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1. INTRODUCTION 

Superconducting transition metal alloys of the type AxBl-x 
are characterized by a marked concentration dependence 
of the critical temperature T 

0
(x) 111. In such materials the 

d -electrons of narrow bands are responsible for supercon­
ductivity. The lattice sites are chemically inequivalent 
beCause they are randomly occupied by different kinds of 
atoms. Thus, T must be calculated by configurational ave­
raging over a ~onperiodic system, yielding an effective 
medium. 

First treatments of disordered superconductors have been 
given for the "dirty" 121 and dilute alloy 131 cases. In the 
last ~ears the coherent potential approximation (CPA) was 
used 4 •5•61 to describe concentrated (nonmagnetic, weak­
coupling) superconducting alloys on the basis of the lattice 
model. 

H·=If.c+.c.+ It c+c I(t! + + !!.* ) 
ia 1 1a 10 ija ij ia ja- i citci+ + i ci+cit • ( 1) 

where (i/j) 

(2) 

Here the atomic energy E i, the hopping int7grals. t 1j ... and the 
order parameter !1 1 assumed local are vary~ng ow~ng to the 
atomic disorder; At > 0 is the random coupling parameter. 
The symbol< ... > means the thermal average; < ... > c,i indica­
tes the average over all atoms except the· atom at site i. 
While tij and t!i are presumed to be nonrandom in ref. 141 , 
spatial variations of the order parameter are taken into ac­
count in refs. /5,6/. Off-diagonal randomness (ODR), concerning 
t 1j in the multiplicative limit, was stud_ied 161 in the frame­

work of the CPA, too. In the presence of addive ODR but at 
constant order paray;)_·~ter, Tc and the gaf were calculated 171 

within the ODCPA scheme given in ref. 11 . 

The pairing term in (1) corresponds to the Hartree-Fock 
approximation of the BCS theory. Moreover, superconductivity 
can be derived from the fundamental fermion interaction by 
the functional integral technique. Such a procedure was 
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performed for pure superconductors /9-11/. The functional 
integral method (cf. ref. 1121 ) allows one to introduce col­
lective quantum fields in a very natural way. 

In this paper the functional integral formalism is applied 
to substitutionally discordered superconducting systems 
(Section 2). Including additive ODR, in Section 3 we evaluate 
Tc-formulae at constant and variable order parameters, res­
pectively. 

2. FUNCTIONAL INTEGRAL APPROACH 

Consider a compositionally disordered superconductor for 
an arbitrary configuration of the atoms in an otherwise 
perfect lattice. At nonzero temperature T-={3-1 the random 
action reads 

f3 f3 - f3 
S=fL(r)dr= fdr ~ c (r)a c. (r)-JH(r)dr 

10' T 10' 
0 ta 0 

(3) 
0 

with L being the Lagrangian. The "time"-dependent tight-bin­
ding Hamiltonian is assumed to be of the form 

(4) 

where f i , t i. and i\ i are random parameters. The fundamental 
interaction Jpart Hi\ involves only local coupling. The gene­
rating functional Z for the fermion Green functions can be 
expressed by a path integral over anticommuting (Grassmann) 
variables as (cf. refs. 711,1 21 ) 

Z[ ~.~] = :llfDcDces[c, cl+c~+ii c (5) 

with the definitions (3), (4) and the abbreviation 
f3 

C~+iiC= fdr~(C. (r)~. (r)+>J:u(r)c.u(r)). (6) 
0 

iaw ta 1 1 

The normalization factorn is determined without external 
sources by setting Z[ 0, 0] = 1. 

Taking into account that the c;s in (5) are c-numbers, one 
can linearize the exponential of the quadratic interaction 
HI. by the identity (with an irrelevant factor :11 1) 
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::=e 
AC C c c, 

' ' ' 

Here 11 represents the set of space- and "time"-dependent 

(7) 

Bose (local pair) fields l':..i (r). Then the generating functional 

(5) becomes 
s [ c, c:l'.*,l'.]+c~+iic 

Z[i'j,~] =il 2[DcDcDI'.*Me a (8) 

with the augmented action (doublet notation ifr=(ct,c.._) 
c 

and o/=C ')) 
c 

(9) 

In view of (9) it is convenient to introduce the propagator 

matrix ·at:.. written explicitly as 

G, .(r,r')=ll .. ll(r-r'), 
L\ffiJ lJ 

1\.*(r)ll. 
1 1m 

t.i (r)llim ) 

a a +[H l 
T im V im 

(10) 

where [Hvl··=<· /) .. +1 .. (1-ll .. ). In the static limit, (10) 

reduces to 
1
f:he 

1
Go¥kov

1
Jequat

1
lons for disordered systems, which 

can be also obtained directly from the Hamiltonian (1). 

The integration over the fermion fields in (8) leads to 

(functional Gaussian transformation) 
S [t.*,t.]+[G ~ 

z [- ] - j{ [ D ' *Dt. col 1\. TJ,7J - 2 o e (II) 

including the collective action 

S 1 [t.*,t.]=TrtrlnG~
1 -L\t.\ 2 • 

co t, 

Here the notation f=<ii .~),~=(~'),and 
t J. T/ • 

3 

' 



has been used; the trace Tr refers to site and 11 time" variab­
les, while tt is restricted to the 2x2 (spin) matrix, Accord-
• 1 • · • /JScol [ 1'.*,1'.] · 1ng to the east act1on prlUClple 0 we obtaln M! (,) the equation of motion for the collective field as 

12 i'.i (r) = •\ Gi'.ii (r, T + 0) (13) 

. . 12 ' (0 0) w1th 'G"' =tra,.. 1 0 

Let us now rewrite the inverse Green function G-1 h t. so t at 

-1 -1 I o t. ) I Tr tr ln'Gt. = Tr tr !nG +Tr tr In 1 + G(t.•o · , (14) 

where 0=:'0.6.=0 denotes the normal-state propagator. Thus, the 
collective action (12) can be expanded in powers of .6. as 
(the prime means including the term Tr tr 1n a-1 into the 
normalization) 

N ( 1)n+ j 0"' 1 N 1 S' [t.*,t.]=Trtr ~ ..:.-~-IG( )1°--11'.1 2
= ~ S [t.*,t.l--11'.1 2 

col n=l n 6.*0 A n=l n A 

allowing the decomposition into the free and interacting 
parts: 

where 

N 

8 int[t.*,t.l=.:2 82n[t.*,t.]. 

More explicitly, the free action (17) reads 

(15) 

( 16) 

( 17) 

(18) 

S [1'.*,1'.]=- rdrdr ·~ t..*(r)(G 1I(r,r')G1212 (r~rl+-1-IJ .. IJ(r-r'))t._(r') rr .. 1 tJ )..lJ J 0 lJ i ( 19) 

expressed in terms of the elements_ of ·a~(~ll~2~.The corres-

08rr [1'.*,1'.] ponding Euler-Lagrange equation resulting from 0 
takes the form 
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(3 
~i (r) = -\! clr '7 a:/<r. r') afi

2
(r', r)~j (r'), (20) 

This relation coincides with the homogeneous Bethe-Salpeter 
equation in the presence of disorder. 

3, DETERMINATION OF T
0 

VIA CONFIGURATIONAL 
AVERAGING 

If the system is close to the critical region, all terms in 
the expansion (I 5) with n > 2 can be dropped in order to cal­
culate the superconducting transition temperature Tc .Then we 
are left with the problem of averaging, in particular the 
equation (20), over all configurations of the lattice. The 
following treatment is based on the static approximation. 

3.1. Anderson Case 

The simplest case to find T c consists in neglecting bo·th 
the spatial and temporal fluctuations of the order parameter, 
i.e., in replacing 

(21) 

where the randomness is now explicitly labelled by vOvl) 
for the site (whole lattiCe) occupation,< ... > c denotes the 
configuration average. Then (19) can be rewritten by going 
over to Matsubara frequencies zn =:i(2n+1}l7T as 

where Tr means the trace only in the lattice space (N sites). 
By a Ward identity we get at arhitr~ry randomness in.the 

":"fv1 'JI I. "" l'"1 lvh normal scattering potential V (H;- = H 0 + V ) : 

I I N T -§(z )+§(-z ) 
<S v > = -T ~ *( -N l Tr{ n n 

frC n 2.zu 
(23) 

where the averaged Green function is defined by 

(24) 
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By employing standard techniques 15• 111 one obtains 

1 1 
M-rrp(O)T~--=-, 

n I z I >. n 

p(O) =- - 1- Tr§C+iO), 
rrN 

where·M vanishes at the critical temperature 
1 . 

T =1.13~exp!- _ I. 
c l.p(O) 

(25) 

(26) 

Tn is the Debye temperature. Hence 
the pair field takes the form 

the chemical potential of 

T T 
M = p(O) ln -;f- = p(O) (1- Tc ). (27) 

The effect of disorder enters only through p(O), i.e., the 
averaged density of states at the Fermi level ~ =0 (Anderson 
theOrem121 ). In the limit of the pure superconductor, (26) 
tends to the BCS result. 

3.2. Random Order Parameter 

Supposing spatial variations 
taking the static limit of (13) 
by 

of the order parametefi and 
and (20) we replace t.~l(,) 

~~,v =if. T~<ii<GI2!vl(z )>v. li > 
i 1 n /"!.. n e,t 

=X' T~<iiGII!v~z )[!l.!vl]all!vl(-z )>v. li>, 
(28) 

i IJt. n n e,t + 

[ tv! v h f zno . " d H b 
where , 6. ] ij = fl:i 0 ij ; • t e actor e 1..s ?m~ t te

1
. ere y, 

the complete randomness l.S reduced to the cond1t1ona average 
with respect to the .sj_te i. Let us assume additivity of the 
one-particle Hamiltonian.by putting 

H!vl =H ~vv 
v 0 + 1 

I 

which involves ODR of the additive type, too. 
averaging in (28) can be realized by 

<.<fA2!vtz)>v =Gvl (z) (/l,(z)-11.. (z) +[!l.v ))G~ (-z) 
Ll e,i 1 1 , 

leading to the total average 

where 

a; (z) =§ (z) + § (z) T~ (z) §(z). 
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Then the partial 

(30) 

(31) 

(32) 



Here t..(z) (t-.1 
(z)) denotes the anomalous self-energy (per 

site)! and l&[ lmn~t..r 81m8mn § is avai~able. f:om (24) •. T~ is 
the s~ngle-site scattering matrix,hav1ng f1n1te.range 1n the 
lattice space in the presence of additive ODR. The conditipn­
ally averaged normal Green function 'Gi satisfies the Ward­
like relation 

a'' (z)(2z-:S(z)+:S(-z)+:S. (z)-:S (-z)) G~'(z)~G~(-z)-'G~(z). (33) 
1 1 1 1 l 1 

Making the ansatz 

-:£. (z) +:£. (-z) _ 
t-.

1
. (z) ~ i\(z) ( 1 1 )+L'>.. (z) 

2z 1 

and correspondingly 

t..(z) ~ii(z) ( 2z-:S(z)+:£(-z)) 
2z 

(34) 

(35) 

we find on comparing (30) and (31) the self-consistency condi­
tion 

<G~ (z) i\. (z) rf
1 

(-z)> ~<'G~(z)[t..~ ]'G~(-z)> . 
l 1 c 1 11 c 

(36) 

This justifies to call rs, (z)lmn ~ S(z)o,mom~ the local cohe-
rent order parameter. Note that 6. as well as ~i are caused 
by an extended defect if additive 

1 
ODR is taken into acc.oun-t. 

Combining (28), (30), (34) and (35) one can derive from (36) 
with the help of (33) the integral equation 

K(z,z
0

) _ 

K(z) ~T:S t..(zn), 
n "• 

where 

1 v K (z, z ) ~-<A. 
n 2 1 

G.~ (z)- 'G~ (-z) 
11 11 (G~. (-z ) -'G~ (z )) > 

§ .. (z) _ §,(-z) 11 n 11 n c 
11 1 

and G~. =<i[G~[i>. 
11 1 

(37) 

(38) 

The equation (37) is solved approximately in the weak­
coupling limit (cf. ref. 151) by performing the Debye cutoff. 
One gets 

T ~ 1.13T exp!- _...L.p.>.:(O:.<.) __ 

c D <if (p~ (O) )2> 
1 1 c 

(39) 
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in terms of the partially averaged density of states 

p~ (O) ~ -!; Irn c.~ (+iO). 
1 " 11 

(40) 

In the case of only diagonal disorder (39) coincides with 
the T

0
-formula in ref/51 In contrast to ref. 151 the additive 

ODR included here brings 9ut a momentum dependent self-energy 
~~.z) entering via (24) and (32) into p and p~. The quanti­
tative influence of different bandwidths of the compo'nents 
on T can be found on the basis of the ODCPA 181. Numerical 
T0-r~sults have been reported in ref/ 71 for the Anderson 
case. 

Having introduced in the superconducting phase the functio­
nal integral over the complex order parameter space we restrict· 
ed ourselves to the stationary point, i.e., to the classical 
solution of the collective quantum field. Indeed, we calcula­
ted T0 in the static limit by solving the scattering problem 
in the random potential. 
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