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A general scheme for the description of a fast 
charged particle motion through a crysta~ is suggested. 
The s4arting point for the theoret~cal investigation in 
this approach is the distribution function f(Zibs.l). The pa­
rameters 1/J, z, S.l are phase-space variables of this pro­
blems. As a result an exact formal equation for f(zrJrs.l..) 
is obtained. The small parameters which occur in this 
problem are cor.sidered. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 
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A great variety of physical phenomena arises when an energetic 

charged particle falls into a crystal at a small angle with respect 

to a crystal axis (axis channeling) or to a crystal plane (plane 

channeling / 1 I. Since the angle 'fJ and the across momentum of the 

incident particle are very small, the particle wave vector corres­

ponding to motion perpendicular to the direction of channeling is 

very small too. In other words the phenomenon of motion of a fast 

particle in channeling is due to the near - forward scattering. 

That is why this motion can be very well described within classical 

mechanics/21. This allows us to develop an approach for the descrip­

tion of channeling using the distribution function for the "small" 

subsystem and the Hamilton equations of motion. Relativistic effects 

can easily be included in this approach. They lead only to renorma­

lization of some parameters of the considered problem. Therefore we 

consider here the commonly suggested scheme for the description of 

a fast charged particle motion through a crystal neglecting the re­

lativistic effects. 

The starting point for the theoretical investigation in this 

approach is the distribution function {( .E!,~ ~). It can be 

obtained from the distribution function of the whole system 

by integrating over the variables of the crystal subsystem 

.f.c (~, (//, s.1.) = jJL; { ( i!-, Cf/. s _L. z::), ( 1) 
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where L is the set of phase-space variables of the crystal 
-r 

i.e., /il,_Z.f , i= 1~2, ... ,;11. 
~ ~ ~ 

subsystem, zr. is the velocity of an 
j, 

ion in the i -th lattice site and z.(. is its space coordinate. 

~~ is the set of phase-space variables of the incident particle 

in the plane perpendicular to the direction of channeling, ~ is a 

parameter describing the energy distribution of incident particles 

and ;t is the time. 

The dynamics of the whole system is determined by the Hamiltoni­

an function J./. 

I~= 

.., ... 
1v1 v~ ~-

2. .,.. 

tv 

L:v(i~-f.J ~ ~~ .. {', (2) 
J :::..' 

where l"i is the incident particle mass; tf, its velocity, 1-1-.{' 
is the Hamiltonian function of the crystal subsystem, t) is the 

interaction potential between the incident particle and an ion of 

the crystal. The time evolution of the ( ~~.1::) system is discribed 

by the whole Liouville equation: 

.. , .. /(:;)._. w z. r:.) "" Ji f (s.L +' t! r) 
' • "- " t-1.'- . ' 

(3) 

where Jl is Liouville's operator of the ( 5 r,5'
7

) system, defined 
t · ' r ·J as ? ({ J , where J J are Poisson's brackets. The aim of the 

.... 1 ""' ' 

present paper is to obtain a closed equation for the distribution 

function ~-· ( l 'f/ ::: } • The stationary case of this problem is 
~ .J.. 

conaidered here, i.e., -~ (i! 'I'·;-') : ((~'f.;) does not depend on time. 
~ .. 

Let us introduce the new phase-space variables 'f, l ~ fl;;. , ~ 

fl-" { 2 , fl:) ; i/• ~ (V~ ''-";;'fl. ~) • V~ iB the VelOCity detez:nined - _,­
by the initial energy £ of the incident particle. Vc· "" J _ .. .t:., _; 

'~ .. r , "i! M 
By using the relation · ~ = -;;:-,--- u.- :·-:-- we can rewrite the sta-

·;- &-: 't: 4 ,n r . ~' jiV 

tionary form of equation (3) in the following way 
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~, /"(i' 'I' ~ " I ~S· . ·~'/ ' .. I M / ~-&! I' : - -- --- {F - '-' ,~. :>-

.,,.: - ., ' '- .I •. "" ( z' y <i •. -) c_,._c:- '-·"' ... r .,, 

,_ f-; 7 '-,;, ,. .17,/ • fi~] l (~ •f'' -~'.! s-)' 
where 

I 

j/.._r lz~~ I_ 11~.., 
..: t:.>.~.~ Y"' 

~ ;V .//;:, .: -;t 7-:- ~~ 
I L___j 1-' -

J..-=1 z ;. .:.: elY .. ~ .. "' ·~ ( : " .• -;> I ;-:" ) 
r ' :'__ -1'( 1 - -z·.} - . :- - -- . ~ 

~ .!- ~ :/ 117 c.''.. /II ~ ~ . 
Z. :. .I ~ .t "' -' I 

is the Liouville eperator of the crystal subsystem 

;V -- 7 ~ _ l / ·-'> -"' I , ~ J II"' / -:L__ .. _,..., ~ -- .,_ -- ---- l. ~--~ J l/ (f)-~.~. )_ c- s: A;? r ~ ~ I ? Eo I>J CIHY.. •71.! l! 
-'." ~~ /•f •' ~ 

l "'' ·- -

' ./1 = 
~ 

is the Z -component of the operator describing the interaction 

between the incident particle and lattice. 

... 1 ~~ I ·· " = -- --- .II .,/11. ::>;.:: •• ). (../ '_L .J 
. - --~ C· "" "'_, r 

AI -7 ) ! -'? 

I .... ~) ,.-~ 
~ - ~ "' ·- t? -· ;, - ·-

j l.L - :, f-? {/ '(I} -" 1'1. ' '} /)' 
. , Z .::I "• -..i.. -- ".L 

I·;> j 
/11 . ? L' .L 

.:. .: 

(4) 

ia the transverse component of the same operator. Equation (4) is like 

an ordinary Liouville equation in which 3 coordinate plays the role 

of the evolution parameter. Now, we shall use a modified version of 

the approach/3/ suggested in paper/4/ to obtain a closed form equa­

tion for the distribution function I (2 'I' -S.L) • The projective ., 
operator ~ is defined by the initial conditions which are obvious 

for the present problem: 

i~ ;p .-·- P) = /(W·") c h (->-'). tl~ . -~-.:;..-~ -~1 ~~ ~,., 

z~o 
(5) 
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where /(If/";) is the incident particle distribution function in 

z ~ o 1 i.e., the initial distribution function of the particle. 

~i (j~) is the Gibbs distribution function for the crystal sub-,. / 

system. 

So, as in/4/ • the projective operators are 

? :0 (;:!:(· J > 

~ ft 

~=~~p (6} 

and the function is 

Ll ( c 'l' :; 2_ ) L _.. - ~~ J;'r' J y- • . ,..) 
j · L> • - -- -::_;_ 4-- • 

(7} 

Notice that 

"'.:t - ) I ( - '~" :"J ! :; /.(, ~ <U • "") 
- ~ r -...>J ~- • (8} 

Using equation (4} and definitions (6}-(8}, we can easily obtain the 

following system of equations. 

_!:!_.._ 

-:. ..;, 

I 70-- :;~ · ·: __ 
1-'( ;z- 'I' '~ ) -'= - V /' -.c z.;~._. '/" d'!J. 

- '-·C) 

L /.z .v ·-: ) ,.. 
;,~··:_t 

'~': 

l _;'li! ~ J/~} ./(.? IF -·i, ) " " P- t r II; 7 ,1 (2 ·· P) I ~·/ .:t ~ • • . £.1 " 'f/ :,J -~- ~ '- .... ..l--.1 

(9} 

. ~ . ~ . .. 1/1:1 v3 /-:! _ . _ -- J {"' 'I ::.. r) .,. - f -- - - L1 (l! IV_::, . ~ ) ~ 
. 7 ~ J ........ ;:> t: c '').!. )'/< ;• /i ' . .1. 

.1. 

""l A.~ ,. -ll ;_ .. J~i] Ll ( i" ~J:· s..L r: J "'f-r;~·-J; · -0._'- -{] ~ 

1C ~)L) /f~ '1- ~;,) 
-\ 

- f: j J/ d "'/J.L) Lf ( t! IV:~ .!: ) , 

where 
/V ) ~ ·~ I_ '":~ 

')"7rL r)ff?-z.) ;-~~.j, ~f- '*'Y -~ -~·~2r/(t 6- ~c...,.., 
~:t 

N -- I 
)"" -.. '/.' ... _,.} It = · - r r8 - l • 

- '_L ~-;,' *,~ ' /lr 
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f 
~ ~L· /1 <L"' ( -,-) 1 

L .Jtt; ' --; -- _/ _, 2 ~ .1_. I j~ ~".~- tt' -'-' 
{ 2 £" 1'1 ,-{) 5- )"' ' ... /1~ > 

The initial conditione for the system of equations (9} are: 

(10) /(i?'f-5~) ""~(f!,.i). iJ(Z'f/:'..LE),_ ,~C. 
.?~o -- c 

Now, we solve this system of equations with initial conditions (10} 

for the function / ( i? )'- ~;.1) , i.e., exclude the function /l 
from equations (9}. As a result we obtain the closed equation for 

the distribution function /(Z IV ..:_;.i ) • 

Let us consider the following equation: 

.-~ 

·• i' 

-"· 

LJ(?'I'~;_L).:- .rf(R)LJ(;?,..-::;2_) 

,, 
u!.''(j) 

-· ~ 

I !"' LJj F •' --

(1 2?~~ c ,, .:. r-:- · •· /{-' 

., 7 

, 1-::> r .11i! ~ .1'.1 1 • 
C• ~ 

- j . .J/ I+.!/~' ~fiJI 1 ,, - ( 11} 

The solution of this eq~ation can be written asing the T-exponent 

form of the operator .~(d 1 with respect to the 2 parameter: 
~ 

Ll(Z'f/~;.~.2::)--= 'Te:rpj-- ),:~;(?'lcli'JL~(f'~~.:.=:) (12} 

' 
il

0 
( f :; .:c-) is any function. ... 

Let us introduce the operator rf-:) which is the inverse from the 

left T-exponent of the operator cl/!): 

j:.,/:l) Te "? /- $~ )(.?'} <r"Z j -" 1 . 
c. -

(13} 

Then after this the following change of variables in the system of 

equation (9} is made ~ 

tJ (1 f' :~1 E) :­ Te ~ f' [ · \. f (?')../ t 1 ~.~-( Z 'I-' :;.L 2_..) • (14) 
,, 

Por the function 0( i 'f' :;...t E ) , we have 
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"':?~ 'd(: '+' s.L E) ... ~ 
""' I -- I -· . 

" rrz) jJ;~ -.lit .. ~- - j~ J ,. 
(15) 

~ ';l) o~) l ( s.L 'I'-!) _, ;;-(.? ~ ~~ r) = 0 
o ~ ~~o 

And finally for Ll ( 7 f' 5.1.. .r) , we obtain 
--L r! 

Te (F [- jo ,.i(r}cl:tj · 5' rf?-) 
t. (• 

L! ( z y-- SJ 5) .=c 

(16) 
i A;- .IT,. + .fi_/rr-J - .J~ r r J] j_;< (.C.) ~ (t . .,., L;) c/ 7'- • 

As a result, the following equation for l {.? 'f' ~:.L ) can be 

obtained 
'-'-JI' _.....:;. 

,-? /'/• . <' }. . ~-~ lr.i r._'1 /( ... } [ (j-- . -;:- 1 ~f-l" ~""-•.L ..: - .-·-- ~--------- · ?'f'::o. +.I -..ff. • 
tl ;! · ~ c> E,;; .::o :~ 'I' ;> /i :t .! .J. 

~ .. ;... :: 

/(Zt<;) ;. P!Az~A.t]Te!-p[- sc~~(r)dl'] ~ s ftl)• 
r~ ~ 

(17) 

[Ji~ -.71r + .ft~(rJ -JftJt J J :0" ( :2-:: ) t (t '+' S ..~_) d l. 

It is an exact equation describing " ~ -evolution" of the incident 

particle. However, it is a formal equatio~, because it is not olear 

how the introduced operators T e ~ p [- S ,f tr-j ,f-,. J, ['\,,) operate upon 
r 

functions. Thus it is very important to know the small parameters 

which occur in this problem. They allow us to develop an expansion 

for equation (17) or for the system of equations (9). 

The first small paramete-r is tle effective parameter connected 

with the weakness of interaction between the fast particles and ions 

of the lattice. This can be explained taking into account that in 

classical mechanics the near-forward scattering is usually connected 

with the weakness of interaction between scatterer and scattered 

systems. This small parameter is denoted by E. • The second small 

parameter in this case is the angle between the direction of motion 

8 

o£ incident particle and the crystal axis or crystal plane. These 

small parameters are the same for light or heavy particles. 

·f ,_ ~ ~ .. 1 h is the effective parameter of smallness. 

The initial energy of the incident particle in the channeling 

is high. Thus £
0 

·· i" 1 ">> 1 , i.e., the initial energy of the 

incident particle is proportional to a large parameter. 
-( 

For light particles the product 2: z. can reasonably be sup-

posed of the order of unity. In this case v; is a large quantity 

and the terms with coefficients like 

tional to another small parameter J~ • 

r 
-y !"L co ~~ are propor-

Z£o '-'< 
For light particles 

tJ~ 1. - ,r ~-< 1 _, i- -J. ~ -~ 1 . 

In the case of heavy particles the channeling parameter proportional 

to /2~0 can be n~~small enough and the terms with coefficients 

proportional to / f":L::: become important. In tWa case we propose 
? !::c 

the following relations 

(- - i 
0 2 - i ~ 

L ~ 

p- -- 0 ---~ .1' 

where ~ is the incident particle momentum. 

We thank Academician N.N.Bogolubov for helpfull discussions. 
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