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Kyp6aTOB A.M. E17 · 12433 

ACHMnTOTH4eCKH T04HOe peweHHe 3aAa4H KnaCCH4eCKOrO 
nnOTHoro aneKTpDHHOro rasa 

Uenb~ pa6oT~ RBnReTCR HCcneAOBaHHe Knac.cH4ecKoro 3neKTpOHHoro 
rasa. PaccMaTpHaaeMaR cHcTeMa npeACTaanReT co6o~ MOAenb *ene, Hcnonb­
ayeMy~ a ¢H3HKe nnaaM~. HccneAOBaHHe npoeOAHTCR a paMKax annpoKCHMa-
4HOHHOH CXeM~ Ha OCHOBe TeOpeM~ o6 annpOKCHMa4HH CHCTeM C nonO*HTenb­
H~M cenapa6enbH~M B3aHMOAeHCTBHeM. 0ony4eHO aCHMnTOTH4eCKH T04HOe 
e~pa*eHHe AnR ¢YHK4HH cso6oAHOH 3HeprHH. AoKa3aHo, 4TO paaHoaecHoe 
ypaaHeHHe Bnacoaa RBnReTcR T04H~M a npeAene a~coKHX nnoTHOCTeH 3neK­
TpOHHOro raaa. 
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The purpose of the paper is the investigation of classical 
electron gas. The system under consideration is the jellium model 
used in plasma physics. The investigation is carried in the frame 
of an approximation scheme on the basis of the approximation theorem 
of systems with positive separable interaction. The asymptotically 
exact expression for the free energy function is found. It is 
proved that the equilibrium Vlasov equation is exact in the limit 
of high densities of the electron gas. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 
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In the present paper we shall calculate the free energy of 

classical electron gas 

t 

H L, . .£- z I< - -- + -
- , 21'>1 ' 1 ~ · - z . 

• • " I ~~ jt,,"* A/ j{,,<J !IV - ., 

(1) 

exactly in the limit of high densities . The system (1) is known 

as the jellium model used in plasma physic s. 

The f r ee energy F[N, ~J;H) of the Hamiltonian II 
is given by 

F[N;~8;J/) : -ffh(~,fl)J1.~J.N.:: 
/ ./"P.z J-- r~ ::.!._ -r z _1f_J 

- - J. ,J J ef3 u;~ ,./"" Ut'<,/~11/!.- -lf rfJ) -Ia I~ J ~ , to: 

- A Ut. (J. • .. a,w « .!.1 · • • .!!- < 2 J 
r J2. - -~N K 

=- J. tJ j_ fi(J iim)3/z.V,7N_ d. ~ ( .f..tl re~l;."I'!• - ~·J, d Dl 
f ~ N! L\ I' 'J f3 v~L V J EN • a3.J ... J,v. 

(\.?) 
Let our system be contained in the volume of the sphere of 

radius /?. 
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'!ft.j~ v'. 

waking the change of variables 

l• = RJ, 

we obtain 

or 

F{N,~~; H)~ -jtn :.,gJ;)%·R1~ 

- K L ____ 1.-,... 
_J. g, J e f tei.iitj~N I L~ -~-~ j x~ .. ' J lN') 

f3 (£3)"' 

rN. , a_ cr. 3 ·fi·MJ Fu, V,f.)IJ- rL~f;J> e J!J 

where 

~ 

( 4) 

( !j) 

(b) 

{7) 

(R) f.- K (A~)fj_ t- ) (N) i. 
lie. =Z. J.mR.~ + ff ue l.;_~, "'>}..V:) Ue =2/}. -f../·(8) 

i~i~IV J.!•<j"1 -' -i 

We introduce the notations 

I< G 11) = I ~ i L I ' 
(9) 

4 

-Z/[-j{ ~ ' 
1.-e ,>:1-J. 

{'f -j{ - '2 ~ (o,oo). - ) 
( 10) 

K{>)(I, j) =I 
.. 2 ) 5 ~ f 

- -
The function K(Z)(Jj) 

defined on fE .3 ® /E. 3 

has the following properties 

(v<%)1> t re® f~ t!'l)(~1) = K{l)(!)J) ; 

(b'l E{3
) k(~) 0, ·)e. L[ £1; 

(3M'l E$.~ (VJEl 3
) # K{t)O} )//'l ~ H~; 

K'l(.) .) E l).[fl 3 ® f1; 

KM() ·J >o. 

for all 2e{~~ 

( 11 ) 

(12) 

(13) 

( 14) 

(15) 

Therefore (see, e.g., ref.1) for all Ze;(o, oo) the integral 

operator K'{t): L~{ff:Jj ~ lJ.{£ 3] 

{KMr)(J)'"'(K(r.)(t, )) tt(.»l~.[EJjJ tf()E L.t[/£3) (1&> 

has a countable orthonormal in L~~ff3) 
I (t) k2 
~ (•)] with corresponding eigenvalues 

complete in L l-[[3] . 

set of eigenfunctions 

{ 
1 (2) l 

..,co( j which is 

We designate 
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.r 
Ks(tJ(f,J)<:£ A~l) ~M(J) tt./tJ({)) 

(17) 

6K~t) (J ,j)= K;z) (~ 1 j)- K{t){f
1 
j), 

( 18) 

and note that also 

k(.) .) E C[iJ@ [ 3}. 

(19) 

Then (see, e.g., ref .1 ) 

(V'l) (V'ot) .A~) >0, 
(20) 

( ) · M11 -V2 II t.Ks 11 _. - E2 (S) .s-- 0. 
( 21) 

From the other hand, the potential energy ·lfe(N)(J.t, ... ,t,....) 
may be represented in the form 

u/N) (t, ... , JJ = ufN) (it, ... J,;) + u/N} (}1, ... J,)-
IV (N)f ) 

- ~ IZ. t UQ l f.t) I" } t ' - -

where 

IV 3 

uf;>(JL, '" ,)N}= 11/ L )~z) ~6)(f.) ~(z)(t.J) 
''I :.t ,(=J 

N 

ut·J a1, ... , 1J = 11; A k ;) rt )J'j·)) 
·~r~ 

6 

(22) 

(23) 

(24) 

-2/ },. -].;/ e -
1 T (,.;)(1 L I ... I rJ = Z. N ' J.· -1 
v" - - t~·'J~ - ~ (25) 

Now we estimate the difference of the free energies 

F[~ ~f,' 1/] and f{~ ff;J)'J/2~)} , where 

,,(~) '\' .f/ k (N) ( ) 
Hzs-=6 J.wrR.~+RUts JJ, ... JJ111 ' 

J.'i'-N 
(2b) 

By virtue of the Bogolubov inequality for classical systems/2/ 

we obtain 

K/_l!(N)-UM+.tfz\ ~ 
R. \ ~ «.. l, 1t2S 

t.F[N f£3 A· f.lr~J]- ,.rN /l 3 8. HM]~ 
j 'r > 2s r L , ' I r J e '"" ( 27 ) 

" /( <- u; {N)- u. (N) + tJ. 'l) 
R t a 1, lie. • 

According to ( 21.) for any Hamiltonian /1 we have the inequali-

ties 

( <Uz\ I~ If u/N) II 00 ~ f Nt/1 Ak~) If- ., 1 NJ.c}: (s), 
(28) 

moreover, since u.,_(N) >0 
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<-u/'"))11e ~ o, t 29) 

Let us consider the average < {N)\ 
Ilq /Hts 

, (N)\ -
(Un . /HH-

~ Jk. dJ,L e-•/Ji-J,I -ff Z: Ksr.; . . 
= (PJ" - l<i<j<N /J: -J;/ e Ui<j<N (l.,)j) 

~ d ~ cJ -~ ~ E K M ( ~ ) 
(P)i4 Jl '" 1N e J.ii'/t:AI S _:<,.1· 

= 

=N{N-JJ [r. j - f>tt: .~t(r.)~)\ d~ e:~lJcl.J 1fZ: K/'>(1~.J) 
t .) ':Jl"' JjN€ ~- J }L l~r ~~~ e .1.1J!AI ~ + 

(!P)fl-1 JF3 ,.. -
! ~ l!i -111 

j . _At.2} KM(t ) ~ -dkfz.l _ ~" M;: j + J~ ~~ IRu;q,f _.,J d~ ~ - - · ~R6, K.s tfd'· 
)2."'(;()('/e "J sLI? ~I e ll,,,., - -'1 

(
If .$)N-J. - - - H- >l. # : 
u:: f.3 - -

: ) d l! J -~~ Z J<(z)(t- ) 
(&:')" - ... f., e ,,,~·,. s _,,,~. 

) {30) 

., a 

where E.: is a parameter which may depend on 

N . For the integral s d 1 L \ ~J..- ~2. ri 'l , ~ ,K .K. 

IE.:) - -
converges , 

~ ~I1 1'£.~ 't- 1 ~~(E) ' 
p -

llr }z.l ~E 

where _f (E) vanishes monotonous ly , as 

fore the estimation holds 

{31 ) 

c-~o • Ther e-

(' e~/frizl r ! 
J J5i lsi- 5 I < J D~!t -~ 't'-_-~-~ • (32 ) 

(3 - -' IP 
I }I - J,I~E \lrlz.\~f -z~/ 

'l'aking into a c c ount that ~ r is a monotonously 

decrea s ing function of r and introducing t he notation 

y ( 'l,f) g)( N):: 
~ cA -fo; L. /(.{2) /. (~')" '' r .... Jf., e .... ~-,. s tt<,t) 
s Jr J}' e-~~L:' 1((1)(1- t~ 33 ) 

(£3)N -'- "' j_N j'i~'M S :_~~.if 

for ~uffici ently s mall ~ we obta i n 

-u 
(u/N))I-Its ~ N~-1) [- eE + f(E) y {'z,f'x,NiJ. 

(34) 

Sinc e f(E) ~ 0 
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cv -r) ( :1 ti) ( vE >l1) v90 Y rzl, k,N) ~ 1. (J5) 

If we set 

[ ·~ Et =min { 1/~ , lt.}) ()b) 

we find 

<V_(M}\ ~ N(N-i)[VZ~~{t+ J;(L)'7""'N{N-J) ~(2) 
Q 1/lS t L I V2 J J. ) (37) 

~('t) ~...::-.= 0 . (38 ) 

Thus, according to t28),(29),(37) the inequality (27) can 

be rewritten in the form 

1 ,.;.t 1. N{N-1) ( ) rr /l3 , fl (!?)) 
-J., R Kt~(s)·-;., R KX z. ~ LN, ,f .. 2s -

3 • IJ (R) ./ N.t 1. !v' 
F[N, l., ~)He ] ~ :cTKE ~ (s) +- ~ r< K. (39) 

Let us transform now flzs to 

H (~) = ')' P/ + K !. f ~ ) (t)f. {?)(~.) ~M/t:_) = 
lS L, .l.w.R.l R l . ' - J. ~. Co( Cl( 2.· II( l_f, 

1~1.'/v' '<!. oi.=J. il 

~ N T(fi, ... , f").,. ~~· AftJ(t!, ... ,}IJ) A«(t) (f1 , ... ,JJ) 
(40) 

" I 

-~ 

where 

- J N .L - J. N 
T(f:L,, .. ,fN)- N ~ J.w.RL - N'£17;J' t 41 ) 

N N 
A (t)c~ ?" )"' 1. \I Jl !!.K)rtf !f.rz>(t-.)..,1."' _A(th.) 

cl.. 5:t., .. ·,5N NL_, ;.{( o( rJ. 5. tJL- ./YrJ_\$;.t42) 
- - l~! .,( :1 -

Note that by virtue of the Cauchy-Buniakowsky inequality and 

in view of ( 13) 

/A}t>r./Jcr)l == !Ck{t)(_r,.), 1/~>c.>\,t,[f3J I~ 

~(IK(t)Ci;){l"t llt(.)ll't ~ M'l, (43) 

therefore 

II ~~t) II 00 = J f f I J!fo {rj:: M't {o(,N) (44) 

and 

s · $ $ 1 I z: /{ ~ ~t) t .. -= l. M 'l {o<, N) ::liT l{_l. fJFY {N ~ N,/N) ( 45) 
.1.=1 ol.~! <I.=! 

(R) 
It is easy to see t hat for f/25 the conditions of 

Theorem 2 of ref.) are satisfied at any fixed ! and S 
t herefore 



s 1 . J. 

-1K N~ (~1 vAi~J ~ ~ F[~ IE~~; 1/"l~~ (i/~·~)"'} a{~,s,N)J]-

~ cr. 3 {:Rh 
- ii 'LN, IE, f~ IIH J {. 0, (4 b ) 

where 

i-II~ (aJ. 1 , .. , a~=NT(£1., ... ,f")+Njfla.Jtt~~ ... ,t,)-~:J= \47) 

(N) / ) = NT(fi, ... ,f,) f N flrst~ lat1 '"J O.r; Lt 1 ,,, , }.11 J (48) 

. {N) 1 " :L N lt)' (zl .t s£ N u;so (a~., ... ,as_;JJ.1 .. . J)==j;; ,;~/a.J;,;;·d"" tf.t QJ-tt~}49 J 

and <a(S,'t,N) O (s,z,N)) 
J.. ) ••• ) s is a s olut i on of the fo llowing 

a bsolute maximum problem 

1 Frw f 3 11,• tl~) 1a6,r/t) a(2,s,tJ))1 =Ma~ i rfMls.f~ . ] '50 ) 
N L I I I e ~-'0 l ( J.. ' • ., ) JJ/. N rl ~ 'I J hi ) ~) 

,a4 ... ,os) 

by virt ue of t he s ame theorem t lli s s olution always existing 

and 

/ c~,pt-,v~')/ ~ Miri,A) . 
(51 ) 

12 

1 
) 

Thus t ak ing in t o ac count (39) and (4b) we ha ve 

NJ. N(N-1) N fvl C<f' 1 _,J- . 
-1 -l+TI I<[~(~)- f 11!dl K'J(>t)- ni+3t K oz. L. f.' ctJ/ ~ 
.t R "" "' " ..:·1 ~'-< 

(. l fiN 1£3 13 'H M c- 6,>,!o) a-r~,s,NJl1 1 cfj, II. /111 .... Ru [I, , 1 , uo Ot ) ... , s JJ-RJ&r[lll1 ,p; 'J~ 

~ Ali., 1 N 
~ j; .f<l+U K.£ ~(S) t .2.; ifK) (52) 

where r is a positive pa rameter. Finally, taking in (51) 
N t1J. 

subsequently the limit s RJ.+Jl. /( __... 0 : f?l•Jc k = Q{i) 
S- oc , 'Z- <>oe we ob t a i n 

lm tm lim {o~t F[N, [3 A;/1.(11) f'a(t,~N) a·-(t,J,N)ll-
~-- s-- 111 " 'r ~so ('J. , ... , 'S )j 

Ri+JlK-0 . 

Nz. . 
f<1+3t K "-O{i.) 

- R~~ F[N, ~j3; Ill}::: 0. 
(53) 

We write 77 (AI) Ia 0 • ~ t ) in the form 
VHo l<_t,, .. , S;}.J.J'"J[tl. 

(f./) (a • )=- ~ .t+ ~AI~ jf..K ).._lti tP(t),-U~so ~., ... ,as ,11.1 ... ) J r1 L. ~ N l L.. .lttt z ~ tJ'-+l.!e 1,.~. (f;)-
"'~::f. : ~J_oi•J. 

S w 
- - )1 a"" + Nx __15__ .._, ell ( ~ ) 
- ~ o( RNl+Jx f='J. TH !_t' J (54) 
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where 

5 

~ (~) = )' .l a J 1. P.NJ.+J.x [ifor~> ~ (l)( ~) 
lS _ L-• :.,c ;._ K Ao( o1. S ' 

~,L -
(55) 

then 

~ 3 , f I 'J.itm 7Z. 3 1 1-0 )·v JN R.!·~f{N,tf)1256 (4J.} ... ,a,» ·"'-FR~~ fn ~~ T R -

_.L PJe-p!V[-£a}~NxoRzi+J.zftJH(JJ] '-r d =-
fRJe 01 •-! (l(lJ.,,. {.N 

s 
1. , t rt.lTnt)31~ 37 N \' 1 

,_ f3R1l Lh N.' L~T RJ- R.u ~!a.~. -

. N J _ k - f R" !J, e p RN~ </J,, (1) J 
[3 1 . (5b) 

- (~ S,!i) - (~ S,li) 
The quanti ties QJ. ' , ••• , O.s ' which are solutions 

of the absolute ma ximum problem (45) are to satisfy the set of 

equations 

d R~eF[~ If~ f; Jl'lJo (aJ.1 , .. ) as)]hac~.. ~ 0. (57) 

or 

14 

K -J~ -t RAJX 

Since 

i '";) ~H 0:) e.~ R~X (j}ts (!) d 
1E3 'Oa.,~. l 

~ e-~ RKN.x ~~s Q) d~ 
IP 

'cifu(I) =:J./1 RN1
+b:' r;r;J f.M(t) 

rca ~ K V A.l·-- c~.. ·- J 0(. 

we have 

JJ j( 
-~ t :f RNX 

)J)lL)' fc~)(?) e-~ R~~ ~is(!) 1 

[.3 cl.. - al. 
) e -~ R~x <~'~s 0) d l 
[l ~ 

(58) 

(59) 

(bO) 

JL RN1il:XJ}} (t) Multiplying these equations by ~ .t K ) t) ~ 'I{) 
<i "'- l_ 

and adding them together we obtain that the functi o n 1/l~s (~) 

is to satisfy the following integral equation 

( K(~)( - I< cp~s n). ;. ' U) e ~ H'"' 'P,,(i) - d? 
5- e -~ ;N:r: tPu (i) -

[3 d~ 
(b1) 
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s 
Then, note that the sum E [ fi (~,I,Nlj.t may be 

ot~t 0( - ) 

expressed directly in terms of the function tJl'lS (.! , satisfy-

ing the equation (b1). In fact, by virtue of (bO) N j K -·- /?.H; ~ e-~~ ¥~sr1) J 
1f3 f ) ( bJ ) 

s s 
_ L. [a,/c,S,NJ~ _ Z-IC-3I 

..t=:t o~-...t J.RN 

~ J.~(~,!.,N)JJ.. I?Nx.' f;ii)ttl~¥,) -~~~~/f) 
IE~ t K v A,( ·~ t! e d[ 

~ e-~ R~X 1/'HCD ds = 
(3 -

where ~s{J) satisfies the equation (b1). 

We remind that our task is to estimat e the free energy[{#} 

at given values ot' !o./c , f?o . , f3 o • To this end in view 

we make use of the relation (53) for ~ 
( 

/(.. 

r - (<t-) ·-~ R~X ~sO) 
J 4'~s i ~ ol ~ 
EJ -

1 I R -~ -~ "l" - 3 , N = h fllo 1 " 11 Ro 1 f ::./1 fo , :l = -J J 
(b4) 

and consider the expression 

': lR NX ~ e-~ :N~ ~~s (1) J'f 
£3 

(b2) 

- '- Fr •' 3 -vf3 {h-'IJ~o) (n -fj~ Ro)3f,_ U'ltVo, f , h jc ; f./ ~.so ( j(t,S,JJN.) 0 6.~ s, nNo))] 
)'"J I Jj. 

Thus 
Its limit, as Itt- oo , exists and is equal to 

1. FrN 1£3 p,. H (R) rart,s,N) _ (t,J,Nh7 =-
R3~ L', ,,-) 2so \.' &. , "') as JJ 

r -1/JR) lw, 1 Fr 11'3 -% ,,lh o f.._(s,'l,Mv'o) -rs,~n~~o),'[ 
h-+-(h-4/lf?.oVJr U1Aie,u:,J1 ~o,'H~so ~a, ~ )"''as lJ"' 

:-/RJr t, ~!{(--1.~._,yhR3)N _ 

-uL K H .. m e~ .~~ ij{JjJ 
L R" RN~ ' - d~ ~ e-~~ ~Hn) -

fl - dt 

= _; ~0~03~ e~ ~ [(J.nm) 3
/z 31 /ole . 

fVo, \ ~· Ro j -
( - -~ I< lv'D iu ( 

_l ~ K/1. ) 'l'tsG)e oR;" T~s 1) . 
.L R 3C _o IE.3 - . J 1-

0 R · s . k" ~ <P,s(~) -
£.3 - c1r 

16 

l1 



M I 1 !<No - ( ) - Rf> T. f. e-P· T. <!'., 1 dt 
EJ - J 

(6 5 ) 

where tf.JH (l) s u tisfies the e quation 

- ~o ~o <P~s 0) £ ~ t/l:)G,1) e ., - di 

if,, (1) 
0 

If' ) e -~~ "{; 4',. (t) d 1 
is 

(bb) 

It is possible t o show (see, e.g., ref.4) that since 

(t.) ~) 1 
Ks O,i ~~-- n-H , 

the f u nction Ktl.)(i,i) 
a nd 't--

converg es t o 

lpH (J_) s-- 4i(i) 
~--

where lV(f) satisfies the equa tion 

!. -~o kR~o 4'{1) 
) lf-i\ e di 

l/' Cl)= fa --------

\~ e -~ 0 -w 'PCD ali 

II 

1 
1!_-11 

, as t~~.....e 

(&7) 

( b8) 

Therefore the limit 

/. -II - \ , .f - 3 -~ til rJt~ ln1 em e.->11 7. =ij-)J2 f-{n,t~ {j 1J ~~~·f./, ~6rS, nM)- (t,S,M~)j/ 
-z-..., s-- ~~--l;, 3

/?11 ' ' r' u~ (a:l 1 ... ) Q.J )} 

exi s ts and is equa l to 

n l ~ ~~ w, 6.., e-Hf 3 -% . -¢,Sl1N':) -6 f.)]~ ~--s--.~~-- (n-f/'~ .. )3~hhM,,l, h ~)f2s0 ~:£ , . .. ,a1 " ~:: 

= _ -~- -e, _i__ rr J;;m V!~/)3 7Aio 
~0 Ro H 1 Nc f L \.- /J() J 1\4 j -

,( No KN, 
-I nJr -f(-

"'o " 

( KNo -{.) 
J lFG) ~ -fo ~ cp Ll J f 
f3 -

5 kM - ) e-~(, --To IP(i J f 
£~ -

N J.. j -lo4!'!- lf{i} f [. J 
- 3~ -;:- t, e dl .. {LM,Ro,fto • ~~~ i" J 

IE • 

Sinc e 

N -i.., R' R1.~3e K == h No , K -.,-_-_ .... 0, 

NJ.- ' Ri•U K = NoR, K == O(i)-' 

19 
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according t o (53) we have 

R~~ F[N, 1/J)p~ H)· h-""' /[No, Ro,fi.}. (72 ) 

1J -:t. ' The smaller the quantity Ri• 3~ =-h ~ R,, the smaller the diffe-

renee 

R~~ F[N) \§, f; H)- f [No, R., po] . 

tv' 
Therefor€ at sufficiently small e 1 ~3~ we can set approximately 

6i; F[NJ~pj IJ]" f{Nc,Ro,fto] (73) 

' and, if the quantity AloRo itself is small enough, we can take 

b F[ N,yoJpo; 11] = /{M/o,fo]. (74) 

Thus, we have finally 

f=[Nc, Vo 1 ~"; H] = 

~ _ 1 e» .i.. [ f.l;;h_}_)3!2.J . ] N., _ 
fo N

0
f l"foo Vc 

KNo -i No(~ Vc)% 

\ K No -

~' ii'(~) ~ p, (:0 V,)l'> 'i'(tl oil 

~ e~"(i~:)fh ~G) ds 
IE3 

20 

/(It//) 

~{J) dJ 

' 
(75) 

A/ .f () 3 f -(>r(' )¥.! -,vo p; U! "ii- e ~; Vc 3 

IE3 

where ~0) satisfies the equation 

K No Wit) 
r __!__ e-~'l(~v .. )¥.s n_ 11 
J I~- ~I ~~~ a z 

E.s - - -

) e-~.( ~ N~o) Y3 lf' ( D 11 
E' ~ ~l 

~0)= ( 76) 

.t. 3 I 
The smaller is the quantity NoV, = lv~ IJoJ. , i.e. , 

the higher is the dencity of the electron gas ho , the more 

exact is the expression (75) for the free energy of the system 

(1). The expression (75) is asymptotically exact a t high densi­

ties. 

It should be noted that to keep the gas classical one needs 

sufficiently high temperatures ~ • In this connection it is 

necessary to emphas ize, that in taking the limit 

N=-11/o/~ , V=h-{Vo , (d=h-Y/3j1o)h-oe
1 

we are always 

in the range of the thermodynamic parameters, where our system 

is c lassical. In fact, if 

J.: '$> Jo ( No)J/3 
Vo ? (77) 

we have also 
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(78) 

It i.s j ust the condition that is realized in hot plasma. 

T tus , for the system (1) is the jellium model, the obtained 

r esul t (75),(7b) i s asymptotically exact value for the free 

energy of this mode l of plasma. 
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