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Kyp6aToa A.M. 

To4HO pewaeMaR MOAenb aHrapMOHH4ecKoro KPHCTanna 

npeAnO~eHa MOAenb KPHCTanna, AOnycKa~aR T04HOe B TepMOAHHaMH4eC
KOM npeAene peweHHe . 8 3aBHCHMOCTH OT BHAa noTeH4Hana OHa MO*eT cny
*HTb AnA OnHCaHHR 3~eKTOB aHrapMOHH3Ma HnH HCnOnb30BaTbCA npH pac
CMOTpeHHH cerHeT03neKTpHKOB THna nopRAOK-6ecnopRAOK. ~ccneAOBaHHe 

npOBOAHTCR B paMKax annpOKCHMa4HOHHOH CXeM~ Ha OCHOBe KnaCCH4eCKOrO 
aHanH3a TeopeM~ 6oron~6oea /Mn . / 8 TeOpHH MOAenbH~X CHCTeM. nony4eHO 
T04HOe B~Pa*eHHe AnA ~YHK4HH CBo60AHOH 3HeprHH B BHAe ~yHK4HOHana 
OT peweHHR HHTerpanbHOro ypasHeHHR caMocornacosaHHR. 

Pa6oTa B~nonHeHa B na6opaTOPHH TeopeTH4eCKOH ~H3HKH, OHRH. 

Coo6weHHe 06beOHKeHHOro HHCTHTyTa KQepH~X uccnenoeaHKA. n y 6Ha 1979 

Kurbatov A.M. 

Exactl y Soluble Model of Classical Anharmonic 
Crystal 

El7 · 12434 

The model of a crystal that may be solved exactly in the 
thermodynamic limit is proposed. Depending on the form of the 
potential it may be used for describing anharmonic effects or in 
considerations of the f e rroelectrics of the order-disorder type. 
The investigation is carried out in the frame of an approximation 
scheme on the basis of the classical analogue of the Bogolubov , Jr. 
theorem in the theory of model systems . The exact expression for the 
free energy as a functional of the solution of a self- consistent 
integral equation is obtained. 

The investigations has been performed at the Labo rato ry o f 
Theoret ical Physics, JINR . 
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Let us consider a(three-dimensional)lattice the sites of 

which are labeled by vectors ! G /N E ] 3 
:!: = < .X.t, :l'.t, x.J> 

The indices -l'.t , l'z. , lj run over intergers from 1 to h 

i.e., the whole number of the sites N= II IN/I is h:J 

N =/(Nil ,. n3 • ( 1 ) 

What shall we do is to describe the vibrations of such a 

lattice proceeding from the following model. In each site there 

is a particle of mass Yn which may move in the region ~ 
of volume V around the center of the site 

VN~'f 
' (2) 

lf is the volume of the lattice. The state of the particle 

labeled by ~ is specified by the vector 1:~ equal to the 

difference of its position vector and the position vector of 

its site and by momentum .f ~ • The Hamiltonian of the system 
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p; 
II =I: -:rm-

xcN 
(t-1)( ) +U L(t,l,J), ... ,f_(t~,;,,,.,) (3) 

c ontains pa ir interaction between the particles . The potential 

li(f,t) of this interation may be of different form, i.e., 

it may be anharmonic. In our model 

- (N)( )_ i. .}!__ \-r ) 
[/ ~(1,11 i) 1 ... 1 ~(h,h,.~t)J-.t NL....., U(!9!,f-:r' J 

:!,5. ~IN 
(4) 

U{J,?)>-O, K>O_, -- ( 5) 

and labelling the si tea by integers i.~ i,/s, N J we have 

N z_ 
1/_.., p;+ 
H - L. ~m 

i.~ ! 

N 

f ~ ?. tl ('!/) £.;) . 
··r~ 

( &J 

If the function U{f,l) has one minimum, the model (b) 

may be used for d escrib i ng thermal vibrations of solids. In the 

case of several min i ma of u(S_ , j_ ) our system represents a 

model for ferroelectrics. 

In the notations of ref,1 the state space of our system 

is 

_Q = ~'1. 1/J,!j ' ( 7 ) 
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and the tnermodynamic potential - the free energy - is given 

by 

"'f.l 1'1 

F[tv') ~A . ~] ~- ~ e._ N' (P._ n~ -= - 1 () re-p[{ i, 1" 1 !t fl(?,~~jj 
,-, r ' H, 11) -f2. f> 01/ ' 'I • J : 1 _ ~~ !J· .. "'f,., -

...Q \I,N -

N 

= _ LIJ, ~Jnm \Jf.t ]"_ j_ &, 1 e- ~ . ~ ~~t tl{1,; ?j) 1 I' Ll p) J /> 'I dl_L, , d!_A/, (8 ) 

VI 

Le t the funct i on be symmet ri c a nd c ont i nuous. Then th e 

integr a l equation 

).u(ti)<f(1)d7 = J~Cr) 
VI - -

(9 ) 

has a countable orthonormal in l...~ [ Vf] set of eigenfunctions {~(!~ 
with corresponding eigenvalues {Jot.} , and 

fl tJs-llf(- fiE VII lis (ti)- l1{I,1)/ ~ E(s) 1_.;-0) < 1o> 

where 

s 
Us(i 1i) = 2: Ao( t (t) ~ (1). 

o(·"J_ 

( 11 ) 

We deno te 

It) 

N 

uiN)(?J, , .. , ?N) " 1 ~~Us{?.-,~) 
'1 '- i. 

( 12 ) 

5 



and estimat e the average < 1}~AJ) _ u(N)2 
Hamiltonian "1/ ~ 

for an arbitrary 

<n(N)_ rr(Ai)\ / {/U{"')~ ·rd"')llf ~1.3.. N"-'/(u -1)//. =-iKAil(sl 
~~~ \. ~~~ s V Joo J., N I'S co~ ~\13J 

Let us c onsi der now the Hamiltonian 

N .t 
,, 'V P.· {N) . .) 
Hs : {...> Jm + Us ( !1) ... > £.-v/. 

·=t 

\"' e rewrite it in the form 

"' s 
Hs " NT(fl, ... ,f,J+ l ~~!~t).ltf)!,)t{t) ~ 

s "' 
= NT(ft, ... , ftJ) t- i ~ .~.~ ~=1 ).~. f,/v_) f.l1i):: 

s 
=NT(p:~., ... ,p,.)+NL A<~- (~1, ... , ?,~~)Aot(~t, .... ?,.;), 

- ~ .J.~l 

where 

N _et. !. l 
T (r_t, .. · ,ft.JJ = fi? 2LN~. ' 

l ':I. 

IJ It/ 

AJ.C!1, .. . ,~), ~E J;~;.· 'fv.{1~)=~? ~o(c~~) . 
i=1 c=J. 

According the Cauchy-Buniakovsky inequality we have 

jA.,~~(l)\"' [(u(~) ·), 'ec(-))t..tt[\1]1 <~U(l;~ltlf!f.c(.JKt J 

I 

( 14) 

( 1 ')) 

( 16) 

( 17) 

( 18) 

Since the function U(•J•) is continuous and the s et {<fJ.C.J} 
is or thonormal, there exists ~ such that for any cl and 

~ 

I \t ~~ (i)\ ~ M ' (19) 

whence 

II -Adlloc ~ Jf,/ -~~ "' M.lw > (2 ) ) 

s .s ~ s l 
Z II A.J\oa = Z NcLN ~JF M I} 'J'J; 
~·:{ ol•i ol=i 

=Ms. ( 21) 

Thus, if we introduce the Hamiltonian 

s 
~So (a!, ... ) as:) c N T(_rJ., ... ,.f.w) + ~~ o~A,;. 4_t, ... ,JII)-t1./)~ (22) 

by virtue of Theorem 2 of ref.2 the difference between l ts 
-~~ . . free energy at q£:0~ determ~ned from the absolute max~mum 

condition 

F [N,V, ~; Uso (a/s,~) ... ' a/s,N))] ~max F[M v;~;JisD (Ql.)"') Os)2 ( 23) 

(<:tJ,,.,, 4s> 

- (S/1)1 (this solution always exists, and I O.,t ~ Nei.N ) and the free 

energy of the Hamiltonian H is bounded by 

Q 

.s ~ )t I -KNL(~ ·~ N ~ 
.JtJ. v""" 

7 



~ 1. F[N 11 12.. It (-(s,N) - (~N)l7 i rf 1, • H] ~ O 
~ N >v>r' Mso la.L , , .. 1 as Jj-,.; r-[N,v,fo) s - , (24) 

From the other hand, making use of the Bogolubov inequRli

ty for classical systems/ 1/ we have 

<u/NL uM~ ~ F[N; ~p; Jls]-F[N,~~fo; 11] ~<v~N~ vC"~ 
s . 

( 25) 

and in view of (13) 

-f KE(s) ~ t F{N1 ~ fo;. Jls]- t F{N)~j3~ II)~ j Kc{s). (2b) 

Adding (24) and (25) together, for the difference of the 

free energy dencities 

/N[N, V)~;t/] = ~ ~[N, ~p ;f.l] ( 27) 

of the Hamiltonians 1-/-= H 
obtain the estimation 

I) I • I 1 c- (S,AI) - (S1N)) 
and n-Hso Q! >'"> Q5 ) we 

s 1 )"'l 
- .1.. KE(s)- KNJ. ( Z V) ' N ! 

J.t cb! .t 

< f [N II H 1- (s,N) a(s,l.f)ll r [ill v ·HJL.i. 
'dN JVJ~j so\a 1 1"J s )j-1"'v,,~,~, 2 kc{s).( 2a) 

Thus, 

~hi t·Yil f /"[v, ~p; llso (ii Y~~~. > a ~s,~~Jj-[;[N)~p;JI]l =0. < 
29 

l 
s-.,. w-- U 
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To calculate fN [N v ~; Hso ( a1(S,N) a (lfV~Iwe wri te t he Hamil-
. J J ) ; ") s ~ 

t oni a n Uso (at, ... , us) a s f ollows 
s $ foJ 

~soCa1, ... ,4s)~NT{f~, .. . 1j!IJ +N [~!a.._J. t-£laJ.~'§) £,d~ t (JJ] ~ 

S N J 
= NTCft, ... 1 f11) + N[-,f a}+- ~~! fs (£i)j , (30) 

wher e 

<J1, m "t. Ja,J L 'JJ:. r~ ([) . (31) 

Then £" [,v,~p; Hso(at, .. ,' as)] may be represented in the 

f orm 

fN [w, V, ~; Hs~ (at, .. . , as~: - ~~ e, [ (T )YjAI _ 
S N 

1. () (_~,v[-~~~+~?'l's(t.)] 
- e.,\f (Nv J e ol=t t'L J'l 1 :. 

I VI . __ l, . . . ~"' 

-= _1 tJ (.,l;,.)·¥.2._ ;, Z _ J. 17 f -(3K fs(} )J? 
R u, .. L.l a,.( a CiJ e > 
r ,r .t.=! ,- It?' - . 

(32) 

-(st.~) -(.s H) 
Since the quanti ties (Ji. 1 

, ••• , 4s ' are determined from the 

absolute maximum condition (23), they are to satisf y the set 

of equations 

'dfw[N,~ft;Hso(41, ... 1 0r)}/~a.,~.= 0. 
(33) 
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Taking into a ccount that 

D~s{l) = l) J~ '1)7t (I)' 
~a,( (34) 

we have -} K </Is (I) 

~a f.(1)e J}_ :0 
~ . -a. c Ji." \ e-p<l,i)J J i 

VI 

(35) 

Multiplyi ng these equations by .J.t/E {i)_~(~) and adding them 

together we obtain the integral equation 

~Us(~ !)E?K'l-'s(l)ol? 

~s(!J= VI f e~~-Klfs(D j? - '1 

v 
the function c.fs (l) satisf' ies to. 

Using now t h e fact that in view of (35) 

s -2 [~(S,N)]'=- ~ \ ff. Ji:f.{()i~·~{!) 
«•t /.. K ll - J ( «·~ r -p~c:~(s) -

j e - d's "'" 
Vi -

-:::. -1< 

J IPs U) eflKf~ (i) 
VI - Jt 

( - ~K \t (~) -J e s - ell 
') 

10 

(36) 

(37) 

we find tne expression fo~ the f ree energy / 111 [~ ~~; fls1~ ~s-:::Qs(rj'l~ 
in terms of 1:he function fl's (£) only which satisfies the J 

equation (36) 

P rN v 8.. H ra.(s,N> _(>,N))] _ 
dNLI) q-> SD\' i )'") as . -

::: - .i e j_ r (J;;m)Jj.t, J rJ 
f;N Yl N! L \ T v -
r~s(~)e-fKfs(i) J'f 

-K-'~~-,~~~--~--
.\ e />KIPs (1) J ~ 
\j -

- lt j e-~K~(~) J 
f3 V1 1 . (38) 

It is not difficult to show that, since Us (f})s-=:i!{f,j) • 

~~ (1) s- =- lf(~) ) (39) 

where 4i (l) sa t isfies the equation 

. -~K ~'{?) 
~ Lf(!, i) e - dJ 

~ (~) = VI J ~-~~ <~'Ci) Jj 

"' 

(40) . 

a nd hence 

flfrr f..m f , D.; v fl. · fl , Ia (s,N) ij (r,'-~JI =- - 1 v (2iij f.t.. 
S 

d{V I r I S. l ( f ) , , ') S } 8 Ln A -
....... ;:10 ft/__,.ot> ,~ ,-

II 



1_ ~ J -foK ii(j) . 
- f !h e Jf. 

\:? 

( 4 I ) 

Therefore by virtue of ( 2q ) tile limit , a s It/_.,. - , of 

the free ener.;y dencity J,v[N1VJ,S; H] exists and i s Pq ual 

t o 

; ,J"l ) 

where ~(S_) is tile s olution of the eq ua tion ( 40 ) . 

Thus , we ha ve obtained the exact in the thermodyna mi c 

limi t N ._ t>C1 ~-.,..,.,., 'Y'/111 = Ve. OIN)f 

expression fo r the f r ee ener gy ri eucity of the s ys tem (4 ) witn 

arbitrary potential of i n t eraction betwe en the l at t i c e ul les . 
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