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~eARHHH B.K., M~HHCKHH 6 .8., PoApHrec K. 

np~MeHeHHe ~YHK4HOHan~HOrO aHanora 

E17 · 12887 

aapHa4HOHHoro MeTo~a 6orono6oaa 

~YHK4HOHanbH~H aHanor eapHa4HOHHoro MeTo~a 6orono6oaa npHMeHfleT
CR K MOAenH H3HHra. B Ka4eCTBe eapHa~HOHHOro ~YHK~HoHana 6epeTcR 
4eTH~H nonHHOM nopRAKa 2p. B~4HCnROTCA aHa4eHHA KPHTH4eCKHX HHAeKcoa 
B 3TOM npH6nH*eHHH. nony4aeTCA ypaBHeHHe AnA KPHTH4eCKOH TeMnepaTyp~ 
B 3aBHCHMOCTH OT cnHHa. ~aeTCR peweHHe H npHBOARTCR 4HCneHH~e peaynb-
TaTbl. 

Pa6oTa B~nonHeHa B na6opaTOPHH TeopeTH4eCKOH ~3HKH, OHHH . 

Coo6meHHe 06beUHHeHHOrO HHCTHTYT8 aaepH~X KCCneaOB8HHA. ny6H8 1979 

Fedyanin V.K., Mochinsky B.V., Rodrigues C. E17 · 12887 
Application of a Functional Analog of the Variational 
Method of Bogolubov to the Ising Model 

A functional analog of the variational method of Bogolubov is 
applied to the Ising model. A well known path integral representation 
for the free energy and pair correlation function is derived and the 
variational method is applied using a class of trial functionals with 
non-coupled modes. The values of critical indices and a general 
equation for the critical temperature in a simple cubic lattice are 
obtained . The last is solved for different values of the spin, and 
the numerical results are presented. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 
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1. Introduction 

In/1/ a functional analog of the variational method of 

Bogolubov for path integral applications in statistical me

chanics was developed. As an illustration we will apply it 

here to the simplest nontrivial model used to describe second 

order phase transitions, the well studied Ising model. 

2. Integral Representation for the Free Energy and Correla
tion Functions 

In order to illustrate the systematic procedure of ap

plication of our variational method, we will briefly derive 

a well known path integral representation (see,e.g.,/2/) for 

the partition function and the pair correlation function of 

Ising model. 

The Hamiltonian of Ising model for a system of ~ 

spins S in a lattice is 

N z 
H-=-- h L.. sf

~=i 

N ~ Z. 

1: L J'f'3 s.f ~ 
h~-=i 

(2.1) 

where Jf~ 
si tea f 

is the exchange interaction between spins in 

and ~ 

tiplied by ~1\ , 
me 

1 
• .. 

1
S. By defining 

t h 
and 

is the external magnetic field m~l-

s; can take the values -SJ-S-Tl, 
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t.J 

St r>= L. s~ ~ [t- ~ 1 
fd. 

the Hamiltonian can be rewritten . 

~ =- - h~drS(f) -t~drdr i il r- f,lSU) SU: 'L ( 2 . 2 ) 

We introduce the :;enerating functional 

tjl t)~ Sp t e ~ l~d; [11+ \cnJscr>"'"t ssdi<d;:.' .rc;:.r-\SU=)Sir'J J 
l ( 2 . J ) 

whi ch s at i sfies t he func t ional d i f f erenti al equat i on 

. ' . I - • I ~ ;2 ;'';\-(.(_) I '0 ~= ~~~drdt- J<r--r-) SQc;:)&'!LCn 
o~ 2 r 

( 2 .4) 

with the init "l al condition 

Z~( Qi= t'ctl \ = SF ef ~d r[h+em } SU ) 
1=c (2 . 5) 

The so l ution of ( 2. 4 ) ,(2 . 5 ) i s given by the path .integral 

)
• (\ - <.l?lrn ) 

, ""m ) c Z~tt) = . e z.,C~-+m) 
~~m Q,-Qo(m ) 

(2 . 6) 

Then , f or the partition f unct i on 

. 
z= Sp e-~1-1 we obtain 

~ . ) 
7. = ~Jgt e- olQ. l:o(t") 

\Q.Q. ~-~olQ) (2. ·n 

the magnetization (j :- ($(f)') and the pair correlation func-

4 

• 

t i on rCi=-f''> = <su· )SU.')') can be obtai ned from (2 . 6 ) by tak

ing the vari at i ona l deri vat i ve wi th respect t o Q and mak

ing Q =6 ~ = 1 , the result be i ng 

,..... \ . _, _-i '-l)n e-i.,(~) , 
" -= .)dr- J a-r') .) II. Zc.Ct \ Q.("r- ) 

~J.)Q. e~ .. (Q) ZoO.\ 
( 2 , 8 ) 

- -' I -- -' - • • - 1 c . ~ i S 
_._p (t) 

rtr-r l =- r J(r--r l .. dr,df1 J (i'-1\) J (1'-t~) ~t e ~<t1 ~(ri> ect\l 
\JQ~e~JQ.) z.,(Q) ,(2.9) 

where 

io(l) = .1.. ~ drdt- 1 J~r-r-') ~(F\ Qtr-') 
2~ ~ 

(2.10) 

and i n formul ae (2.7),(2, 8 ), (2.9) we put~ =1. Now, coming 

back to di screte vari ables 

:Z: 

<r= 

~D~ e-~U.) 

~ l)Q, ~- ~Jt) 

~ -i 

L If~ < ~1'>i a::;i 
N 

rf~ = L s;f~ Jd-'311 ( eh ~}i\_- e .r~$i 
h,~i:i 

5 

(2.11a) 

(2.11b) 

(2.11c) 



where we have introduced the notation 

""' " 
.t = { l.1., . ) t ~ 1 . \ De . • • -= S II d t ~ 

) -oo f: 1 

<· .. )~::: 
\ Dt i ~<t) ... 
\N (( ~ le.). 

~ll)= ~(.Q.)+ g?.i(Q) 

N -i. 

ii., (Q.) ·" ~ L. Jt'} .lf l'} 
~ h'3~i. 

N 

i .1.lO = - L G.s [a ( h + ~.f '>] 
f:i I 

I'I:S 

l m.x 
Qs c,..),. In e 

M:-S 

The mean field approximation is obtained making 

l= e-~(t) 

where i is determined from the condition 

~~\ =0 

~R.t ~f=~ 
which gives for the magnetization ~ 

I 
<r = Gl.s ( p J a-) 

the equation 

and the critical temperature 

lee.:. S (S + .i) 

3 

., 
,.., Gc 
Lc. = J results 

(2,12) 

(2. 13) 

(2,14) 

(2.15) 

(2. 16) 

Here and in what follows we will consider a simple cubic latice 

and interaction only with near neighbours, then 

' ' 

• 

JCi<),. ~ J -LK· r.t 
L fOe 
~ 

J(.(:"),. flcosK .. O+CusK)Q+-COSKaa], 

where a is the lattice constant and J=-J(o) 

J, Application of the Variational Principle 

(2.17) 

(2.16) 

Let us consider the system in the paramagnetic region and 

h =0, We introduce the trial functional 

~ '5" ':1.1'\ 
q,fj1 = ~1 't, Ant.Z)I'\(~)1 , 

(3.1) 

where IJ . - ;:-
I 2.. l ..;, '~ 

ll~): IN .tf e (J.2) 
N , •• 

and ~ belongs to the first Brillouin zone, We also suppose 

that A,(i(.) ~ A"l-K) and ApCK.)>O for all 

Using (2.11), the following inequality for the free energy 

F:-eln'l. is easily obtained/1/ 

... 
K 

) -io (e<,)] 
F $ F{~)= e (itt<~)l-~[l1)+efn °1 e. ~ • (3,)) 

i \o"' ~- rj1 
Now, the condition of minimum of the right-hand side of (),)} 

SF('f) =o 
SAn<.<) 

n:1, - . 1 l' 

gives a set of p equations determining the functions Anti) 

~~I l·j(i()la" ')'t: << io·,lt<)l2~'¥ + &~li) ( ii\ ' (3.4) 

., 



where (<A •l B J> = (A )w ( ~) - <A~'> . · 
'\' T " 'i' 

The correlatora << ~o ·, 1·,(~)"'>>'1' and <.< tf. j 1'1(.()()\ are 

very eas i ly obtained whereas (, ~ 1 \· can be found in the 

followine formal way 

N 

( Q:~) =-- L L ( Gs (~l~)) 
N '\' N ~-=i (3.5) 

- - ~~) . 

< !?J.'>~-2. Gs s~m~ L~loc:'"~· ·· TK~m)((l~~)oo.,l.< .. ,))• 
N .u l 'l"') 1 I N ·- -

T M=o " -<1, . , \<1..-n 

where Q 
"" r- l'lm) . 

s ll\) -= L. ~, x :~.m 
l'l'h:C \:lm) I 

for 1 )C'i <. Xo · 

. 
For N -~ oo defining 

~ 

o:?o"' f ; ( l ·~(t(:)i ·:t )'\' 

we obtai n 
.,., Q. (:lorn) '.l.IYl 

<- ~1'> =- L_ s w 
N 't' 1\'1:1) '1."" (m-i'\~ (3. 6 ) 

Jince X0 is finite the series (3. 5) i s divergent but can 

be summarized by a moment constant method. {See/)/ ) with 

fn = ~ r(n .• Yz). .oo _ r~ 
( ;ti):::- · ~ \ e i" Qs(wt) dt 

N hJt J (3.7) 

-oo 

The correctness of this summation procedure is determi ned by 

the analy tic properties of (~)which must be an analytic 

function of r (and hence of LO ) except on the imaginary 

axis. Par the case p =1 formula (J.7) can be directly obtained 

I 

l 
" 
~~ 

without aeries expansion (see next section), 

Now, 

~ 
'iAnll(.) ( ~1.) "1' 

·~ 

~~ 
-- I d 
8 A., l.Z) ;:;- ;}w <.. ~ 1 '>'I' 

.: f 8 (1-,t~ll:\_, 0 ·-' L I ~i) 
;sA" cz > :J.w ~w '\ N -v 

~ <. ii '>t ~ ' 'l. . f\ ~ 
6An<~) =- r <<l[l.<H j 11to<>\

4 ~'f ;w !lA (_ l"l
1
)t 0 

Taking into account ().7) we obtain 

8 (~J.)'f o: _ e1 
<<l'l'lC.t>l'\ 1'11lKli"J,». I(w), 

8 An ( .() I I I "( 

where 

Itw)-= 
I 2. t\ ~

00 - t'l. 

m dt e, Qs(u.:.t) 
-<» 

Now, equations (3.4) can be explicitly written 
? 

L uf'n(Kl A.('cK.> = % l Joe.<>-~ I(v.~)] 
(,i. 

with 
'l.r l:l" ~ ~ 1~ ti<) I , l·1 (iO ~/-it 

u '" l ;) :: . 2 • l:ltl ~ • 
((11(R)I j 11(K) //,Y r 

We look for solutions in the form ArtK.)=Or~1lK.) 
so that: 

- r .. i. 
Urn {K)::: Crfl A1. Cit) 

Q. -1. 
( l'{(.t)l )'f; Co A1 ( K) 

9 

(3,8) 

(3. 9) 

(3.10) 



where Crn and Co are functions of 02. 1 .. 1 0p which 

are determined .by the set of equations 

p p p 

l,cr10r""L Crl.ur=··· =LCrpOr =A • (3. 11) 
(si (::j (ci 

The main quant1tT 18 ( llli)l~)T 
is given by 

ce 
( 'lli()\2)"' = J-;~)- ~ l(UJ) 

which, making C= 1C~A 

(3.12) 

The pair correlation function (inK space) f(i<) and the 

susceptibility 'X(e) are expressed in terms of (\'1{K)I1.>'\' 

as follows 

ro< )= <'I< K >t:t>~ - e r <.<> 
Jl.( i() 

'X.(e)= r (l,(o)l~f J 
J1. 

(3.1)) 

{3.14) 

The condition determining the critical temperature ~c; ~ 
is I 

- :0. 
'X(9c) 

Then, from {).12) and (J.14) 

Por 

'Cc= ItwVtc)1. 

e=Gc and 

(lj(K)\~'f== 

i<.;o 

C9c J J(K) 

r-.:rci<) 

(J.l5) 

().16) 

(3.17) 

10 

• 

then 

•l ~.L~ 
J(;<) = c (.13 ~d\: J(i() 

1.0 t 'Z'e )-: 
'2C N ~ .T -JCi<) Tc l:ln.)\ J - JC i() 

~ cg . 
W Vt:c)= 

'"tc 
(3.18) 

Using (2.18), the value ~ =0.516)86 is obtained/~/. The 

number C can only depend on p . The explicit equat i on 

for Lc is 

\/:;., 

'tc = 
.~ "tc t 2. 

1. ~d --·--- t Q_ "2C 11 

hnc'3 -oo 'i} Qs ( t) • 

In order to determi ne the critical indices j , j 
note that for K~ « 1 and G ~ Gc 

rc.<> ~ 0Cic 

K.'lO.'J. + .1_ 
ro~ 

(3.19) 

, Y we 

(3. 20) 

This means that 1 =0 and " =2-J • The correlation length 

(in units of CA. fo is given by 

·-- = (o 
z (3.21) ro'J.. 

As Ilw) is an analytic function for ReW>O, for · 1: ~ Ic 

we have 

' i _ "("1:-'tc) ~ l<w)(wc-LO) 
-~- + 
(0 'Z:c:. (3.22) 

'Z"c 

Now, taking into account ().11) and (3.18) 

11 



.J(i) 
"J. c .i. ~ - J"tiC) w <.e)= ~ N ~ J -Jl~<) ... ·r., fc'4 (3. 23) 

and for 7: _,.. 'r'c ( r() ~ 00) we obtain 

3 
.'V • 

u.lc-W- 41lwclc (3.24) 

Substituting (3.21) into (3.19), the following equation 

for f('t) 

i. 
?l.-

0 

is obtained _, 
'3 .l (We) 

ro .::tll we .. Cc 
-i. 

meaning that fc rv ('r. -1:c) 

as was expected (see/3/), 

~ l~-Zc) 

'tc 

so that V =1 and 

(3.25) 

'I =2 

The specific heat Ch is given in this approximation 

by 
en= _ ~ a?.F(~) 

~ --- (3.26) 

A tedious but not difficult calculation shows that the corres

ponding critical indes ol=O. Then, from scaling theory rela

tions, t; .. 5 and r =1/2. 

4. Gaussian and Biquadratic Trial Functionals. Numerical 
Results for the Critical Temperature 

In the particular case p =1 

we have 

'\J= L 1\(K)\l(K)\
2 

K. 

< 11(i()\2. >'¥ = 1. 
2A<~) 

12 \ 

(4.1) 

(4.2) 

• 

and A =1, C =1, Formula (3,7) can be directly obtained 

without series expansion of Gs <..J<.) in the following way: 

~ 
-\;m (_ N..l\ • 
N ·~w 

17M .l_ i ( Q 1\1~~ N ,_ s({}~f~ = ( Q (. , ) ,.t I ' '" . '> (H1) 

"" "' " I 'f ( snd, -L_ .. f<}t,t 
,Q,(11,l) =L -- ,. , I"- 1'\ - ' j C.;(J'~,) 

'I' \"" " N .. ..,.) 1\d(t e-t-~f'i~~t'i 
where • ..., fd •1-' 

/\f' - I ) Al- I - I - • 1-- LJ 11.) e K•\rr-•'l) 
~ II. . N 

-1,.,(1?•' ::L\~~ -A~~~~ (n'~ ;t~lj~f~'j - 2lj.A.1 ~' 
!Hc.1 i'J ~ ~ • .;;) 1 e <J..;\B~) j Q, 'I •]::> ~ ~ 

1 _"" I .1. • ·"" f ~ 1. ~ Ql-

uoing tho ••11 kno ): n dtl ._- ~~·~ Qt'1 (4.)) 
wn formula f<t J 

>4 N N 

.... N _ ':'- 2_ A""'SoSm-?~ )(.,s,..,. l- ().n)~'~ 1'Yz, I h) ,;,;('() XnX«t l \ n 2 ~ "'~' '"-• = --- • e~~.p \ 2 /.., - j ) dS"' e · . dd fl. ,,,m,t m~.l -w 

and 

de t MN-i) _ r ,-1) _ 1 ). A-1( ~ _ ::l.LO.L 
- \_ I\ .11.- - L.~ K ) ·- ~ 

1\1 K I" 
~.1. · 

nnd taking into account that fo r Gs(~~)= i ) \ IJ) = i we 

obtain (3,7) 
:2 

0 ~ = t 
lim ( ---l.')":- ·-'-\dt e-TQ!>(l.Ut) 
N~<>o N .fm J • _.,., 

The equation for the critical temperature 

'1\t 't .L 2. 
- ....!:.~ II 

e 2~ Gs(t) 
w 

'-h . .i \ dt 
<c =- . Jul.~ ~"" (4.4J 

!I '-1 

to 13 



can be solved numerically . The results are presentedin the table. 
""" . 'C~:(S) They show that ~c:~S) < · •c. (s) and that Tt(s) increases with S 

This behaviour was expected since i s well known that the result 

of mean f ield theory is an upper bound for the critical tempera-

ture which is better for large spin. 

Numerical results can also be obtained in the case P=~ 

using 

~[1l=~~rWI,Gnl~+ A(lt)\"'(.C\I.t 

with r(K) fixed and equal to 

-1 ~S(Sti\ 1 
rCo<h ~ t JCk'\-~ 

Then we obtain for A~~) the equation 

A<~)= f [ SlSti\- ls(u>)) «IJ<o<\11; 11(ii) ,• ~ .. 
J 4-l,tll>l\ I")(K)I"'))t 

The critical temperature corresponds to A<K=O> e=ec.) =O 

and is found to satisfy again equation (J.l6). 

The correlation function for 9=-ec. and small 1<: 

given by 

(l,tl\1
1
): 

2. [r<K'l -r(o\] 

(4.5) 

(4.6) 

(4.7) 

is 

(4.8) 

Using (4.8) and (4.6) in calculating ~ 

explicit equation for 1G 
.. "t~t1. 

we obtain w~ ~ 
!2 'lc. 

and the results 

v'J.. ,r~-~~ 
!c.= 1-7) "- ~ Q.~(~)dt • 

v~ - .. 
(4.9) 

The numerical solution of (4.9) for 
'~e lY1.) 

s •1/2 is 't~(~:: o.1~i10 
0.7518015/. not far from the generally accepted value 
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• 

s 

1/2 

3/2 

2 

5/2 

3 

4 

1.; (s )/ ·1.~ (s) 

0.6461 

0.7217 

0.7454 

0.7560 

0.7616 

0.7650 

0.7686 
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