
C3.t6 

N-56 
COOOUlBHMH 

Oob8AMH8HHOrO 
MHCTMTYTa 

RAe PHbl X 
MCCnBAOBaHMM 

AYoHa 

8/;t - ?-c; 
E17 - 12412 

Nguyen Nhu Dat, Nguyen Ngoc Thuan, 
Vo Hong Anh 

PARAMETRIC EXCITATION 

IN SEMICONDUCTORS 

WITH SUPERLATTICES 

1979 



E17 · 12412 

Nguyen Nhu Dat, Nguyen Ngoc Thuan, 

Vo Hong Anh 

PARAMETRIC EXCITATION 

IN SEMICONDUCTORS 

WITH SUPERLATTICES 

86~J ·~ .:l/1 ~:: :cnrryr I 
oepual! 11t .J·)l:_n~.~asol 

G.fl5Jl.- : ..... 11.:..-,A 
I 



HryeH HbH AaT, HryeH HroK TxyaH 
Bo XoHr AHb 

E17- 12412 

napaMeTpH4eCKOe B036Y~AeHHe B nonynpOBOAHHKaX 
co csepxpeweTKaMH 

HccneAyeTCR napaMeTpH4ecKoe B03Ae~cTBHe CHnbHOro nonR 
H3ny4eHHR Ha aneKTPOHHY~ nna3MY nonynpOBOAHHKa CO CBepx
peweTKO~. Ha OCHOBe $OpManH3Ma, npeAnO~eHHOro all/ , no
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Parametric Excitation in Semiconductors with 
Superlattices 

The parametric action of a strong radiation field on 
the electron plasma of a semiconductor with a superlattice 
(SL) is studied in the framework of the quantum formalism 
proposed i nil/ . 

Analytical expressions for the wave instability growth 
rates are obtained in a number of cases which show an ex
plicit dependence on SL-parameters. Numerical estimates 
are presented for a sample of InSb -crystal. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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1. INTRODUCTION 

Manylayered periodic semiconductor structures - super
lattices (SL) have been a subject that attracts much at
tention of physicists in recent years as perspective mate
rials for applications in semiconductor electronics (see, 
for example, 121) • 

The inhomogeneity of the media due to the introducing 
of superstructures and the nonparabolicity of the elect
ron energy dispersion arising from this effect lead to 
essential nonlinearity in optical properties that can be 
strong enough to be observed already in rather weak exter
nal fields 13· 111• 

Investigation of the process of parametric excitation 
of electromagnetic waves in semiconductors with super
lattices represents certain interest since the changes in 
the symmetry properties of the crystal lattice due to the 
presence of a SL as well as the nonparabolicity of the 
electron energy dispersion will considerably influence 
the parametric interactions in such structures. The cases 
of parametric excitation in semiconductors with anisotro
pic phonon spectra and nonparabolic energy dispersion (in 
the Kane's model) were studied separately in /12,13/. 

In this paper we solve the same problem for semicon
ductors with SL using the formalism developed in/1/. The 
instability analysis is given for the cases of the exter
nal field incidence parallel and perpendicular to the 
SL-axis, and the analytical expressions for the instabili
ty growth rates in different cases are obtained which 
show an explicit dependence on the SL-parameters. Some 
numerical estimations of the instability threshold fields 
are performed for a sample of InSb -crystal. 
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2. EQUATIONS OF MOTION FOR PERTURBATION FIELDS 

We consider an electron plasma of a semiconductor with 
a one-dimensional SL directed along z-axis. As is well 
known, the energy dispersion law for an electron of mo
mentum p and effective mass m in the S-miniband in such 
a plasma has the form /14·16/: 

2 
(S) ~ p~ 

( (P) = ( + ----- fJ. cos(p d), 
s 2m s 11 (l) 

where £ 5 =oonst is determined by SL-potential parameters, 
t:J. 8 the half-width of the S-th energy miniband, d the SL 
period, the indices II ,1 mean the directions parallel 
and perpendicular to the SL-axis, respectively. 

Let our system be subjected to the action of an exter
nal radiation field presented in the dipole approximation 
as 

~ ~ 

E0 (t) = E0 sin!lt. · (2) 

(Conditions in which this approximation is valid were 
discussed in detail in /l,l2·I3/ ) • 

We shall assume that 

n < (( s- ( 0) ± (!:J.s + fJ. 0) for s.;, o . . (3) 

This means that transitions between the minibands are 
ignored and we can confine ourselves to the considera
tion of the first miniband. The Hamiltonian of such a 
plasma system may be written in the form: 

H = He + H ee + Hy + Hey , 

-+ e ~ + 
H = I ( (p - --J.A

0
(t))Ci (1 , 

e -+ c P P 
p 

H ee 
1 
2 

+ + 
I "' · · M(-q )M(q )0 (1 , , (1 ,(1 

-+ .. , .. 'I' -+ II 11 p + q +ng p -q+n g p p 
p,p ·~ q 

n,n 

+ 
H y = ~ cuvk CvkCvk' 

v,k 

(4) 

(4a) 

(4b) 

e .. -+ -+ k e .. ..... + (4c) 
Hey=- me .. ~ M(-kll )[mV(p, k) + rf- cAO(t)l:A(k)Op+ k+ ng (1 P . 

p,k,n 

(4d) 

~ 

Here He and Hy are the Hamiltonians of non-interacting 
electron and "self-consistent" photon system, respectively; 

+ d P ((j p) is the creation (annihilation) operator for 
+ 

electrons, Cvk(Cvk) the correspond1ng operator for a pho-
ton with energy 'hcuvk , momentum 11k and polarization v, 
which is connected with the self-consistent electromagne
tic field vector potential A by the formula 

~ ~ 1 !;! 
A(k) = -------- I ( 21TC) ~ + L(Nd)lh v -k-- evk (Cvk +Cv-k) (5) 

( e~vk is the polarization vector, L the dimension of the 
system in the directiqns perpendicular to SL-axis,N is 
the number of SL periods); A

0
(t) is the vector potential 

of the external radiation fields; H e represents the 2 e · 41Te 
Coulomb interaction between electrons, where ¢ = --2-----2-; 

q L (Nd)q 
Hey the interaction between electrons and self-consistent 
photons in the presence of the external field; 

Nd -iq z 
M(q

11
) = I e 11 ¢~(z)¢0 (z)dz, (6) 

0 
where ¢ 8(z) is the electron wave function of the S-th 
state in one of the one-dimensional potential wells form
ing the SL-potential; 

P P . Nd .k 
~--~ 1 tpllz tllz 
V(p, k) = (-.!-, -L, V = ------ I e I e ¢ *( z)(-i V )¢ ( z.-Sd)dz); 

m m z M(-k 
11

) s 0 o z o 

g = :!-" (0,0,1) is the reciprocal SL-vector. 
d 

(7) 

We note here that, since the self-consistent field is 
a perturbation one, Hy is small and then its further con
tribution to the equations of motion may be neglected. By 
the procedure described in111 the Hamiltonian (4) leads to 
the linearized equattons of motion for the electron di~t
ribution function <<1 p(!p+q+n~ and the photon operator <A(k)>. 
Thus we have: 

+ + -+-+-+ -+ 

«rp(!p+q+ng > = <ctp<lp > Bq,o + f(p, p + q + ng, t). 
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+ + 
where <dpdp>=np in the linear approximation is considered 

as an equilibrium Fermi distribution and 

a ~ -+ -+ ..... -+ -+ e-+ -+ e ..... -+-+ -+ ..... 
i ---f(p, p+ q+ ng, t)= [£ (P + q --~A0 (t))- c(p ---A

0
(t))1 f(p,p + q+ ng, t)-at e e 

- (n I .., .., p+ q+ ng - n p) S(q)8n(q, t) -

e 
~- M* (q II 

me n 

where 

-+ _,. .... -+ e _,. -+-+ 

+ n 'g)[mV (p, q + n 'g)- 0- A
0 

(t)]<A(q + n 'g)> I, 

-+ -+ -+ -+ -+ 

on(q,t)=} f(p,p+q+ng,t), 
p,n 

(8) 

_, 2TT 2 
(Sa) 

S(q) = ~ ¢ \M(q
11 

+ -d--n)\ . n q+ng 

...... 
The equation for :A(k) (the bracket < ... > is omitted for 
brevity) is as follows: 

2 
1 a 2 _, _, 4TT 1 6 

(--- ---- + q )A(q) = -- ------1 --M(q ) x 
e 2 at 2 e L 2Nd m II 

... 
-+-+ ..... _. -+ q e-+ -+-+-+ ..... 

x ... ~ [mV(p + q + ng,- q)- --- -~A0(t)] f(p, p + q + ng, t) -
p,n 2 e 

2 e N0 .., .., ... .., 
------ ~ M*(ng)A(q+ng)l, 

me n 

where N0 = ;np. 
p ~ 

Now 1 following the works 11•12- 131 1 we introduce the 
transformation 

- -iAsinOt 
X= Xe 

A.= _es_~a_~ sina cosf3 sinO, 
m0 2 

where a= 1 eli. Z). f3 = 1 cii.L. i o.L). e = 1 ci 0 • ;) • 

(10) 

We also neglect the umklapp-processes between minibands 
in further treatment since the long-wavelength case is 
considered. The quantities No 1 on(ii) 1 n p are related 

2 -1 
to an unit volume and then the factor (L Nd) is omitted 
in our equations. In these conditions (8)-(9) yield the 
following equations for Fourier components: 

--+ 2 -+ --+ 
¢(q,w)= ~ I\M(q

11
)\ P

00
,(q,w)¢(q,w+(f -f')O)-

ff, LL 

- M*(q 
11 

)Rff'(q, w)K(q, w + (f- f' )0) + 

... ... :::... ~ ... (11) 
+11M*(q 

11
)Pff'(q,w)e

0 
[A(q,w+(f- f'-1)0)+A(q,w+(f -4''+1)0)]1, 

2 
:::... w~ (w-W) ~.., 
A(q,w)(1+ -----)- ~ J (A.)J (A.)-------- :A(q,w+nOl = 

q2e2 f,n e f+n q2e2 

-+ .--+ .......... q --+ 
=-M(q ) l11 e 

0 
[¢(q, w + 0) + ¢(q, w- O)] + -----¢(q, wH + 

" 2me 

... 2 .... -+ --+ 
+\M(q

11
)\ ~ IM(q 

11
)Roe,·(q,w)¢(q,w+(f -f')O)-

ff' L 
(12) 

... 
- Q ee , c ;j, w) A' c <i. w + ce - e , )O ) + 

... ... ... 
+ 11 R: ee, c~. w)C~ 

0 
· rA(;. w + c e - e,- 1)0) + Kc~. w + ce - e' + 1)0)])1. 
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The following notations have been introduced in (11)-(12): 

- .. 47re 2 - -+ 
cf> (q, c:u) = --2 Bn (q, c:u), 

q 

p ff,(ii, c:u) = ; Jf (~Jf, (~liP (q, c:u)' 
p 

-+ -+ 1 - - .... ..... .... .... 
Rfi ' .(q, c:u) = c- ~ Jf (.\) Jf, (.\)II p(q, c:u) V(p, q)' 

p 
:!:. -+ 1 - - -+ .......... -+ -+ 

R fi (q, c:u) = -~ ~ Jf (.\)Jf ,(.\)II P (q, c:u) V(p + q, -q)' 
p 

(13a) 

(13b) 

(13c) 

(13d) 

,... ij ... 1 - - ..... -+ ..... ..... -+ .... ... -+ 

~ ' .= Qee ,(q,c:u)= -2 ~ J f (.\)Je ,(.\)liP (q,c:u)V 1 (P+ q,-q)V J (p,q) • (13e) 
c p 

2 n - n -+ 4rre _ _p_:t.:..L~ __ _p_ _______ , 
liP (q, c:u) = --~2- -<df:ib - l(P)-c:u-Hl-iO) 

2 4rre2N 
(U - 0 p- -------m --,1-L 

-+ .... 

eE0 .... E 
----- e - o 
2mc!l ' O - -E- ' 

0 

- e(Eoq) 2 
.\ = -----6.

0
d cosacosOcosp 

11
d. · o2 

(13f) 

(13g) 

(13h) 

(Here 1-L• .\, A « 1 
the first kind. 

as in/1,12·1 31), J f (A) -Bessel function of 

In the next section equations (11)-(12) 
zed for some partial cases when relatively 
of dispersion relations is available. 

3. INSTABILITY CALCULATIONS 

will be analy
simple form 

Further calculations will be performed in the high
frequency long-wavelength limit ( qVF << c:u,, qV T << c:u, qd<<1 

and then M(q 11 )=1, Vz =a£(JJ)/apz, where VT =fi
0
.d, 

. 2(£F-£ ) ~ 
VF =[ ----0--] is the Fermi velocity) for a degenerate 

m 
semiconductor electron gas. 

'l. 

We~resent here the jetailed analysis for the cases 
when E0 II SL-axis and E0 l SL-axis separately. 

3 .1. The case of Eo II SL-axis 

In this case for perturbations propa9ating parallelly 
to the external electric field vector E (q II E ) we have: 

• 0 0 
.\ = 0, ,a=8=0 and 

lj 
Qee , = Qee , B IJ 

-+ 

Rfi'= (0, o. Rfi, ), Rfi, = (0, o. Rrt., ) . . 

Neglecting all terms of orders higher than J 1 (.\0) 
e(E0 cb 

(.\ = ---------) 
o m02 

and using equation div:A=O one obtains from 

(11)- (12) : 

&(q, c:u + &l)¢(cLc:u + s:l)=[P10(Q,c:u+&l)+Po-
1 

(Q,c:u+SO)]J;'(q,c:u+(St-1)0)+ 

(14a) 

... ..... _ ... 
+ [~to (q, c:u + SJ) + p 01 (q, c:u + SO)]¢> (q, c:u + (S-1)0), 

-+ .... 
..... --+ ..... .... --+ 

ti{q, c:u + &1) A(q, c:u + SJ) = -[Q10(q,c:u + 00)+ Qo.fQ.c:u+SU)]A(q,c:u+(St-1)0)-

.... 
-[Q ·10 (q, (U + 00) + Q 01 (q, (U + OO)]A (~. (U + CS- 1)0), (14b) 

where 

&cii. c:u> = 1- P <c:u>, 
. 00 (14c) 

.... c:u2 -c:u2 .... 
6. (q, c:u) = 1 - ______ _p_ + Q 00 (q, c:u) • 

q20 2 
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From (14a) one finds the dispersion relation for the 

longitudinal plasma mode w=wL({j),, where wL(CD is deter

mined from &;(q, w)= 0. 

2 2 
-+ wp 2 VT 2 &; (q w) = 1 - ---(sin a + ---cos a) 
• 2 2 ' 

w VF 
and has the form 

2 
-+ VT 'h 

w (q) = w (sin 2a + ---cos 2 a) 
L p y2 

F 
-+ VT 

(L) ( q) = (L) --- ) • 

L P VF 

(15) 

(In this case a =0 and 

In the resonant situation when 0 = 2wL ( <0 the dispersion 
equation is 

-+ -+ -+ -+ 2 
&;(q, w) &;(q, w- 0) = [P 10 (q, w- 0)- p lO(q, w- 20)] (16) 

that yields the following expressions for instability 
growth rate y : 

1 -+-+ 
y= --e(qE )d2( qVT "2 8 0 - - ---) o (17) 

and for the threshold field value Eotb: 

o 2 '!_ _____ ( ----) E ----
oth- eqd 2 r e qV T 

(18) 

Cre -single-electron lifetime). 

For the transversal mode w (<0 = (w 2 +q2 ~)'h determined from 
T P 

.Mw) = 0. , in the same resonant condition ( 0 = 2wT(qj ) 
the dispersion equation has the form: 

-+ -+ -+ -+ 2 
,Mq, w),Mq, w - 0) = [Q lO(q, w- O)- Q lO(q, w- 20)] (19) 

The growth rate y is 
2 w 2 qV 4 

y = eE q d (--11-) (---1'-) o o o 
(20) 

10 

As it is seen from (20), y is of the order higher than 
that in the case of longitudinal waves (see (17)). It is 
easily to show that the damping of the linear transversal 

2 (L) 2 r = ---< __ .11_ > 
T e 0 

mode and the threshold field Eotb is given 

by 

2 o 4 
Eoth = --------- ( - ---- ) 

eqd
2re qVT 

(21) 

If the proRagation direction of the waves is perpendi
cular to E (q l E ), then we have: 

0 0 

11 -fJ = 0. a = -
2
- , A = A = 0. 

~e' = iiee,= Qe~' = o for e f o. e'.f o; (22) 

.l. 
Qoo 0 

Qij = ( 
.l.. 

00 Qoo ) . 
0 Q ll 

00 

and the equations for potential Fourier components in this 
case are of the form: 

&;(q,w,¢(q,w)-llp (q,w))(A {q,w-O)+A (cLw+O)]=O, (23a) 
00 z z 

-+ - -+ _ _. --+ 

~II (q, w>Az(q, w) + ll[¢(q, w- 0) + ¢(q, w + 0)] = 0, (23b) 

~+ (q, w)A+(;, w) = 0, 
(23c) 

where 

-+ w2-w2 .l,ll-+ 
~ (q, w) = 1- -------~ + Q (q, w), 

..1.. ,II q2 c 2 00 

c.l--w 2 
qV T << w , one can set ~ =~ = 1- -----....2.) 

P ..!.. 11 q2 c2 • 
(since qVF , 

11 



Equation (23c) shows the well-known result that the 
electromagnetic waves polarized perpendicularly to the 
pumping field direction are not affected by this field. 
For the modes with "mixed" polarization a usual analysis 
leads to the dispersion equation (the resonant condition 
now reads n =wL+cuT): 

~ ~ 2 
&(q, w) ~ 

11 
(q, w- {l) = -p. , 

from that one has 

1 
y= 4-

and 

e(Eoq) 
------mn 

(- _/}--) ~ 
1-13 

Eoth = --~!_}--(-~--) ~ 
eqr e 1 - ·13 

(24) 

(25) 

(26) 

w 
where the parameter 13 = -0!!- must satisfy the condition 

13 .::;1- • This result is identical to that obtained in1 11 
and ~eans that for the waves propagating across the SL
axis the dependence of the amplifying process on SL para
meters is negligible in this accepted approximation. 

3.2. The Case of E
0 

l SL-Axis 

. ~ ~ ij ij 
Now, ~f q II Eo, then (} = a = TT/ 2, A = Ao, Qff, = QooBee'Ofo 

and takes the same diagonal f orm as in (22) with 

.J.. 1 
Qoo = -4 

2 2 2 
VF Wp ~0 II 
--- - - -:-{1 + ----------), Q 
c2 w 2 2 (£ _ £ )2 oo 

F 0 

2 2 
= _!_ -~'!.. -~_£_ 

2 c2 w 2 

Equations (11)-(12) for potential Fourier components be
come 

12 

~ - ... 
¢(q, w) = P

00 
(q, w)¢(q, w), 

w2 :: ~ 
(1 + __ jl __ )A(q, w) = 

q2c2 

(w- W) 2 - ~ ~ =: ~ 
k Jn ("A )Jn ("A )----- ---A (q w + n{l)- Q A(q w). 

f n L 0 L+ fi 0 2 2 ' 00 ' 
' q c 

(27a) 

(27b) 

Calculations do not show any wave amplifying effect in 
this case. There is only a small shift ~w - J i ("A 

0
)0 

in frequency for transversal modes. This result is clear 
in the framework of the general theory when the electron
phono n interaction is ignored (see /11 ). 

For the propagation direction q .!.,E 
0 

one has (} = 11! 2 , 
a = 0 , A= 0. • The tensor Q~l0 in this case has also the 
form (22). The system of equations is the same as in (23) 
with the only change in nota tions: ..l ~ II , II ... _J_ . 

The modes undergoing amplification by the external 
fi e ld are the "mixed" ones with frequencies 

VT . 2 2 2 ~ 
w L = ---w , WT = [w + q C ] ({l = WL + WT ), 

VF P P 

(Note that the frequency of longitudinal modes depends on 
the propagation direction with respect to SL-axis). The 
instability growth rate and threshold field are 

-
y 1_ -~~~.P __ (-~---)1/ 2 

4 mn 1- ~ 
(28) 

- VT 
13 = --- 13 ' 

VF -
~{l VF __ {}_ ___ ) ~ 

E = ------ --- ( -
oth eqr V 1 - 13 

e T 

(29) 

where the parameter 13 must satisfy the condition 

- VT VT -1 
13 < --- (1 + ---) (30) 

- VF VF 

Finally, we present here in conclusion some numerical 
estimates for a sample of InSb -crystal. The following 
numerical data have been taken from 1141 : ~0 =0, 15 w0 , £

0 
= 

=1,5 w0 , where 1rw0 =0,33 ev, d = 10-6 em, N0 =2·lol7 cm-3, 
re =1,7·1o-10 s, m=O,Ol6 me. With these data we have 
w ..r= 2,06 · lo 14s-1,£F =l,09·lo-12erg, VT =7,5·10 7 cm·s-1, 

" 8 -1 Vt= 3,8·10 cm·s . 
The threshold field values for the most "sensitive" to 

excitation modes are estimated as follows (the value q = 
3 ·10 4 cm-1 was taken): ~ 

- for longitudinal modes with <ii iE
0 

II SL-axis (see (18)); 

E = 7 · 103 _Y.__, (31) 
o th em 

13 



... ... 

- for the coupled modes with qj_ E0 : 

Eoth 

E oth 

3 v 
=1,8 ·10 em for 

... 
E0 II SL-axis (see (26)) , 

=3,5. 103 _y_ for E
0
..l..sL-axis (see (29)). 

em 

(32) 

(33) 

These field values, as one can see, are practically 
available by current lasers,although somewhat higher (but 
still easily available) values must be expected when the 
electron-phonon interaction is taken into account. 
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