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AuHamuka mopgenn BKU-boronwGosa B TepMOUHAMMUEECKOM
npeaene

Ml NOKaMesm CyWeCTBOBAHME TBKOW NOKANBHMO=BHMNYKNOHA Tononorun £,
Ha *-anreBpe nokanswex naBnopaemwx §p  mopenu BXU-GBoromwGosa, s

KOTOPOH BPEMEHHOE DPIIRATUE B TEPMOAMHIMUYSCKOM fPEAENe CNMCHBAETCA
CAHONAPAMETDUHECKON rpyYnnoi aeToMopduamoe * -anreSpu & =@p[60]-

PaBoTa ewnonHena s JlaBopaTopun TEOPETHMUECKON Puamku OHAK.

[penpusr OObeOHHEHHOT'O MHCTHTYTA WAEDHHIX HccaenckaHui, Ay6Ha 1979

Lassner G. E17 - 12656
The Dynamics of the BCS-BOGOLUBOY Model in the
Thermodynamical Limit . '

We demonstrate the existence of such a locally convex topology
£y on the #*-algebra of local cbservables ®p of the BCS-BOGOLJUBGY
model in which the time development in the thermodynamical limit can
be described by a one-parameter group of automerphisms of the *-al-
gebra @ -~ 8;1¢, L

The investigation has been performed at the Laboratory of
Theoretical Physics, JINR.
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1. Intreoduction

In last years some progress has been made in understanding the
time development of thermodynamical systems in quantum statisticsl
physics. Por concrete models the basic object to describe the dy-
namics is the local Hemiltonian H,, 8 self-adjoint operator in =
Hilwert space K,\ , where A issa bounded region of ET (continuous
systems) or Z¥ {lattice systeme)., The local dynamics iz then given
by
(1.1) 1A = eMT 4 oY

for all A of & certein %-sigebrs Oi‘\ of local obgervables, We
Buppose 01:\ to be an Op*'-algebra /12/, i.e.,2 #-glgebra of clogable
operators A on ¥, with a common invariant dense domain D, ,

A, A9, < D, forall AeOl, .By A*=a" we denote the

EN
restriction of A" to i]h « The #-algebra of all such operators

on D, is demoted by L*(D,) .

Further we assume that for Acp UIA is (isomorphic} jmbedded
inte ULA. , Olhc; OI.N and CV,A contains the identity operator., The
union Cle - U OL!\ ig the & -algebra of 211 local observables,

. A

The fundamental question ie in whst sense the "thermodynemical
limit® '



(1.2) T (4) = lim etEAt 4 1Bt
Ap o0

of the local dynamics exists for every Ae Ole + There are two ex-

freme cages:

Best_case: OL& is & denge %~-subalgebra of a C"—algebra 0l, and
the limit (1,2) exists in Ol and Ty is e one-parameter group

of % -gutomorphism of OL .

zense of Greens functions
(1.3) G(A,B;t) = lim w, (A Yp(B)) ,
A-3c0 :

vhere w (A} = Tr e oafa/Tr e WP ana w(a) = a(a,15t) = limw,(A)
Avoo P

is the Gibbs state,

In this case, under some epecial aesumptions /5,6,16,17/ one
can describe the d'y'namics by a one-parsmeter group 3" of ¥-suto-
morphiems on the W -algebra o=, (01 J'* | where T,, is the
GN3 representation of the siste w , The esgential point 1s the
following one, On the basis of the dynamiceal systen (oL, Tt)
one cen spply the "KiS-conception® (see e.g./10/), which mekes it
posaible to handie in the algebraic spproach on s rigorous 1evé1
such physicel concepts as the entropy /2/ or the stability and ‘
the variational principle for equilibrimm states.,

All these conasiderations are mainly besed on the properties
of W*-f-algebras. Last years first steps wers tsken to generalize
these considerations to #=-algebras containing "unbounded" elements,
which arise in a very nstursl wey from the physical situstions
4l 9,11/. One needs an appropriate %-~algebra OL , the structure

of which haa 1:0 be closely related to the physical model, For the



"weakest case" mentioned above the observable algebrz Ol = E“(OE)“
id constructed already in dependence on the eguilibrium state W .
It ig desirable to get the observable algebra Ol independently

of & Ffixed equilibriuwm state,

In the following section we outline the construction of an ap-
propriazte obmservable algebra 0. for the FCS-Bogolubov model of
superconductivity. This algebra is the completion A = 6{:{€h of
the algebrs CK‘ of local observables with respect to an appropri-
ate chosen locally comvex topology Eo . The dynamics of the model
can be described by a one-parameter group of automorphisms on o .
Let us call the method to comstruct this topology 50 the ™method

of N-operators™, The sense of this notion will be clear in what

follows.
?. Dynamica of the BCS=-BOGOLUBOV lModel

The treatment of the BUS-Bogolubov model /3,4/ in the algebraic
approach had been done for the first %ime in /8/, Yur considers-

tions snd notions are founded on the papers /18,13/.

The BCS Hamiltonisn in the quasi-spin formulsition looks

. ) ] , .
(2.1) B, = &3 (1-62) - 2gV(A) ZGP G
PEA ?lp'el\

The approximeting Bogolubov Hamiltonisns zre
W2) 8 = - .
(2.2) L 21 A

where o= &4 g2~12€n$ + ng) + The direction n = (nT,nz,nj)
and the nwber -1 £ 7Y £ 1 depend on the temperature and the
phese of the superconductor,
The algebra O, is generated by all Yauli operators 6; with
£y .
Ef\ . | an id -
P Sp eds P 16'p)



Let {&Y= {5 } be a sequence of signs 41 and n an arbitmry
direction. Following /18/ we define
(2.3) M{:},n = 1+1/2 T (1-g(Em ) .
Pen
How we regard only such sequencea {ey of signs Por which g =
= lm vyt Z.EP exists for a fixed increaseing sequence A, > 2T
of bmde&dom;:;. Further, r’o denotes the set of multi-indices

¥= {{e}, n} , n a direction, for whick n, '-ﬁ- . &> £ iz agsumed.

Lemma 2,1
Let F be the set of a1l contimious functiona f(x) on R‘t ,

which decrease faster then any inverse powers, i.e. »8UP (1+x)k[ﬂ

< oo for all positive integers., Then
sk A
(2.4) fag, = 1m Jahk s s |
*® A-voo

exiats for every Ac 0[& and defines & seminorm on ({, . % is
the rulti-index « = (£,k,¥) , + = (g}, n) ¢ T

o -
We have proved this Lemma in /15, Theorem 3.2/ . On q, we de-

Tine now a locally convex topology § o by the following system

of seminorms

(2,55 gt p (&) = max (AN, ffa*iy ,

where « rung over &1l the multi-indices o = {f,k,f) with f ¢ P,
E=0,1,2,000 , §= (e} ,n) e r'o .

Further we have the following lemms /15, Lemma 3,1/,

Lerma 2.2
U)‘.z 1%.] is & locally convex topological #-algebra. The algebraic

cperations can be contimuously extended to the completiom O =
—— .

0L, [5], which then is s complete locally convex #-algebra,



Let uz remark that the second part of this lemma is nontrivial,

since the multiplication in O[‘ I.E:] ig not jointly continucus.

Un the basis of these lemmas we can formulate the main result

on the dynamices of the BCS-—BC;golubov madel /15, Theorem 4.4/.

Thegrem 2,3

For Ae 0L the limit ¥,(A) = 1lim eiFat g o~1Hpt
¢ t A=voo

exists

o ——
in O = 01.,_!.5,] . T,{(A) is continucus with respect to the to-
pology §0 s 2nd it can be extended to s one-parameter group

of ¥ —automorphisme of the complete locally convex ¥ -algebra Ol.

The cruciel point for the preof of the theorem is the existence
of ‘the mean quesi-spin & = 1lim 1/2 V(A1 > 6'p in L ,
where the 1imit is taken with respect to the :zgology §, (/15/
Theorem 3.3, /14/ lemma 3.2). This limit fails to exist with pe-
spect to the Ck—nom, which is givem on 0L, . This is alsoc the
reason, why the dynamics of the BCS-Bogolubov model cannot be
handled in a C*-theory.

Let ue,in the next section,yet explein the connection of the
topology § _ with the Op¥-topologles introduced in /7,12,13/.

3. Op*-'l‘opologies

Let l"‘\, be the operstors of the foregoing section (IN-operators,
see below), Let us fix the index ¥ = ({£},n) . Then there exiats
a faithful representation of GL on a certain Hilbert space Y"l“ N
o that 1im Mt‘ = M existes on ecertzin dense domain with respect
to the wetlzwtopology /18, Lemms 2/, M is aself-adjoint aperator.
D= ﬂ 3(Mk) is invarient for all operators A & C’[t . We define

on D & locally convex topology t by the gystem of seminorms



(3-1) t: ll#“k = “Mk¢ﬁ . ¢€ D , R=0,4,2;,.-. .

DIt]1 is e Prechet space. Let £*(D) be the maximal Op*-algebra
on D and £ (D) the algebra of all continuous operators of D [t]
into itgself., The topology of uniformly bounded convergence on

£ ( Dwillbe denotedby ¥° . £(9) 1% s a complete space.

_ The topology v0 ig given by the seminorms
(3.2} % JaE = sup U § 1l
pen

whers M. runs over all bomnded sets in D [t] sand k = 0,1,2,4.. .
On £M' D) we define a more strong topology Kf by the following

aystem of seminorms
(3.3) 52 ager oy Y il JaryHox

Thenalpo the involution A—>AY iz 2 continuous mapping with
respect to the topology 'S':) R

Lemma 3,1 /t3,14/

£ D) [3'5’] is a complete locally convex #-algebra,

——
Since 01,_::{,"(2)) , the completiomn Gltlrf]= Olb is also a

#-algebra, Now let us fix the index ¥ in (2.5). Then we get a
weaker topology §? end §, = sup §f .
o

Lemmsa 3,2 /15, Theorem 3.2/
The topologies §t‘ and 3’3 coincide on ﬁlc .

The topology 3‘_:’ depends only on the dense domein 0 and is
a natursl generalization of the C*-to;xology on & #-algebra of boun-
ded operators. Therefore % 4 8nd £t o = s?p Eg_ are *¢¥-1ike®
topologies /13/. The relations (2,4) and (2.5) show that I, can
be defined by en explicit wuse of the operators M?. . This is an



interesting fact, since the operators M‘:h are of the type of the
operators HA in /5/, which we call "N-operatora". They estimate
the unboundednesas of H, (see /5/, N2-K3) in the limit A—>o°,
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