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Kyp6aTOB A.M . 

YpasHeH~e caMocornacoeaH~fl s TepMOAHHaMH4ecKo~ 
aaAa4e 3neKTPOHHoro raaa 

E17- 12435 

Uenb~ pa6oT~ ~snReTcA e~4HCneHHe TepMOAHHaMH4eCKHX xapaKTepHCTHK 
KnaCCH4eCKOro nnOTHOrO 3neKTpQHHOrO ra3a, 3aKn~4eHHOrO B COCYA C~e
pH4eCKOH ~PMW. ~CKOMWe eenH4HHW npeACTaBnRDTCA B BHAe ~YHK~HOHanos 
OT peweHHA HHTerpanbHOrO ypaeHeHHR THna raMMepwTeHHa . 8 nepBOM npHfi
nH*eHH~ H 4HCneHHO BW4HCneHO CaMOCOrnaCOBaHHOe none KaK ~YHKUHA 
paAHyca. OnpeAeneHw 3Ha4eHHA ceoCoAHO~ 3HeprHH, KHHeTH4eCKoH H noTeH
UHanbHoH 3HeprHH, nnOTHOCTb 4HCna 3neKTPOHOB KaK ~yHKUHA paAHyCa, 
AaBneHHe, nony4eHO ypaeHeHHe COCTOAHHA. PeaynbTaTW RBnR~TCR aCHMnTO
TH4eCKH T04H~MH B npeAene B~COKHX nnOTHOCTeH. noKa3aHO, 4TO AnR pac
CMaTpHeaeMOH CHCTeMW TepMOAHHaMH4eCKOiO B o6~4HOM CM~Cne npeAena 
He cy~ecTeyeT . 

Pa6oTa e~nonHeHa B naGopaTOpHH TeopeTH4eCKO~ ~H3HKH OH~H . 

Coo6weHHe 06heliHHeKKoro HKCTHTyra <UlepHbiX occneaoeaKaA. Lly6Ka 1979 

Kurbatov A. M. 
Self-Consistent Equations in Thermodynamic 
Problem of Classical Electron Gas 

E17- 12435 

The purpose of the paper is the calculation of thermodynamic 
characteristics of classical dense electron gas contained in a 
vessel of spherical form. The quantities to be found are represented 
in the form of functionals of the solution of an equation of Hammer
stein form. The self-consistent field as a function of radius is 
calculated in the first approximation and numerically . The free 
energy, the kinetic and the potential energies, the density of 
electrons as a function of radius, and the pressure are determined, 
the thermodynamic state equation is obtained. The results are 
asymptotically exact in the limit of high densities. It is shown 
that the thermodynamic in the usual sense of the limit does not 
exist for the system under consideration. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR . 
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1 
In the present paper we shall give interpretation of the 

results obtained in ref .1 for classical electron gas in terms 

of self-cousistent field. On the basis of these results we shall 

determine the ther11odynamic parameters of the s y stem. 

It has been proved in ref.1 that a s ymptotically exact in 

the limit of high d~ncities expression for the free energy of 

electron gas is 

F[w,V,~]"'- i ~ 1 [(~\3/2. ].v- .d..N ~ 
~ N! ~ ) V ~ (l ')'!~ lC 'ti \ 

kN -

~.iJiC!le'~ r(!l ~1 )( / r r..w -
~' e-' d,~)Y• ~Cl) ., -N 7' e. f. J e-Jl(l; v)V, 'f(f) JJ , ,1 

«1 ~3 -) 

where the function iji (!) satisfies the equation 

<I'(~)~ 
~ 
E~ 

i -~ KAJ 
e (~ v)V!. ~(1) 

Ji l! -JI 

~ 
IE:~ 

e-~C ~~)Ill <v(i) 
( 2) 

Jt 
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Th e equa t i on ( 2) is that o f the iiu.m:nerstein type / 2/ 

cf{1): jl( (J,j) 10, f(l)) Jl 
1/1 ~ -

(3) 

with 

10,1) ~ -. f .. 
J 

'3 
VJ:{f 

' 
-f> ~~)h ~(l) e (v,, 

JU, t(j)). r e-\fvlv· ~Ctl Jl 
VI 

( 4) 

Note that t he equation (3 ) fo r infin i te vo l ume Vl = /J.3 in 

t h e cas e 

J ([> ~Q)) = J e <P(j) 
) 

A E /Rl 

was consid • red ear lier by A. A. Vl asov/ 3/, S . V. Tiabli kov/4/, and 

othe r autho r s . 

As shown in ref. 5 fo r J( {},f)> 0 the equation ( J) has 

uniqu e s o l ut i ,HI . That is the so ~u~ ion fP(J) o f the 

equation ( 2) is unique , therefo r e , our system , as expected , 

<i oes not und<·rgo any phase transitions . 

Let us make in (2) the chang e o f varia i les 

Ri=t} Rf ~ l; 
( 6) 

i' If(~ x) = U(!) , (7) 

where 

4 

R ~f1 v'v3 lfrr 'j {"""' ' 
\ I 

is t h e r a d i us o f t he sphere, t h e e lec tron gas i s contained i n . 

We have 

-p V{]J I 

5 1!. e dt-/X-J/ -\§ 

TI(:~;) =N J e-f>ll(}J dJ. 
VI 

~ 
('1 ) 

This i s exactly the Vlaso v equilibrium se l f - consi stent field 

equation. The free energy in terms o f the n ew vari ables is 

F[N>~P] ~- ~ ~ ~ [(.!~M)%v ]"' ... 

~ tJ(;)e-~v(~) 
" d~ _!tJ 

2. ~ e -~17(~) 
VI J~ 

~ Nl {) 1 [,..,-foll(:!) I F t41 v c- « ~ . < 1 o > 

I$ 

In the expressio ns (9) and (1 0 ) the quantity 

.r (~) = 

e-~V(;) 

) t£~V(~) dx ( 11 ) 

VI -
represents the one-particle dis tribution function. 
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The calculation of the thermodynamic parameters of the 

system pr 1ceeding from the free energy (10) as the correspond -

ing derivatives is e'lbirrassed b.v the fact that besides the 

explicit dependece of F on N v ' f there 

is the implicit ou e through the function '(J (~) , which we 

do not know, To overcome this diffic ulty , we consider the 

functi onal 

F [ 1] . N v P.] -= - 1 t? .i [(2 " ... ) 3,4 ] IJ 
' ' 'r ~ u, N~ f V -

- f N J tr(:~J o (.t) Jx -lv' i (,. 1j~ -(3 U&J 
VI h.r - - f V c dx VI -) 

t 1 ::>) 

where fv { !: ) is to be determined from the iJ1tegral equation 

V(l) = N J f x~ /It fu (~)Jr. . ( 1 

VI 

We shall show that for U(~)::. fj (?; ) , where fj(~.) is the 

solution of the equation (9), the equality holds 

~ 'F f u ~ ~ ~ fol = o 

"" 
and that F [ C; A; ~; p.] is the value of the free 

energy to be found 

6 

i' 

... 

F <0 'F [v; A', v, 131 . 

"-' 

Varying F , we have 

~ : .: j 

~ F[ ii; ~~, v, p] "-i 11 J sur!!> P17 (!) ~~ -11fiM rpyr'!J<Ir+ 

( -p.U(x) 
J &U(~)e - d;& 

+ N . -r J J e ~f>u~ d~ 
(1'i) 

VI 

From the other hand , according to (13) 

gfl(J) = N 1~~~ 11 S.Pr; (~) d~ ( 16) 

Let us c onci !er now the second term in (15) . In view of (9) 

(( I< -~ 1J(~) 
i s- )J e. [; -~NV! U{:!)bf;;(!Jh ' _ f N' "" ~~- ~~ ft,{l)J! .1j 5 e -~ Tl(; J 1 ( 17 > 

VI ot! ' 

whence by virtue of ( 16) 
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-fN fu(~H'p~ (~)d! ~ -JM 
VJ u 

In t his case 

g F r u; N) v) p 1 ·~ 

J bU('f)~-~ t-rr~Jd:r 
VI -
( - f~ CJ (X) 
J e , - d~ 

VI 

=- 1 A! r sur:;;)"- ~':r)J 1 l s V(~) i;l U(~), 
"' Iv'~ '! +2N VJ •! 5 e-f3 V(!!:J 

bu t a ccord i ng t o ( 9 ) 

- ~ F(! ) 
0 

~v (~ ) ~ Te -~V(~) J :f 
VJ 

t iterefore 

{p{[r; A; V,f~7 = 0 · 

VI 

' 

I n v iew o f (20 ) the equali t y (1 4 ) is evi de nt . 

dx 

) 

, ., ..... , 
' .' 

( 19) 

(20) 

( 21) 

Th us, a c c o r ding t o (2 1 ) , in cal cula t ing the deri va t i ve s of 

t ne f re e e: 1ergy F ~ f [if~ A,~~ tJ with respec t t o N , V 

8 

.... 

~ we are able no t t o t~k e into considerati on the impi_i c i l 

de p endenc e of t n e fun c t ion U {'!) on tne se qua n ti tie,.; . 

Differe n t iat i on yi ~ ld s 

E =~ (fF[~v,p]) ="~~ (fF[if; ~V;fo]) = 

( _ -AU(~) 
JV(x)e:'- dx 

i/1 - -
3 ./ " J-:: N · z f - 2. N Yl U {~) f f/;) d ~ t N 5 ~ -ft v?~) ·J; -~ 

\J -

-:: N[i -j, f xj U(~) fv{~)J~r= EJ:UH , + Eno~ . J 

where 

- 3 1 I: = N·- . :z... 
KIAH. ~ ~ ' 

E.,,~ . ~ N· f ) U(~) .fo (;) cJ ~ 
VI 

( ;>;:> ) 

( 2) ) 

(24) 

The potential energy c o incide s naturally with tha t of sel f 

consistent field. The energy Ej,r;t;. . expres sed in t er~ of 

th e sel f - cosi stent fi e ld reduc ed to t ie unit s ph ere ~(~) 
has the f o rm 
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N.t 
Ehoiil . -= k (2 v) v.~ 

'f/r 

kA/ -
) o/(~) ~ -~ C v)¥3 ~(i) 
(E3 - . 'flf ols 

;3 e - f; (~Nv)'~~ ~(1) oil 

The chemical potential }"" is g iven by 

~ F ! 1J }(..lA"m_ 13k V J J. 1.}-f =oN =- f 01 Ll TJ N e.J ~ /' - J.J U(~) Pv (!) J ~ -
\f 

~l&.lj -;ur~J p v e. J.x =. 

v -

(2 5) 

( 26 ) 

- ~tJ ¥(~) ~~(l)e ~(y,,v)Y.J -di 
1 [ (.tllm) 

3
14 V .7 !.. _1. I<.N tfl KAI -(\) 

=- fn \T iV ej +- f> ~(~v)~ S e.- ~(~ vW~ q~- J~ f> ' 'fii ~Til -
[3 

- ff~ 3_ { e-~(~~) 113 ~(D 
I VII J 'til df 

[.3 - • 

To calculat e the pressure 

'OF 
P=- 'OV 

10 

( 27) 

(28 ) 

1 
) 
; 

') 
" ) 

we make ust of the law of corresponding states 

-% ~[- -1 -% J "' . J A 1-- V~ ; ) N J ~ v 1 ~ f = F [ u, ~ V, # , . -- ' \ ') 

whe r e 

V(;.) =- r'~A V). ( f!A ~), (30 ) 

Let us prove i t. We ha ve 

)-% F [ u~; AN/ ftv, ~-V(~] =-t e, ~! [(.!~m)Vzv]N_ 

- _(113 [ f )N J UA ( ~) () (l) (~)J X f). 'lflNJ.e l. re-t1~ ·u_. ~) 
) -1Vl J tJ,~ - f "y)< '3.< 31 

> 

Ma k i ng the change of variable 

-i.f.3 . 
;t=.--1 .I, ( J?) 

f or the second te r m in the s quare bra ces we obtain t he expr e s s -

ion 

-VJ 

J 
-A !!> tr)(~) f -~ V(O 

A '1/3 N J. e l e , I = ). l/3 N 1. t, 1 e -J t f' ~ v ! (;(~ /> v - . ( 33) 
)- VI IQ' 

(~) 
To calculat e the fi r st term we fin d before the function f iJ {~) , 
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by t h e de fini t iou of which 

f. K (.l) 

1h(J)~ )N /!-:tl f C~)rl:r, 
.rtv; - 71) 

llia king t he change ( 32 ) we f ind 

U (rV3.u) =A~ r -~-- c ()) c~ -¥-:.x) I . 
" .! 'vf 1~ - !1 '.IvA -a~. 

whence 

_ J _K_ . { ()) -~ _ 
U{1) - 1~-~1 A l'uA (~ ~) J~ 

\{] -

Compa ring (36) with ( 13) we ob tai n 

{ o()) c~-%x.): 9 c~). 
~ J VA - V 

Then 

(34) 

(35) 

(3b) 

(37) 

t ).N) V, (f) 9. ()) (~) J~"' ~ N) U) (A-~~;)~~) (('\)J!:: 
).. -!VI lJ,~ VI ~ 

12 

411 

<.I 1 

-= /f-a. t N f !!(~) 9!! (~) d ~ ' 
VI 

that in vi e w of (33) leads to (29). 

Differentiating (29) wi th respect to J and mRking 

use of (21) we have 

(38) 

- foA -!A lF [fr~ ~).tv) >.·iv, fviJ~ J + (~~~N 'd~ [i!,\),vJ\·,;-Y3~] 
'0 (>.N) -

_ .i V _1F Cj; ~AI; ~ ~: ~ ~ _ i%.1 "JFLUA).N) v). [!> _ _ • _ .. 
"'[- ·J. -yt~ l -v_(;- -! -% ~ 

,~ 2. --u()-J.v) 3! '()0.,/3 ~) -0.\ ~), 

Setting here A=- 1 we obtain 

-!F+pv- f (E-F)r!V==O J 
(4 0) 

whence 

fV=F+]E-;;Ne..Q+- ~E. (41) 

Making use of the expression for ti&e chemical potential (26) 
• 

we find the pressure on the surface of the s phere 

f~ .L (4E- 3"') 
~v ~ > 

(42) 
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o r 

r= 3~ ( 4 E no~. t J.EK .. II.). (4 J ) 

Let us wrl te th t! equation ( 9) in more c onvi1Jient form . 

i:ote that in vle·N o f the symmetry of our pro blem we may r estrict 

oun; e lves t o spherica ll,y symmet r ic p.::Jtenti.als "U{!:_) and 

d H lc lties f(~) . Then , for tne integ rals over the shere of 

radius ~ 1 
, appearing ill the righ t - r.· md side of ( 9) , are 

c alc ulated explicitly 

ll_ lxl ?- 1~1 l l~l l -

\ 1 !c -~'I J s,,, 
1
±1 , I o<l ~ 1=<'1 ' s~~ • 

l44) 

we have 

~ 

~ Yn'~ [ ec~-~') -r e (t'- ~)J -~ Il(t1
) 

1J (:J:) =:f.} I( o ~ -~,- Q. d ~I 
R ) ~if ~' .t e- ~ U( t') 1 1 

D ~t 
' 

(45) 

where 

~.,_f~l ' ~ 1=1~11. ( 46) 

Similarly, the equation (2) t a kes the form 

14 

~(t) == 

1 ( KN )~'.t[ eC't-'t') + e(t'-'i) J -~-g l/'Ct? 
0 ~ ~I ~ d ?:/ 

l 47) 

1) ~r.tJ e-~ K: tjJ(t') J ~~ 
0 

As has already been mentioned before, the equations (45) 

and (47)have the unique s o lution . It i s shown in ref.5 that 

this solution is the limit of sequential approximations . 

Setting in the zero approximation the f tmction C/l(z.) equal 

to a constant, in the first approximation we obtain 

4-'{"l) : 1- :/; ~~ (4R) 

v (2') ; l. I( tv' - 1 !<!../ ... .t, 
~ R 2.- RJ c. • (49) 

1.5 

1.0 

'7 
._../ 

~ 

0 .5 

0 't.. 
1.0 

Fig .1. Self-consistent field ~~~}vs radius . 
a) The first approximation. 
b) Numerical exact solution (broken line). 
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In Fig . 1 we show the function 't \.'L) in the first approximation 

(4~ ) and , to compare with , it d exact value for p ~ ~J 
deter mined numerically . The difference be tween the two is within 

5 %. 

The electron denci ty as a func ,ti<'n of tile distance from 

the center of the sphere is 

~ 4 ~N 
(t) = NJM = c e ~.PFt t- ) 

wher e C 

/"' 
,J 
,.J 

!: 

c. 

0 

is ind 8 pendent of ~ • 

't. 

Fig . 2. Electron dencity as function of r adius. 

(50) 

R 

The ratio of the electron dencity near t h e sphere surfac e 

to that in its center is 

t Ktl 
h(R)/n(o) "'e_ ~ (~v)v3 

16 

(51 ) 

Thus, the classical electron gas cannot be considereri as gas 

of constant dencity. The consideration of the electron gas 

in infinite volume is also impossible . Th8 Lhermodynamic - ln 

the corrunon sence - limit for tit is problem does not exist . 

Calculating on tha basis of (47 1 the potential energy (25) 

we obtain 

tn~~. 
3 KN"' 
s (2_ v)Y3 

"" 
whence we find the expression for the pressure 

~ [ 2N 3 KN"' 
p ~ .w ""f t .s= (3 )'13 . 1 l 

v v~ J . 
'(If 

a.. 

v 
Fig.). Isotherm Jf electron gas. 

a) Electron gas. 
b) Ideal gas (broken line). 
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