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Bo XoHr AHb E17- 12413 
K TeopHH napaMeTpH4ecKoro B3aHMOAe~cTBHR eonH 
B 3KCHTOH-~OHOHH~X CHCTeMaX nbe303neKTPH4eCKHX 
KPHCTannoB 

PaccMaTpHeaeTcR napaMeTpH4ecKoe B036Y~AeHHe co6cTBeH
H~x BOnH B 3KCHTOH-~OHOHH~X CHCTeMaX C y4eTOM 3naCTOnbe3o-
3neKTPH4eCKHX H 3neKTpOCTpHK~HOHH~X CBO~CTB KpHCTanna. 
nony4eH~ aHanHTH4eCKHe B~pa~eHHR AnR HHKpeMeHTOB HeyCT0~4H
BOCTH npOAOnbH~X aKyCTH4eCKHX H 3KCHTOHH~X MOA B onpeAeneH
H~X pe30HaHCH~X ycnOBHRX OTHOCHTenbHO 4aCTOT. noKa3aHO, 
4TO HanH4He APe~~a 3neKTPOHOB Mo~eT 3Ha4HTenbHO yMeHbWHTb 
noporoeoe 3Ha4eHHe BHeWHero nonR H3ny4eHHR e cny4ae ycHne
HHR aKyCTH4eCKHX BOnH. 

Pa6oTa B~nonHeHa B na6opaTOpHH TeopeTH4eCKO~ ~H3HKH, 
OHHH. 

Coo6meHHe 06bellHHeHHOrO HHCTHTyTa SlllepHbiX HCCnellOBSHHA. lly6H8 1979 

Vo Hong Anh E17- 12413 
On the Theory of Parametric Wave Interaction 
in Exciton-Phonon Systems of Piezoelectric 
Crystals 

The problem of parametric excitation of eigenwaves in 
exciton-phonon systems is solved taking into account elas
topiezoelectric and electrostrictive effects of the crys
tal. Analytical expressions for the instability growth 
rates are obtained for longitudinal acoustical and excito
nic modes of the system in certain resonant frequency con
ditions. It is shown that the presence of the electron 
drift currents may considerably lower the threshold value 
of the driving radiation field for the instability of acous 
tical modes. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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1. INTRODUCTION 

The parametric interactions in solids, particularly the 
excitation of eigenwaves under the action of strong elect
romagnetic radiation fields, have been the subject of many 
theoretical and experimental studies in recent years. 

A quantum approach to the problem of parametric exci
tation in electron-phonon systems was developed in seve
ral works/1-51. For the acoustical waves the study has 
been carried out preferently in the aspect of the stimu
lated Brillouin scattering phenomena (see, for example,/6/ 
and references therein). 

In the recent paper171 we have considered the problem of 
parametric excitation of acoustical modes in crystals 
where the electron-phonon interaction via the deformation 
potential as well as the piezoelectric and electrostrictive 
effects are taken into account. It was also shown that the 
presence of electron drift currents in such systems may 
considerably influence the process, and the threshold 
driving field values for the instability of the acoustical 
modes may be considerably lowered. This is important in 
the sence of the possibility of experimental observation 
of this phenomenon and of the perspective of its applica
tion in solid electronics. 

It is of certain interest to consider the analogous 
problem for piezocrystals in excitonic region of spectra 
where light is coupled to sound not only through electro
strictive and piezoelectric interactions but also through 
the mechanism of exciton-phonon interaction. This is the 
purpose of the present paper. 

In section 2 the basic equations of the problem are 
presented. Section 3 is devoted to the detailed analysis 
of the dispersion equations. The analytical expressions 
for the instability growth rates of acoustical and exci -
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tonic modes of the system are obtained in some resonant 
conditions concerned the wave frequencies that shows an 
explicit dependence on parameters characterizing the elas
topiezoelectric and electrostrictive properties of the 
crystal. It is also shown that the influence of the elect
ron drift current on the process of wave amplification is 
realized in the same way as in the case of parametric exci
tation of the only acoustical modes. 

2. BASIC EQUATIONS 

Considering an exciton-acoustical phonon system in piezo
electric crystals we shall use the phenomenological ap
proach to the problem that proves to be appropriate in 
this case since we are interested in the common features 
of quasiparticles of all components (of excitons especial
ly) that are independent upon their models. 

Thus we start from the following equations: 
1) The equation of motion of an elastic medium including 

the terms quadratic in electromagnetic field, 

cf!ui au em aE f 
P --~ = A · kf --- - e f ik -- + 

O at I m axk ' axk 

+ l1 1ke _LE e E + _L A ..... (E.ok +Eko
1 

). 
m axk m 877 axk I 

(1) 

which is followed from the equation of state of the crys
tal, 

0 ik-Aikfm 0 em- 6 f,ik Ee+l1ikfmEfEm+-i17 (EiDk+~Di).(2.1) 
.... 

D 1 =(E+477P)1 + ei,jk uik -l1 1ikf UkfEi. 
(2. 2) 

Here Po is the mass density of the m~dium; Ui the i-component 
of the elastic displacement vector U ; 

1 ave ~Urn u 0 ,. ........ ( -~ + -;:::-:- ) 
LID 2 aX m aXf 

is the strain tensor; E1 the i-component of the electric 
field that is assume§ to consist of the self-consistent 
~erturbation field 8E(r,t) and the external pumping field 
E0 (t) , 

E Cr . t > - i 0 Ct> + a i cr'. t >. (3) 
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where the pumping electromagnetic field is taken in the 
known dipole approximation in the form 

E0 (t),. E0 sinw 0 t (4) 

(The condition for this approximation to be valid were 
discussed in detail in many works (see, for example,/5,S/)); 
D1 is the i -component of the electric displacement vec
tor D ; 

A ikfm = A l kfm + i A 'ikfm (5) 

is the generalized complex elastic stiffness tensor includ
ing the effects of electron damping of sound (see 191) as 
well as possible gains due to electron drift currents if 
such are present/7/ ; 

e f,ik and (1 ikfm are the tensors of piezoelectric cons-

tants and electrostrictive.coefficients,respectively; uik
;t 

the stress tensor of the crystal and P the polarization 
vector. 

2) The linearized equation of motion for the nonequi
librium part P(r,t) of the polarization vector of the crys
tal including the effects of space dispersion: 

~2 P + w 2 P - a grad div P - f3 rot rot P = 
at2 r . .... 

.... .... .... 2 a~(t) aap 
,.XP 8E(r,t) +x[8p-E 0(t)- --- -). 

0 w2-w2 at at 
0 r 

(6 .1) 

where wr is the linear exciton frequency in the absence of 
electric fields, (mechanical exciton frequency), a and f3 
are phenomenological parameters characterizing the effects 
of space dispersion in the system, X the linear suscepti
bility and 8p the deviation of the elastic medium mass 
density from its equilibrium value (p•p 0 +8p). In obtain
ing (6.1) the total polarization vector ~of the crystal 
was written in the form 

;;l .... .... 
P .. P0 +P(r,t) 

with P0 

E2 Po 
iH 2 

determined by equation 

2.... .... 
+ w r p o • XPoEo(t) 

and so 

p (t)--
0 

E 0(t). 

(6. 2) 

(6. 3) 

(6. 4) 
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3) The system of Maxwell equations, 

rot rotE + J_ <120 
= 0, 

c 2 at 2 

div D -0. 

4) Finally, the mass continuity equation: 

~..£!... * div p V - 0 at 
. ... 

with ... au 
V----. at 

(7 .1) 

(7. 2) 

(8) 

Restricting the consideration by only longitudinal vibra-
tions with the wave vector K I rz I i.e. I from the field 
equations only (7.2) is taken which with the use of (2.2) 
will take the following linearized form: 

... ... a2u a ... ... 
[e - (<1. E (t))] ~- + -- [8E + 4rrP],. 0, 

3 0 az 2 az 
where e3 '"'ez,zz and d'=(d'zxzz•(!zyzz•(j'zzzz),performing the linea
rization procedure with respect to the nonequilibrium parts 
of all quantities considered and introducing the space-time 
Fourier transformation one obtains from the system of basic 
equations, (14, (6)-(8), the following equations for the 
harmonics of P and U ; 
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... ... ) 
P(k ,w - . 1 --<,. I ike u(lt 

f K,w) 3 .w)-

kE 0 ... ... ... ... 
----(<1-l)[U(k,w+w )-U(k,w -w )]-

2 0 0 

wwo .... .... .... .... 
- kE 0 [U(k,w+w

0
)+U(k,w-w

0
)]l. 

w2- w2 
0 r 

2 2 
k (A3 +e3 ) 2 £(0,w

0
) _, _, 

I[- · ---w 2 ]+U(f[d' -+-..:_-JlU(k,w)-
p Srr 

0 

· n2 
lue 

-- -- [3 (1 
2 

£(0,w0) ... ... _, ... 
+ ---H U(k.w+w 0 }-U (k,w--w

0
)] + 

4rr 

2 Oct c(O,w
0

) ... _, _, 
+ _ [ (1 + ][U(K,w+ 2w

0
) + U(k, w- 2w

0 
)] + 

2 Sl~ 

(9) 

:I 

,, 

4rrk ... _, ~ f(O,wo) ... _, ...... 
+ --lie3P(k.w)- E 0 [u+---][P(k,w+w

0 
)- P(k, w- w

0 
)] 1. (10) 

Po Srr 

In (9)-(10) the notations are as follows: 

... 4rrx Po 
c (k,w)"" 1- -----,..- (11) 

w 2 -w 2(1{) 
r ... 

is the exciton dielectric function (w~(k) •wr2 +ak~); 
2 ct(kE )2 k 2 e3 E 0 Oct= ----0- and o2 ,. • are the quantities characte-

Po e Po 
rizing the coupling between the driving field and the 
crystal lattice through electrostictive and piezoel~ct~ic 
effects. We note also that this is the case of Eo II k II z 
and then in (9)-(lo)C1:<1zzzz , A3=Azzzz"'A;+iA3'.Equations 
(9)-(10) are the basic ones for the further analysis of 
the process of propagation and possible amplifications of 
the eigenmodes of our system. 

3. ANALYSIS OF DISPERSION EQUATIONS 

The instability analysis in this section we shall start 
with the determination of the eigenmodes of the system in 
the absence of the external radiation field. 

Thus, setting E 0 =0 in (9)-(10) one obtains after some 
algebra the dispersion equation for eigenmodes in the 
form 

2 2 
4 2 k (A3+e3) 2 ... 

w -w [------ +w (k) + 4rrxp ] + 
Po r o 

~ 2_, 2 2 ... 
+ p [ A 3 ( w r (k) + 4 rr X p 0 ) +e 3 ( w r (k) + 8 rr X p 0 ) ] - 0. 

0 

Now, writing win the form 
l.U=(L)'+iwn 

(12) 

(13) 

wi thw "<<w ', one finds the frequencies w~ , w ~ and the damp

ings w ;{ ,w~' of the acoustical and exciton modes, respec
tively, in the form: 

2 2 ~ 
w' .. (kVS) (1+ ---), (14.1) 

s ,\' 

w s 
1 k2 ,\3 

2---r --. 
ws Po 

3 
(14. 2) 
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'"h 
whereV .(.\~/p) is the sound velocity in the absence of 
any ext~rnal fields and without an account of the piezo
effect; 

w'2=w 2+ak2 + 4 "X Po= w 2(k)+4TTXP , (15.1) 
e r r 0 

w, =- 0. 
e 

(15.2) 

Thus we see that in this treatment the exciton mode is 
undumped one. 

Now, when the pumping field is turned on, Eo. 0 , we 
shall consider the situation when from the harmonics of 
lattice vibrations U(lt,w±Sw0 )( S is integer) only one 
mode with w=-w~<<w0is excited. This means that in equation 

(10) only U(lt,w) must be retained, so that we have 

2 k2 2 2 ~ E(O,w 0 ) ... ,.., 
[(w --(.\ 3 +e3 ))-O(f(u+- )]U(k,w) .. 

Po 8rr 
( ) (16) 

4"k ... ... ~ E O,wo ... ,... ...... 
• --{ -ie P()t,w)+E

0
(u + -- )[P(k ,w+w )-P(k,w-w )]1. 

p 3 817 0 0 
0 

Equation (9) in these conditions yields: 

... ... XPo ikes ... ,... 
P(k,w),.- ,... ·-,...-U(k,w), 

w 2 -w~(k) E(k,w) 
(17.1) 

X Po ... -+ ) ... 
p ( k • w + w 0 .,. ( ) 2 - w 2 (k) 

w+w 0 r 

kE 0 
·---'---X 

ditow+w0 ) 

(!_1 (w+wo) wo 
X[---

2 w2 _ w 2 
1 u(k.w ), (17.2) 

o· 

kE0 ... XPo • --... ---x 
P(iLw-wo)=--( )2-{Lhk) E(k,w-wo) w-w 0 r 

(17.3) 

(!_1 (w-wo)wo )U(It,w). 
X(---·+- 2 2 

2 wo - wr 
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Inserting (17) into (16) we find the dispersion relation 
in the form 

[ws2-w2+02/.J(~ e(O,wo) 4TTx(kes)2 
. U U+---)+ 1 8 ---- "" 

" w2-w2 
e 

4 ( 
2 c(O,w 0 ) ~ 

=- "X kE 0 ) ( (f+ ----}! 1 [ u-1 
8" (w+w 0)2 - w! -2- (18) 

_ (w+w_p_)w 0 __ 1+ 1 [(f-!_+_(w-w 0 )w 0 ]1. 

w~- w ~ (w-w 0 J2 -w~ 2 w~- wr2 

Since we are interested in the possible amplification of 
the waves, small shifts in frequencies will be neglected 
in further analysis. Now, if the frequency w0 of the ex
ternal radiation field satisfies the resonant condition 

, 
wo-w=we. 

(19) 

then the growth rate y due to the driving field E0 for 
both exciton w~ and acoustical phonon wg modes will be 
expressed by the formula 

y = kE [__.:L ( (f _:(O,wo) )( (!_1 wewO '"h 
- 0 w; w: + 8 TT -2- - - 2 2 ) ] • 

wo- wr 
(20) 

Formally, in the same way, one can obtain the expression 
for y when the other resonant condition, 

w+w 0 =w~ (21) 

is fulfilled. Namely, one has: 

" ~ dO.wo) wewo (!_1 '"h 
y =kE0 [-~(u +---)(- ----)) . 
+ W W 8 TT W 2_ W 2 2 

S e 0 r 

(22) 

Taking into account the fact thatw 0 >>wr and (f» 1 for 
almost all crystals used in optical investigations (see, 
for example, 1101 ) we see that only the case (19)-(20) can 
be realized. We can write now the complete exp~essi6ns 
for the instability growth rates of exciton and phonon 
modes as follows: 

Ye =y_, (23.1) 
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Yg =w~ +y_ (23-2) 

To clarify the influence of the electron absorption 
process and of the electron drift currents on the deve
lopment of the wave instability we write down here the 
formula determining .\"obtained in/7/ for the case of 
longitudinal field, 

kjkm>.i]fm =77w<8(kV'o)(LiLf-AiAf+Aijfm kj km) > -

- 1TW d < 8 ( k v .... o) L i' L I > • 
(24) 

where 

L i = L lj k j • etc ...• 

- -Ltj , Lij , A ij , A ijfm are functions of the conduction 
electron density Ne , the relative part and velocity of 
drifting electrons and the constant Aij of the electron
phonon interaction via the deformation potential in the 
presence of electron drift currents; wd= (1- 8 0 )kVd,(l-80 ) 
being the part of all condition electrons that is moving 
with the velocity V d in the wave propagation direction k 
relatively to the crystal lattice; the bracket < ... > means 
averaging by the formula 

<A>= I A f~(p)d p • 

where r0(p) is the derivative of the electron distribu
tion function f 0 (p) with respect to the electron energy, 
V0 is the thermal motion velocity of an electron. For the 
crystal model "jellium" where Ajj(p)=O equation (24) leads 
to a simple expression for A~ 

(171'i)3N 2 
A~=- e (w'-w ), (25) 

2kP 2 s d 
F 

where PF is the Fermi momentum of an electron. From (20) , 
(23) and (25) one can see that the growth rate of the 
acoustical mode increases rapidly with the increasing of 
the velocity and relative part of movin9 electrons and 
then the threshold value of the field Eo for the occur
rence of growing waves may be considerably lowered. It is 
obvious also that when "'d 2:w s the external field will 

10 

amplify the arising drift instability if the temperature 
is low enough so that the viscous dissipation in the 
crystal can be neglected. 

To calculate the instability threshold field for the 
exciton mode one must take into account the exciton dam
ping re determined independently in optical experiments. 
Thus the threshold field value Eoth must satisfy the 
condition 

Ye?. re. 
A more detailed analysis of the instability growth 

rates as functions of the wave number k and of other 
parameters of the crystal as well as some numerical esti
mations for concrete experimental conditions will be per
formed separately in the next work. 
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