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KonneH E., KonneH B. Eli- 12121 
05 3Hepf'HR MBf'HOHOB B Xa66aptl0BCKHX ¢eppOM8f'H8THKBX 

nepeHOPI\HipOB8HH85J M8f'HOHH8SI 3Hepf'H51 Y3K030HHbiX cpeppoMaf'HeTHKOB 

(npu T = 0) nony~eHa H3 TI011IDC8 BOCTipHHM~HBOCTH, ~TO TI03B011H110 H36e*8Tb 

TipOCTOif 38M8Hbl 38Tp8BOI.JHOf'O BHyTpH8TOMHOf'O xa66apn.OBCKOf'O B38HMOtleif

CTBHSI Ha a¢¢eKTHBHOe. YfCTI011b30B8HO TO*tl8CTBO Yopaa Illl51 perneHH51 ypaeHe

HH9 Eere-Connurepa c yl.JeToM noKallbHoro o6MeHa u aneKTpOH-91leKTpOHHoro 

nee THH~Horo npu6moKeHH51. C noMOIUbiO HepaeeHcrea Boromo6osa HaHneHbi 

OUeHKa CHH3Y 38BHCHllieif OT BOllHOBOf'O B8KTOpa nonepe~HOli CT8TH~8CKOif 

BOCTipHHM~HBOCTH H OU8HK8 CBepxy lll15J CTIHHBOllHOBOif meCTKOCTH. npueeneH 
~HClleHHhlif npHMep. 

Pa6ora eblrronHeHa s lla6oparopuu reoperu~ecKoH ¢u:auKu OVI.HH. 

Coo6weHue 06bellnHeHHOI'O HHCTHTyTa 51/lepHbiX uccneAosaHuii. 1ly6Ha 1978 

Kolley E., Kolley v1. Eli- 12121 

Remarks on the Magnan Energy in Hubbard 
Ferrornagnets 

A renormalized magnon energy of itinerant-electron 
ferromagnets at zero temperature is calculated by a sus
ceptibility pole ansatz which avoids to replace heuristi
cally the bare intraatomic Hubbard interaction by an ef
fective one. The validity of the Ward identity is stres
sed in solving the Bethe-Salpeter equation in the presen
ce of local exchange and electron-electron ladders. Bogo
lubov's inequality is used to derive a lower bound for 
the momentum-dependent static transverse susceptibility 
and an upper bound for the spin wave stiffness constant. 
A numerical example is given. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 
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1, INTRODUCTION 

In a previous study 11/ the magnon energy 2 
wq=Dq (small 

momentum q, cubic crystals) for ferromagnetic transition metals 

was renormalized by taking into account electron-electron corre

lations on the basis of the Hubbard model 121 

H = I. E.-> n .. + U L ,.,_ ·tn · , . 
-+ k kO · 1. 'l'f 

kO' " 

(1) 

Here nk~ (ni
0

) is the occupation number operator for Bloch (Wan

nier) states with spin ~, ~k is the band energy, and U denotes 

the initial Coulomb interaction. The spin wave stiffness constant 

D was evaluated from the formula /3/ 

D = 
2
<1<0-z.>[lim 

9
\ ([s: ,q'J_:J) -lim l-im x;-(q,wl] 

u ~ ... o 'I 9 cv .... o q-+o 1 
(2) 

where X ;-(q,w) means the transverse spin current-current sus

ceptibility, and 2(sz) is the magnetization per site. For the Ha

miltonian (1) the Fourier transforms of the transverse spin den-

3 



sity and current operators are defined by 

S+ 1 '\ + 
= -Lc c 9 iN' k itt k~~~ J 

s~ = cs.:t 
-'1 'l J 

(3) 

9 J+=:,.rcc: ... .;-e.-.)c:4c~ -.,, 'i 1N k k+'l k k r k ~9 ,. 
J:=cJ+r 
-9 ~ J 

(4) 

reap., where c~O' creates an electron in the state lko) , and 

N is the number of lattice sites. Since it is customary to deter

mine D through a pole of the transverse spin density-density sus

ceptibility "f.. +-(q,w) one has, on the other hand, the pres

cription /4/ 

] - 1 1" 1" [ w2 +- z<sz> J -- 2.(Sz) 1m 1m z:(J. (Cj,c.J)+ --) 
c.J->0 'f->0 q w 

{5) 

In this paper we calculate the stiffness constant from (5), 

unlike the approach 111, by solving a Bethe-Salpeter equation 

within the local exchange approximation. The resultant D, inclu

ding particle-particle scatterings by the local ladder approxima

tion {LLA) 151, coincides with D found in 111 on the basis of {2). 

A lower bound for the static susceptibility X +-(q,cu=O) and, 

therefore, an upper bound for D are obtained by applying Bogolu

bov1a inequality 161 {general bound considerations in / 7/ were 

baaed on the Hohenberg-Kohn theorem). Correlation effects on D 

and the effective interaction are illustrated by a numerical 

example. 
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2. DERIVATION OF D BY SOLVING A BETHE-SALPETER EQUATION 

To handle the electron-electron interaction in the framework 

of the perturbation theory the transverse susceptibilities in (2) 

and (5) must be formulated within a microscopic Fermi liquid ap

proach /4/. Hence, at zero temperature, the following expressions 

in terms of causal functions can be written down: 

f 
. t 

X+ -(9t,c.J)=-~o:,s~~ = i d-t: e'"' <Ts:ctlS:(OJ) 
9 -9 "' 9 -9 

= ~ J~!iGkt(Eli\_~N(E,E~w)~+~/E+c.J), 
{6) 

X ~-Uf,wl=-{9J;,Q~t= ~ J~; ~GitfCElA1kk+q (E,E+cu)Git.-;•CE+w) 
k 1' + {7) 

=-«:s;,q~~t= * f ~~ ~ (£k~f Ek)G.k/ElAo-<;ttE,E~c.J)Gk+;r/E+w), 
qz1"':,-Cti,w)= -~9J: 9J:)= .!.N. fzd;~ (c~ ..- e~lG .. kt(ElA1 ~it~c:(E,E+wlG .... (E+wl 

" I ~' -'f W k k+9 ~ f • l k+,,&. 1 
{8) 

where < ... ) means the ground-state expectation value, G~0(E} de

notes the one-particle Green function, and ?l~-{q,w} is the 

transverse spin current-density susceptibility. The effective 

spin-flip vertices J\o-qf' and J\ 1kk+q satisfy the Bethe-Sal
t + peter-type equations 

A0_~t+(E,E+w) =1- f~ iltU1(E,E+wjw) ij ~~t (E)Ao-~t}E.E•w) Git+;.a.(E+c.J) 1 
{9} 

A1;. .. k ... (E,E+w)= e,. .;-e .. - f2dE il.,, ... (E,E+wiwlf I. G,. (ElA,r~:a(E,E+!UlG,.. ~,(E+wl J 
t ~, 1<+'1 k 11' ..... ,,k, J;.'t t ,, k+q• 

{10} 
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where the irreducible particle-hole vertex IN+t(E,E+cu ; w )iiiNtt (E, 

E+w ;E+cu ,E), presumed to be site-diagonal, mediates the local 

exchange. 

In the particle-particle channel we make use of the LLA 

scheme / 5/ 

" f d.E - ( -Lcr(E) = 2.tri G_a(E)T E+El, 

T \El = [ -0
1 +J:E.. G (EJG CE-El]-

1 

-'.'11"1. CT - 0" I 

11. = I '11 = L f clE. G (E) 
cr o cr 2.1rl. o ' G (£),.N1 .LG.,.(El, 

o ~ ka 

-1 
Gk

11
(E)= E- Ef La(E) 

1 

(11) 

(12) 

(1J) 

(14) 

where La(E) is the self-energy, T(E+E) denotes the two-particle 

vertex, and n (n11 ) is the average number of electrons per site 

(with spin ~ ). In the particle-hole channel we choose the kernel 

I (EE+w·wl=-TCE+E+cu) t J.tt l ) • 
(15) 

By substituting (15) into (9) and (10), using (11) and the dres

sed propagator (14) one proves, for the present approximation, 

the validity of the Ward-Takahaahi-relation (cf.,e.g., 181) 

A -1 ~ u;A .... t+(E,E+w)- 1kk -.iE1E+wl =G.. -.}E+w)-G .. (E). 
o-9 ' t9 k+9 k~ ( 16) 

The Ward identity (16) leads together with (6) and (7) to 

6 

CJ X+-C9>w) -J.~-c~,w) = n._- n 1=-2<S 21
). ( 17) 

Furthermore, on combining (7), (8), and (16) one gets 

+-( ... ) 2"'+-c .... 1 c w X.1 q,w -9 r- J 9,w = - q 

= Ni r~~L u£ __ ~ E,.lG~ (E)+(e. .. .; £ .. 1G~ (Ell 
k k+9 I< 1<.1' k-~ k lil. 

( 18) 

Note that (17) and (18) hold rigorously (without approximations) 

as can be shown immediately from the equations of motion. 

In order to solve the integral equation (9) via (15) we re

place T(E+E+w ) by an approximated kernel T(E,E+ w), yielding 

with (6} the relation 

Ao-9'H(E,E+w) = -1 + T(E,E+w)')(+-(cf>wl. ( 19) 

Analogously, from (10) and (7) it follows that 

i\.1 "ki:+ ... (E,E+w) =E-. .. -E.,.+ TC E,E+wl')l~-C<l,wl. 
t "'9 k +9 I( 

(20) 

To determine T(E,E+w) explicitly one baa to fulfil the Ward iden

tity (16). By inserting (19) and (20) into (16), provided that the 

r.h.s. of (16) is expressed by (14), we find 

T(E,E+w) = 
[t(E)-L:tCE+w) 

-n._- 11 + (21) 

where (17) wae ueed, too. Bow one eubetitutee (19) into (6) 0 and 

(20) into (7) to obtain the eolutionp 
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X +-(q,wl 
A -+ 
Xolq,wl 

1 -::;. (~ 1 w) (22) 

1~-(Cf,wl 
A 

X1Cij, w) 
(23) ~ - X Cij,wl 

with the abbreviations 

"' --. i dE 
f,. 0 (9,wl=-Nf-2 LG~(ElG~ _.,(E+w)) 

1T k kt k+'l+ 
(24) 

r1(Cf,wl = ~ f ~! ~ Gk,/ElGk+Cj{(E+w) (E.~+f Ek) J (25) 

IV c--- ) 1. rdE" "-' X 9,w = -N .Z'IT LG~ (E) G ... .-. (E+w)T(E,E+wl. 
k kt lc.+9.j, 

(26) 

On the other hand, the time-reversal symmetry involved in (7) 

lead& on the basis of (19) to 'X~-(Cj,wl=11 (q,wl+x/~,wl :x.+-cij,wl, 
impl~~ng in view of (22) and (23) the condition 

/\ -+ "-' -> A (-> ) N ) 
:X./9,w) r')9,wl = t-1 91W X (q\w ) (27) 

where 

X (<1,w) = _Ni JdzE I G~(EJG~ ... (E+wlTlE,E+w)(E.,. ... - e,.l. 
1 I 1T k 1<1' k+q.{, k+'l k (28) 

It ia pointed out that (27) is fulfilled trivially in two cases: 

at Q•() and in the Hartree-Fock approximation 

(21) .::t.s reduced to T•U. 
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L •Un , where 
C1 -a-

·f 

j ., 

On combining (22) and (23) with (17) the pole in (22) can be 
+- ... [ ~ (<f u.,) ]-1 rewritten as X (q, w )•(n._ -nt) w - ~ 1 

' ) which has to 
'XoCif,w 

obey the necessary and sufficient condition (27}, i.e., 

+-( .... X q,wl = 
11.J.. - 111' 

(U - i1rq,w) 
X (~,w) 

(29} 

The calculation of low-lying spin wave excitations requires expan

ding (28) to second order in q: 

IV i rc([ f, ., --- {... 2. 
X/if,wl = 2.N 2.1r f Gd El Git/E+wlLGi:,lE+wl-~,/E~ T(£1 E+w)[9·VitE~) , oo > 

where 

Gkt(El G ... (E+wl = Gkf(E)- G~4,(E+w) 
q co -l)E+wl + L_ (E) 01) 

+ 

which results from (14). Define the magnon energy in the denomi-

nator of (29) by Dq2• ~1 (q,w) / or, equivalently, D according 
'X (~ 1w) W"'0 

to (5). Firat, one gets from (26) by using (21) and (31) the sta-
""' -+ 2 rv tic limit ry.. (q•O, w •0)•1. Secondly, to order q , "/-

1 
(q, w•O) 

is available from (30) to derive by means of (21) and (31) the 

spin wave stiffness constant 

.D = 1 i rdE "' [ :12 2. 6('11..,..-n,~.l N 2'1T" ~ Gi:/ E)-G~/ElJ (Vlt£"k) ' (32) 

where cubic symmetry was employed. Going over to retarded <nr") 

Green functions we obtain 
~ 

D = 
1 Im [dE~ "L[G:(EJ-G; (Elt('V,.£~)2.1 6'l!" (11.'!"--n.J..) -OO N it li.t li.i. k "' 

03) 
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where ~ denotes the Permi level. The expression (JJ) agrees 

with the result for D obtained in 111. Additional vertex correc

tions to the stiffness formula do not appear. These are cancelled 

by the Ward identity (16) and the symmetry relation (27), leaving 

just the propagator renormalization. The pole behaviour of 

X +-(q,w) is here explicitly derived unlike the treatment 111. 

Especially, the present scheme makes evident the influence of 

electron-electron ladders on the particle-hole channel. 

). BOUNDS ON X +-(q, w•O) AND D 

As has been shown in section 2, D is directly related to the 

inverse of the static transverse susceptibility 'l +-(q,w=O). 

Thus it is useful to consider Bogolubov's inequality 161 

i{A, ~)w=O 1 2~ \ ~ A,A+~w=oll {'P->+,'B»w=O I 04) 

or, equivalently (cf. /9/), 

I<[Q.,r?:J])I 2 ~ I<CG..,[G..+,HJJ>II~t)+,B>)w=ol. 05) 

Bogolubov•s inequality was applied in 110•11 1 to itinerant-elec

tron systems to prove the absence of magnetic ordering in one 

and two dimensions at nonzero temperature. 

In thi• section we .. timate the magnon energy of' Hubbard 

ferromagnet& at zero temperature. Choosing Bq-s:q and Aq•qJ~ de

fined in (J) and (4) we write (34) in the form 

10 

) 

~ 
l 

4- <sz}· 
\{9J:!. ,9~~» I ::: l{s;,s:~- I 'l ~ w=O 9 -9 w-0 1 

06) 

where ~qJ&,s:q~wcO •- <[sij,s:q]) •-2(sz> was used as a conse

quence of (17) combined with (7). On the other hand, one can ex

press (35) with Qq•Si, Bq•S~, and H from (1) as 

4- z 2 

<s > ~ j{'s;,s:}«>=ol, 01> 
I C-.1 q -'l 

9 

which also follows direcU;r f'roa (36 ) b;r taking the 11111 t GJ -.. 0 

in (18) together with (8). Proa (18) Cq becomes 

..... ... ::t ~ 

C =_1'1 {( -i<jC'R,:-'R})-1).1.+ ) r-i~(Ki-~jl 1)/+ \1 if N ~ -riJ. e - 1 ,ci.,.cj, + te - ,c,~cJ·v 
1 '-J 

(38) 

where crcr (cia ) 

the Wannier state 

electron in 

eik<iii -Rj) are 

the 

creates (annihilates) a spin ~ 

at lattic: site i, tij·~ ~ E k 
hopping integrals, and Ri is the position vector of site i. 

Dealing with long wavelength excitations we quote Cq in the 

lowest order of q, i.e., in order q2• It is 

9
2 

- - 2 + ( ... =--I t: .. (R.-'R.) (c. c. > 
'f 6 N i:j<J '-J 1. l 1.<1 jO ] 09) 

where cubic symmetry is presumed. An estimation of Cq is perfor

med by restricting to a sc lattice and including only nearest

neighbour hopping integrals tij•t. Then one may write 

2 2.i 
lc ... 1_ ~1[_ ''< + I~ 2 2.1 

Q- 6N . L c. c.) -9Cl"t:lt) 
l 1.(1 j(•h) ~0" J <T 

(40) 
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where l<c;<r cj 0)\=: no- is used, and a is the lattice constant. 

Substitution of (40) into (37) gives a lower bound for the static 

transverse susceptibility 

.l:::"-n/ ~ :=\{s+ s:» l=lx+-c9,w=O)I. 
'ha.2.t 92. <i' -~ w=O 

This implies (cf. the context of (29)) an upper bound for the 

stiffness constant 

1) == C1. 2.1: 

which is written down in the saturated ferromagnetic case. 

(41) 

(42) 

Additionally, we introduce the spectral decomposition 161 

00 

+-,..... _ + - ..,. __ _ 1_! , s-i9-n w' , X (q,wl--{s--.,s .... ~- 2 d.w , . 1
5

+
8
-(wl, 

9 -q W '1T W-W+1.£.- ->-> 
-DO ~ -~ 

(43) 

where Is.: s:, ( w) .:=:. 0 is the spectral density at zero temperature. , -, 
The static susceptibility becomes 

-(s+ s:~ = j_f~w'~ I+ _(w'l ::. o 
-+9

1 -aw=O 2'11' lwl S_.S.,. 
' -00 ~ _, 

(44) 

Let us define the mean excitation spectrum by the momenta (cf. 
/12,13/) 

11. w .... 

"' 

00 

rdw n-1 ( ) 
;;- w I + s- (wl + Is- s. ( w) o <-'II' Slf -1 ,;r Of (11=1,2, ... ). 

f~~ ~ (IS:s:(wl+l5~ 5.!Cwl) 
0 , _, -, ~ 

Then one verifies the average energy of the excitations to be 

12 

(45) 

where 

w ... 
')9 

9 - \\S~, s: t.o 
9 - ~ 

00 

-'( - Jdw l ) < + - - +) 0 
h - 2:rr s+s- (w = 5_.5__, + S_, 5.,. > 
9 -00 .... .... 9 _, -"' ~ 9 _, 

(46) 

(47) 

Here we have used Is~ s.:. ( w )=Is::; s! (- w) to replace the denomi-, _, _, . 
nator of (45) by (44). Note that (47) is to be distinguished from 

""d. 
the sum rule J z~ sign w Is:'". s::. (w )•2<sz). The second moment 

yields 

2. w .... 
'1 

-00 , -, 

ccr 
-{s~, s_~ >>w. 0 

= (9J;, g'J_i~w=O 

«' s.: s :. } "= 0 
~' _, ~ 

(48) 

where r~~Wsignw Is::; s:'", (G.J)=-([s~,[s:q,H]J) (f-sum rule) 
-00 _, , 2 

was employed. The relation cu Is+ s- (c:u )=I J+ J- ( w) can also 
<;' -'i q ;q -~ 

be chosen to get (48); compare (18) at co =0 and <l+O• Note that 

- {qJ4,qJ:q~w=o ~ o. 
Using (37) and (40) we can estimate (46) and (48) as 

(l).,., L 

9 

c.} .<:. 

9 

C-q 
4<s 2 / 1<j < 

2. 
C<j .c:: 

q. <szi· 

c/·1:1'1_ '12.)9 l 

Qlt-1::2. 2. 
n 4-

4 <sz):z. 9 

(49) 

(50) 

where the r.h.s. are valid for sufficiently small q. Tbe defini-
- 2 

tion (45) predicts w~ ~ cu... eo that ).,. ~ 2l<sz) I for q->0 
/12/ 9 ~ 9 

• Then (49) and (50) refer to the existence of gapless spin 
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< Z) - 2 wave excitations provided that S +o. Putting cu -q= w q=Dq 

and going over to the saturated case we arrive again at (42). 

4. A l><'UMERICAL EXAMPLE 

To illustrate the use of the formula (32) forD we solve the 

LLA scheme (11) to (14) self-consistently and compare the results 

with those of the Hartree-Fock treatment (see Fig.1b). The follo

wing assumptions have been made 111: a sc lattice with a semiellip

tic unperturbed density of states (bandwidth 2w=12t, in reduced 
-1 2 

units 2w=1) and the velocity dispersion law -N L OCE-E~) ('Y,.E-+) 
2. v z. E 2. 3/z. k k k k 

= rr;(1- (w-J) 8(w-\E\) (vm is of order wa). In Fig.1a the spe-

cial value I =T(2!J- ) of the ladder vertex function T(E+E) indica

tes the renormalization of the bare interaction u. The application 

of (42) to the present example yields D/d0~ 3/4 which is fulfilled 

i~ both approximations. The tendency of the D-curves refers to 

the validity of this estimation for larger U, ·too. 

lE·-~T=lr·l 1---------
~--_______l __ 

o1 I I ......... .......:: I 1 1 1 ; ,', 

14 

Fig.1.a) Effective Coulomb in

teraction I (in units of the 

bandwidth 2w) and b) spin wave 

stiffness constant D vs. bare 

U/2w for n•0.5. D is scaled in 

units of d0-~wa2 and in abso

lute units with 2w•6.3eV, a=4X; 

the dashed line shows Hartree-

Fock results. 
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