the ordinarx;re~rese?tatio_ns) __ ~s va!id for· th§! .anti unitary 

groups (groups of unitary and antiunitary elementsl[l,B,13l. 

The main theorems of the repr~s~ntatlon theory and the a~gebra, 

of,Wigner:-Racah cannn~ be_ appljed automatically ·to_the systems 
. . . .. .'-

with antiunitary syminet~Y. because tl)ere is no homomorphism 

between the antiunitary ·~roups and their· coreprese~tations, 

The theory of corepresentatiomis developed in close analogy 

with the theory of the ordinary repres,entations in a number 

of pap~rs {seeJe.g.1 {8,<14-18]). In par.ti~ular the orthogonality 

relations an~ Clebsc~-Gordan coefficients (CGC) for the ·'corepresen-
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tations, the projection operators and two forms of the genera

lization of Wigner-Eckart theorem are given in.[15,16). Using the 

generalized Schur lemma [14], the generalization of the well-

-known Racah lemma'[23], which gives the relation between the 

CGC -for the corepresentations of a group and _its antiunitary 

subgroups, is. disc~ssed in {17,18]. The main difference, 

for the corepresentatimcase, is that the corresponding isoscalar . . 

factors should be real. On the bases of the generalized Racah· 

lemma an effective method for the calculation of the CGC for 

the corepresentations of antiunitary Shubnikov groups is 

proposed iii .[ 17, 18}, a·~d . the CGC for. the single anti double 

valued coreprese~tations of the 90 antiunitary .Shubnikov point 

groups are calculated .and" tabulated in [19-2,2], for even 
. l ~ 

(in respect to space inversion) , as well as for odd basic 

functions [2~]. ~ne. of the ~dvantages ··of this rnEfuod and the 

tables is that the CGC are correlated (by Rac~h lamrna) 

for the diffe~~nt point groups. as. well as with the Wigner 

coefficients. 

In this paper, the isoscalar factors for the corepresenta-

tions of antiunitary group-subgroup chains are discussed 

on the b~ses of [ 17, 19)~ ~nd al~o ~he <:omplete tables of . the iso-
' . - f 

scalar factors for the cubi<:. magnetic point groups are'given. 
' ,, 

2. !~2~£~12r_!2£!2r~_!gr_!~£-£2!~E!~~~n!2!!£n~· 

The isoscalar ·factors . (IF) relate the CGC. f~r the 

representa'tions of a group and its ·subgroups. · The: IF appear 

most naturally in the lemma ·of Ra~ah l_23} (see also (26 1 25]), 

The IF for the crystallographic g'roups are applj ed for th.e 

calculations of the CGC for point groups (26,27] and in the 

crystal field theory [28,29). 

As has been shown in [ 17 1 1 8] 1 Racah lemma' is valid 

for the corepresentations of the antiunitary ·groups; but·the 
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IF should be real (it follows from the generalization of Schur 

lemma). The generalized le=a of Raca.~ can be w~:~ten in a 

matrix form as follows: 
~ ,. ·~ . .. 

( E9 u (34 ~z) · ud, ~J ()(,«; r~ 
~~ , 
/bzE11." : . . · • 1 -:· · 

(1) 

where 

u OCrc£
2 .=~s~-s~2r' Lf;«~~?~~) , '. ,· 

. (2} 
~ i 

()('d2)-~ = 
rJ x«,ot ... 
. · r tf,«z . 

matrices U · · ln The unitary 

(3) 

U(5~ ~2 . 
(2h.and · in(1J 

reduce the. r<ronecker produ~_ts of corepresentations Dc{1 x od:z. 

of the ant:l.unitary groups. A ,and .r:/'4 ·x. 0~2 , of its antiunitary 

subgroup BcA, i.e., their matrix elements are the corresponding 

CGC for the corepresentationsof A and BCA: 

~~ - ~·· 
. Ua~a.z ~ O(~Q = f (,\1 al ,li2Cl..? t C( tlP 1 '.:. ~ 

ff{;-" ~--~- ,-- :.: 0 
.•• ' ·_ 

uB: 6:, /3~8 S: r f->1 Bf' (32 ~ I f3 r~B J 

{4·) 
• ,! 

(5}' 

The. indices a and b numera.te the basic func~i~n~.Jo<a> 
and I f-'bJ of 1the core~r.~s'entations. De{ and D~ 1 and the ;eduction. 

multiplicity indic~~ r-;:=1, ~ •• ,(~f.~.troo .and rr1, ... ,(p-t~21(b} 
nume'rate the repeated equivalent c~representations D oCr" 

{h d • ;,{·. .. 13 ;\- ·u~.;~ · ·· 
and D fi in o "x o -z arid DP.f x o .:oz. How!:ver; 'all ;U;•d;;~J.. 

are chosen· in such a way that_ the 'matri~es 6£. theiequivalerit ·d 

corepresentations identically coincide for all r; 

D j!T,' ··.' D.il ... (8J = .. (3}-

and ft•&(j~: 

. : • .',: (6} 

From (6}' it follows that:so(~ =Sd ,where the unitary 

matrices 

sci=f s:.~s11g.J;=J{c:<!tJd~~,~JJ (?} 

are the so-called sUbduction matrices~ Tiiey transform the 
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basic :functions 1 oc,a )'. of. DO( into Jal;f>Sp8) ... in such a way that . 

the transformed function is also a basic funt:tion for the 

corepresentatfon·s 1)& of Ii .c: A, The corepresantati<:m D~. in the 

new·base is-equivalent ton«, and its subduction to B-=A, 

has a block diagonal form 

i/IB =({S~f1D~S~c*1JfB =~ DfJs~>. {a) 

. . . ~ . 
The subduction multiplicity index :.sf.> =1, , , , , (o</fl) 

nUn!erates the equivalent corepresentations ofb, The matrices 
. Of. . . . , •• s are such, that · 

. 
.D'-'s~(~·)·. D{j(g') .,.. C9l 

.. . }), • . . . . ~udfc(J. ·. . . 
for all sp , 1 ~ a·nd g'6 B<i:A, The matrix , contains cc-,c 

for the ;roup A in th~ riew base la'i. f.'i S~ ei) , i.e., ai· are 

replaced by f.>, sP.· C, -. = , ·~ ..,, 

u~~g P. SA s1·.~.,.~.~s~C ·. f~As~S, ·~P.z~~ }Oir;,¥s;JJ.· . '(10) 
n lj I .2 li· I _. , . , 

The direct sum of 

U~f~.? . 1!. 13.· 
the ·l,h.s, of eq. (1) consists of 

. for all o~' x D ~ 1 . "«, d.2 which are contained in D x D , and 

U~.~,,~zsf!. u· (3,{32 
:z = . 1 as it follows from eq, (9). 

xd,dz 
.. , ·The IF are ·the matrix elements of the matrix 

.. ~: -: ·, 

which ~re.def:~"ed by the foll~l~~ equation: 
·::.~.~, -~~ J ·-~l r ': .. _1.,,~ ··• .~"'t:Cf ... ·· .;. ;;~, ... · ...... - ·.r::t·: 

(!i,p,~.~-~51ifo.~l!oc~I'>~~)~~~B~;;sji:f~.A.pz~lfo~gJ:ra,~,~&;~~~~'f~p~BL~11 .>,: 
.- . , 2 x«;rt1 . . . 
Obvious~y,·• the 'matrix o · iSYdia:gonal for ·the' indices 

. · · . - 'l!ri.IIX.zfoB ;ycl,d.f> . 
•,Jb;<md b, al)d it consists of 'submatrices•·/' =r- - . They.<· 

:do not ·depend ·on ·the indices b, L e. 1 on the ·explicit form of 

the ·o/!1 b~se. In· the. case -o·f ·corepresentations ·the matrix 

Xd 1rx2 . • . Xci!X.J. . . has only real matrix elemepts, .i.e., . is an ortho-

gonal matrix; or it is a ·direct sum of orthogonal submatrice'S 

'1-~ctiifJ, ·xt<(ctif-'*-:-1 (ii,~4\:ct1~i·s~;~_.r,& u~-ro(~sf.>) ·JJ·:.: ~ ''( 12) 

lt-

_The orthogonality relatlons. for the IF for the corep.:. · 

resentations [11] follow from the orthogonality of the submatr:l.ces 

X
. rhri (). . . . . . 

• 2[ by raws and columns which are numera~ed correspondingly 

by the indices f-'i?.~S,,a ~-. and . « T,(S.6 ~ 

. f13J 

fi(~P.1,·~~~;f-~l«~,Sf)~~~~~2~;~~Jld'~ps~)=~·{t;t.~.6~·# 
~ . 

(141 

L fafA~.ajp.,s~ •!"P ilatJ~s~}(a.~;s~.~~;~~, ;{&"; ff~tt;t!)~) = 
~~ . . .~ ' 

. = ;,. It' s. "" 3. • $_ . ~ d. .... . 
r•"i ~1::2" ~~· ~~- ,.,..,,. • . . .· 

Using the symmetry relations for the CG~ accepted .in (i8} 

. . . . . . j(lJ+/@,;)-/{11~ . . .. . . . 
Fft2 ;·.At~ lll)fl =(-t J · 11,~.J1..,~ l.h]fl, {15} 

and eq~ (TH, the symmetry· relatlons for the IIi' can be found: · 

(~fo.zSp2.d#f31SI\ ;fo~.U~'tj~Sp) -

.=(-f_)_ifi,J+)(cf.,. )-J{otllt-1)· ifAH·J.;(~)~j(~~~As f'f.~s. ·.a_·_~· ;t~X'_r ~~_)::_· ·. ·. 
, · · .. . . _. . , •··. . . · \"tr-t ~7r2 ~·r '6." ~:y- "fl · {.16.) 

. r·, 

Here j<Ji is ,the so-called·"quas.imoment" of ·the.corepre

sentationsJ)}(see also [19-,24,.26] for more details) .• 

· . The IF can be calculated using ,the system of .equations 

f (djA!iJ,.~P.t~~;~Tf)JdT.t~S_.),('I'1 ,51s;,.~~.l~~;~#OI17;{.(3s;) = ·. · ,·. • .. 
_r- .[J; ft,~sp,B,,<Mz7&}~/ttfct~S,g ].[Lt,,4~4~P.tS~:~J«'~fo;;CJ~ H?) 

and the orthogonality_ relations f14~('t3l. · · 

·In a number .of cases, an amb.iguit:y exists :!,n the.· 

solutions of (17) 1 which can be used for a .better. correlation 

between the CGC ·for the.cor;epresentations.of-the_groups 

A and Bc:A~ 

We shall stress on a-very useful-property of IF, Let 

us consider the -chain of antiunitary· subgroups A:>B::.C, _The. 

IF matrix X:;Z" for the transition£~-~ ·to Cc:A __ can be 

.5 



exprepsed,by the Xd,d2 xf>,/!J2 corresponding IF matrices,. BC:II and l!c:B 
for, the trans:!, tions; from _A to Be A ·-and from B to CcB, For 

the~r submatrices it can be.wri~ten symbolically as-

Xd,d_.f ~ ;(~.tJ .. r vd·fi~/3 
Cc:./1 Cc.B ~Bc:.A ( 18) 

The precise expression. in matrix form .can. be. found· 
t;_ . - . - .,. ::: .·. . ··:·· ...... 

by the double use ofeqs.(1) and '(2), but is quite complicate<" 

and it is not convenient for·practical application, For the 

corresponding m~_t~ix ele!llents .( i, e. ! the_ .JF;l; tqe following 

simple relation can be derived: 

:(d,l~s",r,s~, ·1>~ ... st1 t;sh; rrr 'II d,t..As/t~r)

=I(p,y.s!t,f3.t~s~;tr,lf1jir~J(~~~ •. ~~~;~~ J/ti~~sti) ~ {J9) 

{' ·using thj 3 equatimwe can considerably decrease the 

volume ... of the calculations of the IF, for a given·' set' of. sub-

groups (see t~e next section), 

·:t. " ' . ··e-

The IF are most often applied in the.' calculation 

of the CGC Of a given group Q.y .the.'.c(:;{;·, pf :lts. ~ubc}i~up -~} '', 

supergroup~ With ~he help .;{·,,IF we ~~ve c~lc~lated the CG~ffB-:23] 
£:or. tpe corepresentations.,of. a11 90·;antiunitary 1Shlibriikov point 

groups, starting with. the CGC .for. the•corepresentations·of 

their COJ!U!!on ·supergroup $0(3)®_@. (they coincitle with the well-known 
; ·~ 

Wigner coefficil=nts), · As• another importarit''ap~Hcn\'i~n of the·;) 

IF, we shall' mention the · rel'atidn bet,;,~em the 'reduc~d mat~rix 
elements of quantum mechanical operators, whose symmetry is 

described by the. groups ·A. and ~A- (see [25, 28-39)> • 

3; !~2~£~1~E-E~£~2E§_f2E~£~e!£_~~g~~~!£_SE2~E§ 

It is known that 90 antiunitary magnetic poin~ groups 
:, 

are subgroups of the full orthogonal group 0(3) supplemented 

with the operator-of tiit;e'reversal 9, Thecalcul~tio~s of the 
' ' . ., . ' ~ .. 

. IF for the cor'ep'resen.tationi;( of these groups can be carreid 

cutusi'ng the c;:hain of subgroups of _the typeA:>B::>C, where 

A=0(3)se, !l=Oh e 8 or o 6h 1!18, As -it has been shown in f17-19l, 

the CGC for 0(3) 1!1 e coincide with the Wigne:i: 1coefficlents.- i.e., 

r «,a.~.;a .. az Ja~a J =li,rrr1,j2 m2/j1 m J ::= (J,m, .Jzm.<>J Jrrt) . (20) 

In this paper we have calcUlated the IF for t~e 10. 

antiunitary cubic magnetic point groups, which are.distributed 

into the following isomorphic sets:· 

_oh e 9 = o e a e ci 

o e et,ar Td e e ar oh (O)·-!::: _oh (Tdl 

Th 1!1 9 = T 1!1 9 1!1 Ci 

T ill ·a !it Th {T) 

Oh(Th) = O(T) 1!1 Ci 

O{T) ~ Td (T) 

- .·· ~.:.,...,:--: 

(21) 

The corepresetitations D~±6f the centrosynurletrical'groups 

G 1!1 Ci are expressed by the corepresentations- of& of G(see ' 

(18-19]>, The. corepresentations oi the isomorphic groups are 

equivalent :and their matrices can be chos_en in such a way 

'that they coincide identically> Consequently their IF will· 

also coincide and it is'sufffcient' to:calculate the. IF for 
·,·. 

the chains:· . ~ ' ~ 

so~J~&:::.'ome g ~~> .. (22) 
'•..l' ''"', ~ 

lqe have calculated all IF for-single· and double-valued corepre

sentations, which are contained in th~- matrices":' ;---
~~ . . . - . '· .'L 

J:. ~OI!IOC:S0(3)ao)_;j~ 1 j 2=1/2,1,. 3/2 1 2'1 5/2,.3 :'- :Table-.1. 

. X'~fieoc.o~l - Table 2, 
,•.-

. yp,~z. .... 
1\ (O(T) COeO) - Table 3; 

.• · 
Using eq~ (19') and Table 1+3, the matrices 
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xJfb (h0~S0(3) lile> 
' . J ' ' 

X~'-~ (O(T)cS0(3) 181 9) 

can be calculated easily, but because of the vollll'le,such tables 

are not publicated here, 

We have prepared a programme for the cQIT'.putation of 

the· IF- on Fortran-IV. ~Tigner coefficients (20) are taken from 

{4}, The matrices Sj, eq, (7), for 01819 and '1:'1819 are taken from 

[24], while for O(T) we have calculated in [1"9}, 

For a more convenient use of the tables of IF we have 

also given a compati~ility table (Tal:ile 4) and multiplication 

tables for the coreps (Tables 5-7), 

The IF in the tables are given in'the form of a decimal 

fraction, with 8 figures after the decimiil point·, The decimal 

pointand the zero. of the integers are not printed, we have 

also tabulated some_ "acc:l,dent'~- zeroes, . and ih this case only 

the figure"o"is printed, Tpe sign" - " !!leans that IF is nega

tiv(l~,TJ:te change in-thE'l,sign oX the.IF after the transition 

ot1 J2~ot2 «1 is indicated by., an., asterisk·· after the_ decimal-:· frac

tion. 

ror every couple of corepresentations clft
2 

the 

' ' "'rltriJfJ nonzero IF are tabulated into columns hy submatriceS' ~v· · , 
In every column under the row with-«, ')(0(-l. • and {';,the 

indices of the IF in the following manner are given1 

o(~ ~ dz 
1.'1':;_;···, 

ltb 
fo,SpJ~2 Sp" ~ dT.tS11 .. I (a,·p,s11 iltP:A~";f3rts /(tkroLps£1) 

--~or example in Table 1 we can find 

B=6 2 X 3/2 

31811 7/211 - 77459667 * 
whi.ch means 

(231, 3/281_;61 q 7/2161) (3/281, 231 ;61 n 7/2161) 

o. 77459667 ' 

8\· 

-~ 

),I 
!I 

1,, 

I• 
·I, 

i 
) 

( 

~ 
T 

The giveri .tables have been used for the examination of 

the tables.of CGC for:.the.coreps of--the cubic groups~ calcu

--lated in !19] by hand, 

.·.l 

TABLE 1; Isosclar factors from S0(3)se to_ose, _Tdse, Oh(O) and Oh(Tdl 

tQx'l/2 ". · 
61611 011 

: 1/2x1/2 • 
61611·111 

1xW - · 
41611 -\Q11 

1x1/2 
41611 ¥211 
1xl ·· 

41411 011 
1x1 

- A1411 211 
.. 1x1 
41411 '111 
lxf -

41411 21.1 
¥2x1/2 . 
81611'<211 
¥2x1/2 _. 
81611 111 
~x'l/2 
81611 '211 
:y.!x1 · 
81411 1/211 
~x1 
81411: r$211 
~x1 · 
81411 ¥211 
81411 $211 
81412 ¥211 
81412 $211 
~x¥2' . 
81811 011 
~x:y.! 
81811 311 
:¥2x¥2 
81811 211 
:}Qx¥2 
81811: 111 
81811 '311 
81812i.111 
81812 ': !311 
¥2x¥2- . 
81811 211 
81811 •'311 
81812 '211 
9.1812: .··311 
ix'l/2 · 

51611 $211 
2x1/2 

31611 ¥211 
31611 $211' 
51611 :}211 

B=1 S161l' ~11' 
1 · 2x1 -· 

B=_4. 51411 311 
- . 1 · · 2x1 
.; B=6 . 51411 211 

1 ~x1 · 

6324555Jit ' 51511 411 
!3=2 · '· 2x2 

1 31511.,,. 211 
B=3 31511 311 
i 31511 411 

0 
B=S 

B=8 31 411 111 
1 31411,'311 

3,;,4 51511'. 211 
. 632455s3 ·51511 . 311 

53452254 
_;;70710678H 

4629i013 
65465368 
0 

B'=l- 51411 · 111 
1 ' ' . 51411 311 

B=3 2x1· 
-1 ·31411 
B=4 '•-314.11 

1 5141~. 
B=S' 51411 

1 ·2x:y.!. 
B=3 31811. 

1 31811. 
B=4. 51811 

1 51811 
fl=S ' 2x:}2 

211 
311 
211 
311 

'11211 
7/.211 
1,1211 

'7/.211 

1 31811': $211 
·B=6 ·31811. 7/.211 

1 :, 51811 $211 
B=1 51811' 7/.211 

1 ·• 2x:y.! 
B=B 31811 :}211 
1' 31811''$211 
0 31.811' 7/.211 
0 51811 ¥211 
1 stan_ !/.211 

B=1 518J] .. 7/.211 
1 51812 :}211 

B=2 51812 . ~11 
1 51812: ''V-!11 

B=3 2x2 · 
1 31311 

B=4 31311 
1 51511 
0 51511 
0 '2x2 
1 ' 31311 

B=S '2x2 

011 
411 
011 

;411 

311 

1 313fl 211 
0 31311 411 
0 1 515l1.- '211 
1 51511' i •411 

B=7 2x2 '' · 
' . 1 : " ,. ' 31 511 -;111 

'B=B _._-;: 31511 311 
. 63245553 31511 <'4,11 
-7745966_7H- '5•15'1:1':•' ~111 

77459667 51511 .311' 

t•• 
9 

77459667 51511. 411 
~ 77 459667 !¥2x1/2 

-63245553 -71611 311 
B=S . . !/.!xW 
'81649658 81611- 211 
57735027~ !/.!x'l/2 
57735027 '81611,.·311 

-81649658~ $2x1/.2: 

-75592891 
B=2 

1· 
B=3' 
1~ 

.B=4 
-1* 

·B=S 
B=6' 71611. 
~3245554 'j1611 

~77459667~ 81611 
'77459667 81611 

211' ;_74535599 
311 , 66666667H 
211 -66666667H 
311 ·-74535559 

63245554H $2x1 
B=1 .. . 81 411 7/.211 . 

92582010 · $2x1 
'37796447H- ''7.1411 $211 

37796447 '71411. . .7/.211 
-92582010* '81411. ·!/.211 
B=B '., . 81'411. 7/.211 
63245554 '.~x·l 

,'4140)933H . 71.411 . ;Y<!11 
654653.67 c1l4.11. ':(.211 

. '7745966'7" . 7141.1.. '7/.211 
. -3380617)* : 81411.'' :}211 

:. -~3452248 ~~~~L ~~~ 
. 84515426 81412- '¥211 

53452248H 81412 $211 
a=i . 81412. 7/.211 

63245551 · !/.!x¥2. 
77459672' ~8181~ ' 411 
17459672: !/.!X~ .. ~ 

_.::(j3245551 . · l!Hl11 . .'311 
B=2 · $2x:}2 
'1''- . : '71811' 211 
B;;3 . ~ :• . 718i 1 :::411-
~75592889' '81811 ,.211 
65465371' 81811r,,411 
65465371 ~x¥2 , 

-75592889 ·"71811' '"-111· 
:a=4 • '- · 71Bff~:'·311 

63245552 ' 71811 ,: 411 
'-131622782° 81811 ,··~111 

7071Q678H ··81811' ":311-
44721364 ·, 8f811 : .-.411 
89442708 81812 111 

B=6 
'1 

.B=1 
,48795004 

-87287158H 
:_87287158H 
-48795004 

·B=B •. 
'5773502'7 
61721340H 

-53452248 ' 
81649658tt 

-43643578. 
377964471f 
0, ' : ' 
65465367H 

'7559282'5_, 
B=1 •. · · 
-1* 
Bic2 
-11~ 

tl.;,3 • 
, 84515426~ 
-53452248. 
-53452248 
84515426 

B=4 
'57735027' 

..!:70710678 
'-40824830,; 
..:81649658* 
;_50000000* 
-2986751:3· 

0 



: 51812 
51812 
51812 
51812 
51 S12 

3x2 
51511 

3x2 
41511 

3x2 
21311 
21311 
21311 
41511 
41511 
41511 
51511 
51511 
51511 

3x2 

Y-!11 
~11 
7/.l11 . 
~11 
~12 

411 

311 

211 
411 

. 511 
':?.11 
411 
511 
211 
411 
511 

21511 111 
21511 311 
21511 411 
21511 511 
21511 512 
41311 111 
41311 311 
41311 411 
41311 511 
41311 512 
41511 111 
41511 311 
41511 411 
41511 511 
41511 512 
51311 111 
51311 311 
51311 411 
5131t 511 
51311 512 

( 51511: 111 
51511. 311 
51511 . 411 
51511. 511 
51511 512 

3x2 
41311' ·21.1 

'41311. '311-· 
'.41311 411 

41311 511 
. 41511 211 

41511 311 
41511 . 411 

-41511 • 511 
51511 211' 
51511 . 311 

81812 ·311 
.· 81812 411 
~x:l/2 .. , -

·71811 211 
71811 . 311 

. 7181_1' '_411' 

Y. 

0 51511 
-66815311M 51511 
-30860676 3x~ 

411 
511 

-66143783H 21711 -1/.l11 
-14433760M 21711. 7/.l11 
B=1 21711 ~11 
-1* 21711 11/.lll 
8=2 41811 1/.l11 
-1* 41811 7/.l11 
B=3 41811 ~·11 
-59761431H- 41811 11/.l11 

58554004* 51711 'V211 
-54772256 51711 7/.l11 
-32732683 51711 ~11 
-80178373 51711 11/.!11 
-5000000~ 51311 1/.l11 
73192506~ 51811 7/.l11 
11952286* 51811 ~11 

--67082040 51811 11/211 
B=4 . 3x~. 

' 37796447 41711' ~11 
-57735027 -.41711 7/.l11 
-4472136~ 41711 11/.l11 
-547722'56 41811 ~11 

15430335 41811' ·7/.l11 
50709255 '41811 11P.11 
51639778 51811 ~11 

·o 51811 lQ11 
0 51811 11/.l11 
69006556 ·3x~ 
41403933 21811 
15811389 21811. 
61237243ft. 21811 

-50000000 21811-
-42257712 21811 
37796447~ 21811 

.-57735027* 21811 
44721360 41711 
54772256~ 41711 
15430335* 41711 

.. ~53452248* 41711 
-:-20412415* 41711 

47434165 41711 
-38729834~ 41711 

545544731. 41811 
B=S 41811 
26726124 41811 

-57735027* 41811 
65465367 41811 
40824829~to 41811 

. 75592894 41811 
20412415~to .41812 
23145503 41812 

~5773So27~t- 41812 
0 • 41812 
'~9056941 .418~2 

Y-!11 
~11 
7/.l11 
~11 
~12 

11/211 
11/212 
Y-!11 
~11 
7/.l11 
~11 
9-212 

11/211 
tv.! 12 
,'/.!11 
~11 
7/.l11 

- ~.11 
~,2 

1V211 
11/.l12 
l-211 
~11 
lQ11 
~11 
~12 

-sooooooox 81811 -_ on 
86602541. 81811 4_11. 

-"8=5- . ~X~ _ 

- 28171808: 'lltlt11 :'311 
-5270462Sft ~X~ 
-~80178373~ ~1811 211 

41833002 H-
44721360 

B=6 
37796447 
66666667* 

-3.1782086 
55829053~to 

-65465367H-
57735027 

C..27524094H
. -40291148 

-43643578* 
19245009 
73397585* 
48349378 

-48795004 
-43033148H 
-53339646 

540562481. 
a=7 
.79681908 

-37796447* 
..:47140452~to 
08908708~ 
84515426 -
52704628. 
59761431 

. 37796447* 

..;70710678~ 
8=8 
-37796447~ . 

46291005 
25197632* 
42766860 
35176324 
52223297* 
0 . 

.,-46291005' 
-P62994o'8~ 
-15430335' 
-60436722H> 
-10772873-IP 

49746834 
22473329 
46291005-tt 
50395262. 
15430335Ho 
04029114 

-43082021 
07106691~ 
561833211. 
0 - . -

-25197634tio- . 
.462o1005 .. : 
-28203804H 

5539117211> 

81649652·-
57735021, 

8=2 
1.· . 

8=3-
,34503274H 

10. 

41812 
41812 
51711 
51711 
51711 
51711 
517.11 
51711 
51711 
51811 
51811 
51811 
51811 
51811 
51811 
51811 
51812 
51812 
51812 
51812 
51812 
51812 
51812 

3x3 
21211 
21211 
21211 
41411 
41411 
41411 
S1511 
51511 
51511 

3Y.3 
41511 
41511 
3x3-

41411 
41411 
41411 

-- 41 411 
41511 
41511 
41511 
41511 
51511-
51511 
51511 
51511 

3x3 
21511 
21511 -
21511 
21511 
21511 
21511 

51611 
· 3x1_ 
41411 

3x1 
51411 
.. Jxl 

:,..'• 

11/.l11 -14213381' 
11/.l12 56183323 
3/2.11 -34503278~' 
5/711 42257713 
7/211 -57505463~ 
9/211 -03003125' 
9/212 22936745 

11/.l11 -4767313019 
11 /.l.12 · • 30151135H 
3/211 55634864·' 
5/211 104828A919 
7/211 ~32q10304 

9/211 -26446928* 
9/212' 4~36420219 

11/.l11 20695934 
11/.l12 -09349470 
3/211 0 
5/211 55717103 
7/211 48606968fto 
9/211 -:-5-4156294. 
9/212 - 05120921 
n1211 --42946544* 
11/212- 4674735-0H-

.011 
1111 
611 
C'l11 
411 
611 
011 
411 
611 

311 
611 

'211 
411-
511 
611 

'211 
'411 

. 511 
611 
211 
-111 

.511 
611 

111 . 
- 3ll 
'411 
:.s-11 

-.· 
512 
611 

.7/.l11 

!3=1 
37796447 

~73854895' 
55829053' 
65465367 
63960214 
40291148. 
65465367 

-21320072 
-72524068. 
!3=2·' 
-70710678!1 

707.10678:. 
!l=J' ' 

53452248 ; 
38223540 
0 
75377836 

-59761431* 
17091\0!'_6H 

'70710678 
3370999411>' 
0 
89188258-.
o 
~45226701 
8=4 .•. 

37796447*'-
40824829* 

-47673130 
o.- ... 

-4.3643578~to 
5222329-r . 

80171l372tio
J3=_1 

.-411 . 1 
- ·ll=2. ., 

31-1 1*-
- !3=3' -

81811 211 
81811 '·31 1 
81811 411 
81812 211 
81812 311 
81.812 411 
5j.!x2 
71511 1/.l11 
71511 7/.l11 
71511 ~11 
81311 1/.l 
81311 7/.l11 
81311 ~11 
81511 1/211 
81511 7/.l11 
81511 ~11 
~x2 
81311 ~11 
81311 7/.l11 
81511 $211 
81511 7/.l11 
~x2 
71311 Y-!11 .. 
71311 ~11 
71311 7/.l11 
71311 ~11 
71311 ~12 ' 
71511 Y-!11 
71511 $211 
71511 7/.l11 
71511 W-211 
71511 ~12 
81311 Y-!11 
81311 ~11 
81311 7/.l11 
81311 ~11 
81311 ~12 
81511 Y-!11 
81511 ~11 
81511 7/.l11 
81511 ~11 
81511 ~12 
81512 :'/.!11 
81512 ~11 
81512 7/.l11 
81512· ~11 
81512 ·~12 
~X~ 

-95949723H 71811 .. 411 -61721341H 41411, 211 ·80178373 
..;154746,12 71811. -511 ''7071067!' :41:41.1.. ·411. 59761431 
-2354118019 81fl11' .21.1 ·. 87287154 51411. •21,1 ~59761431~ 

0 81811 .• 411 48794987 .:,·SJ41L ·,41.1_ 80178373* 
-83562903* 81811 511 0 3x1 13=4 

54929422 ~X~ .13=4 41411 311 -61237243 
8=6 ., 71711 '·' 111 2317-1813· 41411 411• '79056941* 

57735027 71711 311 70272837 51411 311 79n56941* 
76980036~ 71711 '411; 0- 5141.1 411 _. 61237243 

-27216552 71711 •. 511 52704634 3x1 . B•S 
-63245554Jt 71711 512 -38.604400 21411 211' 48795004 

21081851 71811 111 --50395263H 21.411 ·:311 -5773502719 
-745~5GOO!t 71811 311 -07P,56739H. 21411 411·-65465367 

51639778*. 71811 411 70710678 41411 211 "'.53452248 
-60246408 71811 511 47140452H 41411- ··311 -790569411+ 
-60858062!t 71811 ,512·. 1328031019 41411 411 ::29880715 
B=7 . 81811-> 111 64241600 51411 211 !69006556~to 

37796447* 81811 ·311 -43143351 51411 '.311-.;.20412415 
92582010 81811 411 0 51411 :,411; 69436507H 

. 92582Q10fto 81811 .. , 511 50847518 3xl2 B=6 · . 
-37796447 81811 '512 37765032 41811 7/.l11 '40824830H-
13=8 ' 81812 111 .. 0 41811 ~11'· 91287093. 

53452248 8Hl12 311 55470022 51811 7/.l11-.;.91287093 
-26726124* 81812 411 . o ., 51811 W-211 '4')82483n* 
-56343617 81812 511 -13867500 '3xl2 ··8=7 · 

·-:54554472* 81812 512 82041271 4181'1 ' ~11.'..:80i.7ll573 
'f6666667H- ~X~ !3=5 41811 7/.l11 -59761431H 
21821789 7181J.' r211 69006551* 51811 -~11- :59761431~t 

.,-65465367* 71811 _ 311 52704620 51811 7Pll ..;80178373 
23002185 71811 :411 -15430333H 3xl2 6=8 
08908708it- 71811 ..S11 47.1-40449 21811 ':¥211 377%447 

, -68041382* 81811 211- · 21821781 21811 ~-11 46291oo5* 
33806l70H 81811 .--311 0 21811 7/.lll;-53452248 
67612340 81811. 411 97590063 21811 . ~1-1 ..:32732684H-
17817416H- '81811 511 0 21811• ~12 '•50000000* 

-34503278 81812 211 0 ·q 41811- Y-!11' 65465368 
-52·704628 81812 '311 66666667 41811 ~11 -40089186* 
-74322335-H- 81812 411· '· 0. 41811· 7/.l11 . 46291005 
-07688517 .. 81812 • 511 -74535600 41811 ~11 09449112~t 
-25663.962!t 3x1/.l . ; B=6 · 41811 ~12 '43301270* 

.;; -52313735 . 4161.1 . 7/,!.11 1 '* 41812 ''Y-1.11: 0 
-31-964200 3xV2''·,: · 8=7 41812 ~11-~40089186 

0 21611 ~11 65465367 41812 7/.l11 -61721341~t 
-1922129319 21611 7.~11: ··75592395-Ho 41812 ~11 '66143783 

72939681 51611 ~11 75592895-lt 41812 9/.l12 -14433758 
-54929422* 51611 7/.l11 65465367 51811 Y-!11 ·-65465367* 

35959720* 3x1/.l .13=8 51811 ~11 -13363063 
8=1 41611 ~11 8017837219 51811 .7,.211 .f5430~3SH 

57735021 41611. 7/.l11 59761430" 5'1811 ~11 .;.09449111 
-81649652 51611 ~11 -59761430 51811 o/.112 . 7216ll783 

71711 011 
71711 411 
41411 111 
41411 311 
41411 411 
41411 511 
41411 512 
41411 611 
41511111 
41511 311 
41511 411 
41511 511 
41511 611 
51511 111 
51511 311 

· -40089186 s1s11 6l1 o· 41511 ,.411 '.39477101* 
··· 5~73S027 3x3 n~s, 41511 511 -J082483o 

.. 0. '''. 21411 211 -487~5004 41511 ' 611 -28287619H-
-684G5120 _- 21411 . 311 . -40824829* 41511 ,, 612 .,-48412292* 

1'9287919,. 21411 -,411 13957263 51~1,1' . ,2.11 -66815310 
. o . · 21411 s·1'1· -s;n3so21* 51511_. 311 ,o 
''51754917il 21411 .-611 .49236596 51511.- 411<-25482359 

0 . 21 411 612 -- . 0 ; .. - 51511 . : 5.11 ' 0 .: 
522232~6.' 41411 211 ~1336J062 . .5.1511 • 611 -~58992488 

-17677670~ 41411 311 .a.·:· .. :,,51511 .. 612. 375ooooo 
.. 47673129 · 41411 411 --76.447079 .. 3x2 13=5 
·.:.13363062 41411 511.,,0_ ·. 51311- -211 59761431H-

5'7735027 41411 611 08416568 51311 311 0-

n> 



51St t ~t'l 0 - 414'11- ~'12 -62500000 51-~1-1 .411 ;.5855400411> 

I 
3x3 B=3 6x4 , ·a=7 61411 711 . .-70710678 

21211_ - 311 1 ' 51411 811 - f . 71411'611: _70710678 sts.t't sn 68465320 415'1.1 '2t1 ..;\1-251639H 513-11 511 547'12256 .. 4x2 B=·4 -6x5 8=5 71411 711 70710678 5\5'1\ '512 42433~"21 4'1:511 31'1 57;135027 411 ,, 511 1 .. ~ . 51411 711 1M-' 8x4 B~t;· 41511-512 448210'15- 4x3 n=4 _ 6x5 _ 13=6 61411 811 44421352 
41211 411 70710678 51411 811 H~ 61411 821 ll9442714Mo 

TABLE 2. rsost:alar factors frOln o.9 to 'i' u 8 ·and ~hIT) 41211 511 -70710678 ~ 6x5-·- B"':1 .71411 811 89442714 
41311 411 70710678 - 51411 811 -1*' .- 71411 821 -44721352~ 

.·2x2 B=1 ·-H411 411 -1 flx2 !3=6 41 311•- . 511 70710678 .. 6x6 8=1 8x4 13=-7 
ttHl l11 t 414'1-2 SH , .. 611-11 a11 -1• 4x4 8=1 51511 111 1 ~ 61411 'l11 89442714 

3x2 8=2 6:x2 !'1=5 8x3. ·-· li=!i 41·'11 111 -1 ·6x6 . - 8=4 61411 821 -44721352~+ 
- 2tnt-· 3'1 -h•· · 51111 711 ,. 61211 611- 1 4x4 8=2 51511 .:_n .t 71411 811 -44721352 

3:x3- 'B=t. fix3- 8=6 61212 711 l 41411 311 1 7x2 8=5 71411 821 -89442714* 
i~2i'l Ht 1 512.1> an 1 8x3 8=6 .1y4 13=3 51111 611 -1* 8x5 J3<=5 
2ti12 2t1 : l ' 6.X4 ll=S GT-2:tt r-n 1 41411 3.11 1 7x3 ~=6 . '61411 611 70710678!+ 
3xl 8=2.. . sntt ·&H · 1 Bx4 6=5 4x4 8=4 51211 811· 1 61411 711 -7071067.8* 

212-t'T:lll' i- -Gx4 B=6 614-tl- 6.11 1 <11411 411 -1 7x3 B=l 71411"611 -70710678* 
b2 f3:'4 5-'1-411 Rti- t 61412.711 t 41412 511 1 51311 .811 -1 71411-711 -70710678~ 

n111 sn -1 6x5 8=5 ·ax4 !3=6. Sx2 B=4 7x4 8=5· axs 8 .. 6. 
4x3 B;:.¢ 5-1-411- 711 . itt- ~1otH 811 1 41111 411 -1. 51411 711 ..,1 '61411 811 -Ht 

.4'12-H. 411-. l 6x5 /¥:6 6'1412 8.22 1 5x3 ·8=4 7x4. ...B=6 .... 7.141:1 !321 ··HE· 
ntn. 5n -Hf' 5t4tl Btl · 1fE. 8x5- '8=5 41211 411 -70710578 ~ 51411 811 -1 8x5 B=7 

4x4 · 11=1 6x& B=t- 614H 711 tJt. 41211 511 -70710678 7x4 'fl.=7 61411 82.1 1* 
414tt nt 1 515H 1H 1 6Ht2 611 -1Jt •\1311 411 70710678 * 51411 811 1 . 71411 811 -ttl-
·4x'l .6=2'. 6x6 !.1=4 '8x5 fl=6 .41311 511 -70710678 7x5 8=.5 Bx6 8=2 
4141\ :rn · 'l 5i51.1 411. 1 611!11 a-n· ttt- 5x-4 8=1 : 51-411 61~ 1* 61511 31.1 1 

llxil. B=il 7x2 1\=5 61412 821 Ht· 41411 2H ., . 7x5 8=6 8x6 B=3 
4'P4H_4n 1 51111 611 -;..,_. > 8x6· :B=2 5x4 13=2 51411 811 -1M- 71511 311 1 
ll14-'lt 511 .1 7x3 B=6 615.11 311 1 41411 311 -Ht . 7x5 !'-=7 -Bx6 B=J 

5Y2 13=4 S.t2tt att' · t -~x6 B=4 Sx4 B=:!' .• 51411 811 ;...1* 61511 -~3'1 . :70710678 
4h'l1 .41t ~'I 7x4 8=5 61511 411 t' . 41411 '311 1* 7x6 

.. 
8=1 

._ 

61511 511 70710678H-
5x3 '8=4 SHH 71t -1 615U 511 f'' Sx-4 ·13=4 51511 211 -Hf· 71511 411 70710678 

41211 sn -1 7x4. 1!=6 !!x7 8=2 41411 411 1tl- 7x6 8=4 7151 f Sf1 -70710678~ 
4t:H2 411 "~* 5'Pl1l 811 -1 61511. 311 .'-1 41412 511·-1tf- 51511 511 ,.,.. 8x7 8=2· 
. Sx4 8=1 7x5 B"'S 8x7 8=4 5x5 · 13=1 -7x7 B=1 61511 311 -1 . 
4.1411' 2U •1 514'11 6-H -ttl- 61511 sa 1• 41411 111 1 51511 111 -1 8x7 8=3 

Sx4 5=2 7x5 ' -8=6 61512 411 -1* 5x5 1'1=2 7x7 B=4 7151.1 311 1 
. 41411 311- -;..tJt StitH 811 ttfo · 8x6· 

.. . .B=t 41411 311 1 51511 411 1 . 8x7 B=4 ' S.x4 B=4 7x6 B=t- 616H 1H t 5x5 ·B=3 
' 

8x2 , - ·~ 8=-6 61511 411 7071~78 
. 4H1-1 stt 1 5151'1 211 -1lfo 6.16-'12 211- 1 4P11 311 1 61,111 nn ;Ht 61511 511 70710f78tto ' 4l4'1-2 -41-1 .. ;.- '7x6 · ·8=4 tlxa B=2. 71511 411 -70710678 61611 311:~1 ·, 61711 .521 0 .. 

SxS 6=1- stsn 511 lit 616.11 311 1 7t511 51J 7Q7.1 0&:7 8* 8x8 .. ·.J3=:4 :. . . 7161L4H. -.31622773 
H411 111 ., . 7x"J B;.l ·axs 8=4 8x8 13=1 61611 41t 6324ss51 .. 71611 421 63245551 
sxs. ll=2 51511 11'1 1 61'611 411 1 61711 111 70710678 61611 421 31622773 71611 511 -70710678* 

4'1411 .3.'11 -."1. · 7x7 8=4 61&12 421- 1 61711 21l 70710678Jt 6i611 511 0 71611 521 .0 
5x5 ·8=4 S.t5t:'l 41'1 ~; 61614 521 1 •71611 111 ,70710678 61611 521 70710678* 71711 411 -63245551 

61613 511 l 71611 211 -707106781t 61711 411-31622773 71711 421 -31622773 

'!'ABLE 3. •. 'Isoscalar factors. from 0.9 to O(T} and T0 tTl 
8x8 'B=2 61711 421 .6J245551 71711 511 0 

71711 311 1 61711 511 70710678* 71711 521 70710678* 

'IJ=l Sx2 
8x8 .B=3 ·::o• 2x2 Sx5- 8='4 '.!3=7 

1t11t 111 _, ~1-411 :41'1 l 7t111. 811 -lit 
3x2 B=2 :4141'2, 51 t 1 Sx3 a=s .·- - . -... ~ 

2n:r1 311 ·\* 6x2 8=5 613U 611 -'70710678 TABLE 4, · Compatibllity Table 
- 3X:2 B=3 511:11 711 "-l* 61311 111 -7o7to&7a 

} .. ·. . f;. 
~' 

~;·~~' ........ ~ .. ' .... 
311\'1 3-H -1* 6x3 n==& 71211 611 -'7d7t%78: ' $0(3)1118 j: 0 . 1 -~ .. 2 3 

•c-;.· ... 

Vi' ~3i-;. ·'5/2 
3x3 8:1 '51:211 s-tt 1 71:2.11 '7:11. -711'710673 

~;q;<o>_ -· . ,,._ . 
:!1311 11-1 70710678 6x3 i3.;'7 S.x3 8=6- a: 1 -4 3+5 2+4+5 ;;, .. ,. ... · ,. 

.6' ·a· :7+8 2\311 . 21'1 7o7\o678 .-. s1311 8H -1 H31l an -1 . '!'.d'B18,9t;lTc: 
312i'1 :tn /01~ou7s· '6)C~ !3:s 8x3. , B=' -~~ .... ~ ·.;--: j~ ! ...... ' . 

e: 1 
--'·-;;, .... • i~-

31211 2n ... 7o7tb&7a *s:'l4n '&ll 1 .(12.11f81t ·l : ~,Th(T) _- '·'4 2+4 1+4+4-'~· 5 "- ··6~' 5-f:6 
3x3 ·f1=2 · · ·6x~ B=6 'Bx4 . . B=S O(T)';Td-(T) [B: 1 . .,__:' 4: . '' • 2+3+4 ~4+4" •. _ 5-.., -&+7. ··s-f:6+7 31311 3n t '5141, .·811 1 6141.1 ·61i. '70710678 

.. 



'j 

- . 
'i'h.BLE 5~;-~ultipilcation Tab.le for 011!19 1 Tdll!le-, Oh(e)' and Oh(Td·l 

t._. •. ~, 

1 2 3 ;_A 5. . ' 6 7 . ,,• a 

'1 1 2 3 . 1 ~ 4 5 '6 . .: 7 ~~-·':' & . ;· ) 

-.2 2. 1 3 ' ,_· 1 5 4 :) 6 ·' a ' : ' • '!... 

3 3 3 1+3 +2 '4+5 4+5 a ' a· 6+7+a 
--1 

6+7+a2 4 4 5 4+5 1+3+3+4 2+3+4+5 6+a 7+a . ' 

" 6~7ta2 5 5 . 4 4+5 2+3+4+5 1+3+5+4 7+a- ,. 6+a 
; 

. 6 6 7 a· 6+a 1:i-a '4+l 2+5 3+4+5 ' 
: !· 

1 7 Ei a 
,, 

7+a 6+a 2+5 .·. 4+1 . 3+4+5 
: -· 6+7+a2 6+7+8, . 2t4

2
+s;1.+3+5 a 8 ,'a 6+7+a • 3+4-t5 3+4+5 

" TABLE 6. :Multiplication Table ·for. Tll!l9 and Th (T)' 

1 ... 2 4 5 6 ' 
1 ' 1 r. 2 4 ~5 6 

2 2 fi-2+1 ~ 6 - 52+6· 

4 4 .. '42 1+2+4+4 5+6 52+62 

5 5 6 5+6 4+1 2+42 

6 6 52+6 52+62 2+42 1+43+1+2+4 
----

TABIE 7, M.lltiplication Table for 0 (T) and T 0 (T) , 

1 2 3 4 _5 6 " 7 
1 1 2 -~~ 3 4~ ~-· ~; .. ": 6. .. . .r ... )!;. ~ 

2 '2 -.. .• 3 
·, -~ ,.t 

1 4 
.. 

7 5 : t \ ... 
3 3 1 2 4 7 5 6 
4 . 4 4 4 1+2+3+4+4 5+6+7 5+6+7 5+6+7 
5 5 6 7 5+6+7. 4+1 2+4 3+4 
6 6 7 5 5+6+7 2+4 4+3 1+4 
7 7 5 . 6 5+6+7 .:3+4 1+4 4+2 

L..;.:_ -----·· ·---· 
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